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Introduction

Here you’ll find some notes that I wrote up as I worked through this excellent book. I've
worked hard to make these notes as good as I can, but I have no illusions that they are perfect.
If you feel that that there is a better way to accomplish or explain an exercise or derivation
presented in these notes; or that one or more of the explanations is unclear, incomplete,
or misleading, please tell me. If you find an error of any kind — technical, grammatical,
typographical, whatever — please tell me that, too. I'll gladly add to the acknowledgments
in later printings the name of the first person to bring each problem to my attention.

All comments (no matter how small) are much appreciated. In fact, if you find these notes
useful I would appreciate a contribution in the form of a solution to a problem that I did
not work, a mathematical derivation of a statement or comment made in the book that was
unclear, a piece of code that implements one of the algorithms discussed, or a correction to
a typo (spelling, grammar, etc). Sort of a “take a penny, leave a penny” type of approach.
Remember: pay it forward.

*wax@alum.mit.edu



Chapter 2 (The Autocorrelation Function and the Spec-

trum)

Notes on the Text

Notes on positive definiteness and the autocovariance matrix

The book defined the autocovariance matrix I',, of a stochastic process as
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Then holding the definition for a second, if we consider the derived time series L; given by

Li=lzi+ 1z 1+ 4+ 1nzt—nt,

we can compute the variance of this series using the definition var[L;] = E[(L; — L)?]. We
first evaluate the mean of L,

L=FElhzi+lbz 1+ +lhzina]=l+b+ -+,

since z; is assumed stationary so that E[z]| = p for all t. We then have that

Li—L=10(z—p)+la(z1 —p) + 13200 — p1) + -+ ln(2toni1 — 1)
so that when we square this expression we get
(Lo = L) =) > hli(z1) — 1) (ze——1) — 1) -
i=1 j=1

Taking the expectation of both sides to compute the variance and using

El(z—i-1) — 1) (z——1) — )] = Nizi| »
gives
var[L| = Z Z LiljYi—j) -
i=1 j=1

As the expression on the right-hand-side is the same as the quadratic form

[ Yo M1 V2 Yn—1 11 ly ]
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Thus since var[L;] > 0 (from its definition) for all possible values for iy, ls, 13, - - l,_1 we have
shown that the inner product given by Equation 2 is positive for all nonzero vectors with
components [y, [y, l3,--[,_1 we have shown that the autocovariance matrix I';, is positive
definite. Since the autocorrelation matrix, P, is a scaled version of T, it too is positive
definite.

Given the fact that P, is positive definite we can use standard properties of positive definite
matrices to derive properties of the correlations p,. Given a matrix @) of size n x n, we define
the principal minors of () to be determinants of smaller square matrices obtained from the
matrix (). The smaller submatrices are selected from () by selecting a set of indices from 1
to n representing the rows (and columns) we want to downsample from. Thus if you view
the indices selected as the indices of rows from the original matrix (), the columns we select
must equal the indices of the rows we select. As an example, if the matrix @ is 6 x 6 we could
construct one of the principal minors from the first, third, and sixth rows. If we denote the
elements of () denoted as ¢;; then this would be the value of

q11 413 16
31 433 (36
g61 463 de6

Then the theorem of interest about how principal minors relate to () that is if all principal
minors of a matrix () are positive if and only if () is positive definite. In addition, if all
principal minors are either positive or zero then the matrix () is positive semidefinite.

From the above statements, the leading principal 2 x 2 minor

Y

L m
p1 1

must be positive. This gives the condition that —1 < p; < 41. In addition the fact that the
principal minor from the first and third are positive row give

'1 P21 5.

p2 1

The principal minor obtained by taking the first, second, and third rows give

L p1 p2
P1 1 P2 | > 0.
p2 p1 1

If we expand this using a Laplace cofactor expansion about the first row we have

I m P11
+ > 0.
‘ 02 1 P2

1
L1 1 1

_ p1
P1 ‘ 05

If we expand these we get
1= 207 + 2pipa — p3 > 0.

If we complete the square with respect to ps we have
(p2 = p1)* < (pi = 1),
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Figure 1: The autocorrelation function for the chemical yield data set.

or we write this as

(p2 =p1)* _ |
(I—p1)>
since we know that 1 — p? > 0 we can take the square root of both sides and write this as
—1<p2_p§<+1, (3)
1 —p1

one of the expressions presented in the book that must hold for valid values for p;, and p,.

Notes on estimating the autocorrelation function

We can use the R command acf to estimate the autocorrelation function given a set of time
series date. In the R script dup_fig_2_7.R we load the batch chemical yields time series and
compute its autocorrelation function. When we do that we get the result shown in Figure 1.
Using this command we find the values of the autocorrelation function given by

Autocorrelations of series F, by lag

0 1 2 3 4 5 6 7 8 9 10
1.000 -0.390 0.304 -0.166 0.071 -0.097 -0.047 0.035 -0.043 -0.005 0.014
11 12 13 14 15 16 17 18

0.110 -0.069 0.148 0.036 -0.007 0.173 -0.111 0.020

These values agree quite well with the numbers given in the book.



Notes on the standard error of the autocorrelation estimates

Given the expression of Bartlett for the variances of the estimated autocorrelation coefficient
ri, of

1 o0
varlre] = <= D {0l + poskpuok = Aprpopoi + 20001} - (4)

V=—00

Since pr = p_p we only need to consider var[ry] for & > 0. The value of var[ry] when we
take k = 0 in Equation 4 gives var[rg] = 0 as it should. Thus we only need to evaluate the
above expression when k > 1. Lets consider a process where the autocorrelations are given
by pr = ¢/*I, then in that case we have

var[rg] = % i {¢2\U\ + @lvHH glv=kl _ gl plol glo=kl 2¢2\v\¢2|k\} )

V=—00

Lets evaluate each term in this summation. For the first term we find
)3 ¢Z¢<Z¢>
v=1 v=0

o B 1 1447
_1+2<1_7¢2—1)_1_7¢2. (5)

For the second term we want to evaluate

i ¢|v+k|¢\vfk\ )

V=—0Q

If we plot |v + k| and |v — k| as functions of v we see that the above sum is equal to

92 i ¢\U+k\¢|v—k| + § ¢\U+k\¢|v—k| ) (6)
v=Fk v=—"k+1

In the first sum in Equation 6 when v > k both expressions v + k and v — k are greater than
or equal to zero. Thus we can write this first term as proportional to (dropping the factor
of 2 for a second)

i ¢‘U+k‘¢‘v_k‘ = i ¢v+k¢v—k _ i ¢2v _ i ¢2v B § gb%
v=~k o=k — — s

1 1 — ¢2k ¢2k

1—¢2 1-¢2 1—¢2°
For the second sum in Equation 6, again looking at |v + k| and |v — k| viewed as functions

of v we see that for the domain —k +1<ov<k—1sincev+k>0andv—k <0 we can
evaluate |v + k| and |v — k| to see that it is equal to

k—1 k—1
Z SR glo—hl Z GRG0k = (] 1 — (—k + 1)+ 1) = ¢*(2k — 1).
v=—k+1 v=—"k+1



Thus combining these two expressions we find the second term in total given by

lv+k| olvo—k| _ ¢2k 2k 1) — ¢2k . 2
> gty 2—1_¢2+¢ (2k — 1) 1_¢2(1+2k+(1 2k)?) (7)

(e}

V=—00

For the third term we want to evaluate (dropping the factor of —4 for a second)

[e o] [e.e]

Z PFl Ul gl =l — gk Z Pl

V=—00 V=—00

Plotting |v| and |v — k| as functions of v we see that the above single summation is equal to
the following three

0o 0

k—1 0o
¢|v|¢|v*k| — ¢|v|¢|v*k| + (b\v\(b\v*k\ + (b\v\(b\v*k\ )
> > 2 2

V=—00 V=—0Q

In each of these sums given the domain in which we are summing over we can evaluate the
absolute values to get the equivalent sums

e}

00 k—1 00
Z ¢|U|¢|U_k| — Z ¢U¢v+k + Z ¢v¢—v+k + Z gb”gb”_k
v=0 v=1 v=Fk

V=—00

¢k v=0

:2¢’“(1_1¢2>+¢k(k—1):1_¢2(1+k+(1—k)¢2). (8)

Recall that we need to multiply this by ¢* to get the full third term. For the fourth term

we find - . ,
Z 2201 2kl — 92k Z $2l — 92 (1 j f;Z) _ (9)

V=—0Q V=—00

using the results from when we computed the first term. Thus to evaluate var[ry] we need
to combine Expressions 5, 7, 8, and 9 remembering any leading coefficients to obtain

1 2 2k 4 2%k 1 9
Nvarlr] = Zz +1 - (14 2k+(1-2k)9") - lf%gb?(l o (1= ) + 2% ZQ
14 o™ B PR ,
= 1_¢2+ 5 [1+2k+ (1 —2k)¢* —4 — 4k — 4(1 — k)¢ + 2 + 2¢°]
1 2 2k 1 2 1 2\ 42k
- ljj; + lqi¢2 [_<1+¢2>_2k<1_¢2)] = ljj; - ( 1+_¢¢22¢ —Qk(b%.
when we simplify a bit. This last expression shows that
WN(1 _ 42
var(r] =% {“ +fz<;2 ¢) —2k:¢>2k} : (10)
as claimed in the book. If we take £ = 1 in the above we find
1 [(1+¢*)(1—¢? 1
] = 7 |G o) - - e,



Thus var[r] is relatively large if N (the number of time series samples) is small or ¢ (the
autocorrelation decay) is close to zero.

If we consider a process such that its autocorrelation is zero for sufficiently large lag, i.e. we
assume that p, = 0 for all [v| > ¢ where ¢ is a fixed positive number. We want to consider
var[ry] for “large” values of the lag k i.e. when k > ¢. Notice that in that case we have

® pyiipu_r = 0 since if v > 0 then the first factor p,, 5 will be zero or if v < 0 then the
second factor p,_, will be zero.

o pipupu—i = 0 and p?p? = 0 since py is zero when k > q.

This gives when we consider Equation 4 that

1 q
Var[rk] — N (1 + 22p%> for k> q. (].1)
v=1

Consider now the example presented in the book where data is generated with p; = —0.4 and
pr = 0 for k > 2. We can then test the values of the sample autocorrelations for significance
under various models and then select the model that best fits. We start with the assumption
that no autocorrelation is significant (nonzero) so that ¢ = 0. In that case Equation 11
would imply that

1
(1) =0.005 for k>0.

var(ry] = T
The standard error for these 1 is given by se[rg] = v/0.005 = 0.07. Since in fact the first
sample autocorrelation estimate r; = —0.38 is many multiples larger than our standard error

0.07 we can reject the hypothesis ¢ = 0. If we next assume that ¢ = 1 or that there is only
one nonzero autocorrelation coefficient p;, then Equation 11 would imply

1 1
varlry] & < {1+ 2p1} & - {1+2(=38)°} = 0.0064 for k> 1.

To give a standard error for these k of se[ry] = y/var[ry] = 1/0.0064 = 0.08. Note that all
the other values of r, when k& > 1 have a value that is the same order of magnitude as our
standard error. This gives doubt to their significance i.e. that we should take them to be
Zero.

Notes on analysis of variance

Note that the amount of total signal variance var[z;] reduction “due” to each Fourier coeffi-
cient of frequency f; = & for 1 <4 < ¢ is given by the periodogram component

N
[(fi)ZE(af+bf) for 1<i<gq. (12)



If this value is “small” we expect that its contribution to the total variance of our signal
z; will be small and it can probably be dropped from the regression (or model) as it does
not provide much information. That all the Fourier coefficients sum to the total variance is

expressed as
o2 =10, (13)

t=1

In considering a Fourier decomposition of a given signal there are two equivalent represen-
tations of the Fourier component associated with the frequency f; = & for 1 <4 < ¢. One
is given by

2z = ag + acos(2m fit) + Bsin(2n fit) + e, (14)

an another is the single sine representation given by
2z =ag+ Asin(2rfit + F) + ¢ .

Here A is the amplitude and F' is the phase of the trigonometric component. Expressing
the equivalence between the two representatives can be obtained by expanding the above
sinusoidal as

2z = ap + Asin(F) cos(2n fit) + A cos(F) sin(2w fit) + e .

Equating this expression to the first representation in Equation 14 we get that

Asin(F)=a and Acos(F)=p.

We next (in the R code dup_table_2 4.R) duplicate the calculation of the periodogram for
the mean monthly temperature data. There N = 12 is even so the periodogram coefficients
are given by

ag = %2
2 & 2 & i
aizﬁtzlztcos%rfz N;Ztcos< N) for 1=1,2,--- ,g—1
N

ZIM

N ,
2
bi:N;ZtSID%f’ = ;zt&n( ]i[) for 1 =1,2,--- ,g—1

When that script is run we get for a; and b; the following

> ai

[1] -5.28467875 0.05000000 0.10000000 -0.51666667 0.08467875 -3.60000000
> bi

[1] -3.8165808 0.1732051 0.5000000 -0.5196152 -0.5834192 0.0000000



These numbers agree for the most part with the book and I think that the differences are
due to typo’s in the book. If anyone sees anything wrong with what I’ve done please contact
me.

Notes on the spectrum and spectral density functions

Recall the definition of the sample spectrum given by

k=1

I(f):2{00+220kcos(2ﬁft)} . (15)

which is valid for 0 < f < % and ¢y, is the sample autocovariance function at lag k. Then since
these sample autocovariance estimate ¢, are unbiased estimate of the process autocovariance
function v, we have E[cg| = 7k, thus taking the expectation of Equation 15 we get

p(f) = E[I(f)] =2 {’70+22_:’Yk005(27rft)} :

k=1

which is the power spectrum and shows the relationship between the power spectrum p(f)
and the autocovariance functions ;. In words this relationship is that the power spectrum is
the Fourier cosign transform of the autocovariance function. Thus these two representations
are mathematically equivalent. For ease of remembering the nomenclature used in going
between the continuous Fourier representation and the discrete representation we have the
following table

sample spectrum I(f) <> Fourier cosign transform of sample autocovariance ¢
power spectrum p(f) <> Fourier cosign transform of autocovariance function

power spectral density g(f) <> Fourier cosign transform of autocorrelation function py

Some examples of autocorrelation and spectral density functions

We now consider two example processes and their analytical autocorrelations and spectral
density functions. The two process we consider are

21t = 10 + ap + a1 (16)
290 =10+ a; —as—1, (17)

where a; are independent, random variables from a Gaussian distribution with zero mean
and unit variance commonly called discrete white noise. We can compute the theoretical
autocovariance functions using its definition

Y = covizt, zeyk] = El(2e — p) (20 — )] -



Note that both models have a mean value of 10. For the first model we have
Yk = El(ar + ar—1)(atpr + ar—14k)] = Elar@iir + @eQiik—1 + G104k + Qi1 Qpp—1) -

To evaluate this later expression we can take £ =0,1,2,--- and evaluate the given expecta-

tion. We find

k':0:>’7170:2
k:1:>’)/171:1
k’22:>’)/17k:0.

For the second model we have
Yo,k = E[(at - at—l)(at—‘,—k - at—l—‘,—k)] = E[atat+k — Qylp—1 — Q104 + at—lat—‘,—k—l] .
To evaluate this we again take k = 0,1,2,--- and evaluate. We find

k:0:>’}/2,0:2
k:1:>’)/2’1:—1
]{Z22:>’}/2,k:0.

We can now use the definition of the spectral density function

, (18)

DO | =

g(f)=2{1+2ipk008(2ﬂft)} for 0< f<

k=1

to evaluate the spectral density for each process. For the first model we find

1
g(f) =2 {1 +2 <§> cos(27rf)} = 2(1+ cos(2nf)).
For the second model, the plus sign above becomes a negative sign and we get

9(f) = 2(1 — cos(27f)) .

Notes on derivation of the link between the sample spectrum

In this section we just present a few simple notes on points of this derivation that seemed
difficult to understand at first. The book gets for d; the following

N

2 .
dy = N Z ze” 2t

t=1

We can replace z with z — Z in each term in the above because this latter sum is =2 times

N
the sum
N N 1— (e—i27rf)N+1

Z p—i2nft _ Z(e—mrf)t = = 0.

t=1 t=1

10



This last expression is zero because

(e—i27rf)N+1 — (e—i27r)f(N+1)

I

and since e "*™ = 1 the above expression is 1 to the power of f(N + 1) and is 1.

We then get for I(f)
5 N
f) _ N Z 1 zt _ Z zt’ _ Z)67227rf(t t/)

t=1 t'=

To evaluate this sum we note that in it we are evaluating the argument of the summation
over a “grid” in the (#,¢) domain where 1 <¢ < N and 1 <t < N. When we convert this to
a sum over k where k is defined by k =t — t’ we need to introduce an additional summation
variable that sums along points with fixed k. Note that when k£ = 0 we are looking at the
points in the (¢,¢) domain where 0 = ¢ — ¢’ or points where ¢ = ' which we recognized as
the diagonal of the above grid. When k = —1 we are looking at points where —1 =t — ¢’ or
t = —1 + t'. This later line is the line parallel to the diagonal but shifted “down” by one.
When k = +1 we are looking at the points where +1 =¢ —t' or t = 1 + ¢ which is the the
line parallel to the diagonal but shifted “up” by one. To sum over all points in the (¢, ¢) grid
we need to take k from —(N — 1) (the grid point (V, 1) in the lower right corner). To N —1
(the grid point (1, N) in the upper left corner). Thus we can write the above summation
as three terms: the points above the diagonal (where 1 < k < N — 1), the diagonal (where
k= O), and the points below the diagonal (where —(N — 1) < k < —1) and we have

Z Z St 2t + Z St,t’ -+ Z Z St,t’ . (19)

I<kSN—1 (¢ t)it—t'= Yit—t/= —(N=1)<k<—1 (¢ t)it—t'=

Where we have denoted the summand or (z — 2)(zy — 2)e 27/(t=t)

summations in Equation 19 we write ¢ = ¢ + k and replace Z(&
over t' where 1 < ¢ < N — k. Thus we have

as s;y. In the first

pt—p—k With a single sum

N-1N-k
E E St,t/ = E E St +k,t -
1<ESN—1 (¢ t):t—t'= k=1 t'=1

Note the inner sum above contains an expression for ¢, the autocovariance function in that

N-k

N—k
Z St/k,t! = Z(zt/+k — 2)(zp — 2)e R = Neje Ik

t'=1 t'=1

In the third summations in Equation 19 we write ¢ =t — k and replace Z(t, x With a

b)it—t/=
single sum over ¢ where 1 <t < N — |k|. Thus we have

N—-1N—|k|
E E St,t' = E E Stt—k -
—(N=1)<k<—1 (¢ ,t):t—t'= k=1 t=1

Again we note that the inner sum above contains an expression for ¢, in that we have

N—|k| N—|k|

Z St,t—k; = Z (Zt — 2)(Zt—k2 — 2)6_Z27rfk NC e ZQT(fk;

t=1 t=1

11



Figure 2: Left: A plot of the original time series. Center: A plot of the points (z, z141)-
Right: A plot of the points (2, z412).

Finally the second summations in Equation 19 can be seen to be equal to N¢y. Thus we now
have

N Nl -1 N-1
Ef(f) =N Z cke*z27rfk‘ + Nc¢o + Z Ckeﬂzﬂfk - N Z Ckefz%rfk .
=1 k=—(N-1) k=—(N-1)
Thus we finally have
N-1
I(f) =2 Z cpe 2k
k=—(N—1)

as we were to show.

Problem Solutions

Problem 2.1 (an autocorrelated sequence)

This problem is worked in the R code chap_2_prob_1.R. When that code is run we get the
plot shown in Figure 2. Notice that it looks like z; could be used to predict z,,; but not
Zi12. We would expect this time series to be autocorrelated.

Problem 2.2 (given autocorrelations is this a stationary time series

There are certain conditions that need to be satisfied for a sequence to represent a stable
process. These are discussed on Page 2 of these notes and in the book. For each sequences

12



given the values of the autocorrelations p;, we can evaluate the expression in Equation 3. For
the For the first sequence we find that this equals —0.25 which satisfies the given constraint.
For the second process we find that this expression equals —1.0000000000000007. Since this
value is slightly less than —1 this cannot be a stable process.

Problem 2.3 (autocorrelations of a linear combination)

The sequence z3; is linear so has a mean value given by pus = E[z3:] = p11 + 2p9, where j;
and f1o are the means of the sequences z;, and 2z, respectively. We now compute 73 the
autocovariance for z3;. We find

Yo = E(z30 — 113) (23,046 — 113)]
= El(z1 — p1 + 2(224 — p2)) (21,046 — 1 + 2(22,04% — p2))]
= Yk + 2E[(210 — p1) (Z2,90k — p2)] + 2E[(22,0 — p2) (21048 — p1)] + 472,k -

If we assume that the two sequences z;; and 2y, are independent (or at least uncorrelated)
then

El(z1 — ) (20,008 — p2)] = El(210 — )] E[(22,041 — p2)] = 0,
and the above becomes
Y3k = Y1k + 472k -

For the numbers given for 7, ;, and 7, we have

V3.0 = Y10 + 4720 = 0.5 +4(2.3) = 9.7

Y31 = 0.2+ 4(—-1.43) = —5.52

v32 =0+ 4(0.3) = 1.2

v3. =0 for k>3.

Using these we can compute the autocorrelations. We find

p30 =1
Y3,1 —5.52
= DB T2 (56007
Pa1 V3,0 9.7
V32 1.2
= =—=0.123
P3,2 a0 07

p3r =0 for k>3.
With these we can check the value of the expression given in Equation 3. We find

p2 —p;  0.123 — (—0.569)
1—p? 11— (-0.569)2

= —0.29,

since this is between —1 and +1 we conclude that 23, is stationary.

13
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Figure 3: Plots of the sample autocorrelation r; of the chemical reactor temperature data
set. There seem to be significant correlations at lags of 1 and 6.

Problem 2.4 (calculating the autocorrelation function)

The problem is worked in the R script chap_2_prob_4.R. In that script we use the function
acf, which computes and plots if desired the autocovariance or autocorrelation function.
When we run that script we get the plot given in Figure 3. The numerical values produced
by the acf call for the autocovariance are

0 1 2 3 4 5 6 7 8 9 10
10.688 5.247 1.752 -0.519 -1.848 -3.121 -5.464 -4.557 -1.441 1.637 3.331
11 12 13 14 15

2.857 2.014 1.171 -0.350 -0.795

while for the autocorrelations we get

0 1 2 3 4 5 6 7 8 9 10
1.000 0.491 0.164 -0.049 -0.173 -0.292 -0.511 -0.426 -0.135 0.153 0.312
11 12 13 14 15

0.267 0.188 0.110 -0.033 -0.074

14



Problem 2.5 (standard errors of the autocovariance estimates r;)

Part (i): We will use the result Equation 4 and discussed on Page 5 which is Bartlett’s
approximation to the variance of the sample autocorrelation 7. If we let £k = 1 we get

V&I‘[’I’l = N Z pv_'_perlpv 1= 4p1pvpv 1—0—2pvp1)

V=—00

Since we assume that p; = 0 for 7 > 2 many of the terms in the above summation are zero
and we have

var(ri] va+—2pv+1pv1 —vapv1+2p12p

v=—3 v=—2 v=—2

1
—(p2 + pi + p2)

1
= — (202 + 20+ 1
(P2+ P1+)+N

N
2

4
- L(/)1/)2 + 1oyt pipe) + = (205 + 207 + 1)

N N
1
=~ (401 = 3p1 + 205 — 8pipa + dprpa + 202 + 1)

when we combine terms.

To compute var[ry] we follow the same procedure as for var[ry]. We find

1 o
V&I‘['I’Q] = N Z (pv + Pv+2Pv—2 — 4/32/)v/)v 2+ 2pvp2)
1 1 4
= —(203 + 201 + 1) + = (03) — = palp2 + pi + p2) + 203(203 + 27 + 1)
N N N
1 2
N ~ (4p5 — 3p3 + 4pTps — 2p7 + 1)

To obtain the standard errors for r; when j > 2 we will use the “large lag” Bartlett approx-

imation given by
1 q
var[rg] = N {1 +2;p3} for k>gq.

Since g = 2 this gives us

var[ry] = {1+QZPU} = —(1+2(p] +p3)) .

As we were asked for the standard error of the approximate autocorrelation function r; we
need to take the square root of the above variance estimates.

Part (ii): To evaluate the covariance between the estimated correlations r, and r5 we use

COV [T, Thys) = Z PoPots - (20)

V=—00
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When we take £ =4 and s = 1 we get

2
p1p2 + p1) -

cov(ry, rs] N Z PovPv+1 = (P2P1 +p1+p1+pip2) = N<

V=—00

Problem 2.6 (constructing a periodogram)

For the data in Problem 2.1 we have N = 36 Which is an even number, so we have that
q = % = 18. The fundamental frequencies are f; = - = 5z which have fundamental periods
of T = l 316 for 1 <1 < q. We compute the Fourler components a; and b; with

With these we have I(f;) given by

I(f) = (a +b;) for 1<i<q—1 and I(f,)=1(0.5)=Na;.
The values of I(f;) are known as the periodogram of the sequence z;. Recall that in the
analysis of variance table the mean square error for most of the Fourier components (for
which the degrees of freedom is 2) is given by from 2Y2 . With this background this problem
is worked in the R code chap_2_prob_6.R. When that script is run it generates the following
analysis of variance table:

[1] " ii frequency period periodogram D.0.F. mean square"
(11 " 1 0.0278 36.0000 12.8667 2 6.4333"
(11 " 2 0.0556 18.0000 42.2053 2 21.1026"
(11" 3 0.0833 12.0000 163.9651 2 81.9826"
(1] v 4 0.1111  9.0000 27.5106 2 13.75563"
(11" 5 0.1389  7.2000 2.6895 2 1.3447"
(11" 6 0.1667  6.0000 2.7222 2 1.3611"
I 0.1944  5.1429 13.9010 2 6.9505"
(11" 8 0.2222  4.5000 27.5449 2 13.7725"
(11" 9 0.2500  4.0000 22.7222 2 11.3611"
(11 " 10 0.2778  3.6000 13.1995 2 6.5998"
(11 " 11 0.3056  3.2727 4.1406 2 2.0703"
(11 " 12 0.3333  3.0000 13.5000 2 6.7500"
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Figure 4: A plot of the periodogram for the temperature data.

(1] " 13 0.3611 2.7692 6.9720 2 3.4860"
(1] * 14 0.3889 2.5714 8.0952 2 4.0476"
(1] " 15 0.4167  2.4000 9.8126 2 4.9063"
(1] " 16 0.4444  2.2500 1.4445 2 0.7223"
(1] " 17 0.4722 2.1176 11.4303 2 5.7152"
(1] " 18 0.5000 2.0000 36.0000 1 36.0000"
(11 " total 384.7500 35 10.9929"

From the above table we see that the component with ¢ = 3 corresponding to a frequency
% = % = % has a very large magnitude. This gives an indication that there is a periodic
component to this data. A look at the raw data given in Figure 2 (left) indicates that this
might be true. A plot of the periodogram is given in Figure 4.
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Chapter 3 (Linear Stationary Models)

Notes on the Text
Notes on the general linear process

Reading further in the book we use the B and F' notation to summarize the symbols and
nomenclature for the various stochastic process models that we consider. We have the linear
process

G=a+ Y vja; =v(B)a, (21)
j=1

which defines the function ¢ (-) in terms of the coefficients v; (we take 1y = 1). The function
1 (B) is sometimes called the transfer function of the linear relationship relating Z; to a; or
the generating function of the v; weights. This relationship under suitable conditions can
be written as a function of past values of z as

H=) mihjta. (22)
j=1
When we bring the summation to the left-hand-side we get
(1 - ij3j> Z=a, = 7(B)Z=a, (23)
j=1
which defines the function 7(-) in terms of the coefficients 7; as
m(B)=1-> mB. (24)
j=1

As another function to introduce we consider the autocovariance generating function v(B)
given by
V(B) = oa(B)Y(B™) = ogth(B)Y(F) . (25)

We now consider some examples of the B notation with a stochastic process and the resulting
¢(B) and 7(B) functions. Consider

215 = Q¢ — Qat,l = (1 — GB)at,
then to match Equation 21 the t; coefficients are ¢; = —0, 1; = 0 for j > 2 and the ¢(B)
function is ¢¥(B) = 1 — #B. To write this in the form needed for Equation 23 we have
1

a = 1_6th:(1+«98+9232+93B3+-~-)5,

or
ar =% +0%_1 + 03 o+ 93515,3 + e
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Solving for Z; we have
G=—0% 41— 0% 5 — 0% 3+ +a

Thus the 7, coefficients are 7; = —67 and the m(B) function via Equation 24 is
T(B)=1+> 0B,
j=1

Multiply Equation 23 or 7(B)Z; = a; by ¥(B) on both sides and use Equation 21 or z, =
Y(B)a; to get

Y(BY(B) = ¥(Blas = .
Thus ¥(B) and 7(B) are inverses to each other

m(B) =v(B)™".

We not catalog some properties of linear systems like the ones described above. If our true
process follows the linear model given by Equation 21 then it has an analytical autocovariance
given by

Ve =02 Y Uitk (26)
=0
If we take k = 0 then we get 7, or the variance of z; is given by

o0
_ 2 2 _ 2
’YO—OQE Vi =o0;.
j=0

Thus for our process to have a finite variance we must have the sum on the left-hand-side of
the above converge.

Notes on stationary and invertibility of a linear process

To show invertibility consider the model
Z=(1-0B)a;.
Then solving for a; we get a; = (1 — #B)~'Z. Recalling the fact that
zk:QJBj _ 1 _ g+l pgh+1 |
= 1-0B
we have that
(1—6B)'=(1+4+6B+6*B*>+6°B>+ ... +0*'B"1 + 9*BF)(1 — o*"1 B* 1)1
and solving for Z; we get
H= 0% — 0?3 o — 0% g — - — 0" e — 0Py — 0" g (27)
If |0] < 1 then when k — oo we have 0¥t1a; ;| — 0 we loose the last term and get
G=—0%51—0°% 5 — 5 35— =05 0 — 075 L+ a.

Writing this as z; = Z;’il 7Z—; + a; implies that m; = —67 for j > 1 as before.
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Notes on the autocovariance generating function v(B) = - _ 7B"

We start with the definition of v(B) given by v(B) = Y 1= __ 7 B" and the fact that with
a linear process for which z; = Z;io Yja,—; with )9 = 1 we have an autocovariance function
of the form

Ve =00 > it
=0

When we put this expression for 7 into the definition of v(B) we get
v(B) =0z Y > Bt
k=—o00 j=0

Now in this inner summation, when k is negative enough the index j + k will eventually
become negative. Since 1, = 0 when [ < 0, we have 9;;; = 0 when k£ < —j thus the sum

above becomes o -
V(B) =02 > i BE.

=0 k=—j
At this point we want to change the summation indices to be such that h = j + k is a new
summation variable. We change from the index pair (j, k) to the index pair (j’, k') where

j =7 and KW =j+k.

When we do this then the sum becomes
Y(B) =23 B =" BMY B
J=0 h=0 h=0 j=0

The above shows that

Y(B) =0, (B)y(B™). (28)
If we consider the stochastic model where )(B) = 1 — B then we have

Y(B) = o2(B)yY(B™) = 02(1—0B)(1 + 0B~ ') = 02(1 — 0B~ — B + 6?)
=0 (—0B'+ (1+6*) —0B).

Thus we see that the autocovariance for this model are v+, = —fo? and vy = (1 + 6%)o2.

In discussing the inevitability of the linear process Z; = (1 — 0B)a, the book uses the fact
that

= (14 0B+ 0*B> +--- 4 0"B*)(1 — gF+' BF1)~1

1-60B
We can show that this is true by multiplying by both sides by (1 —0B)(1 — 6**1B¥+1) to get

1— 0" BM = (14 0B+ 6°B*>+ - + 0*B*)(1 — 0B) .

By expanding the right-hand-side of the expression we see that it equals the left-hand-side.
We write the linear system Z, = (1 — 0B)a, first as a; = ﬁ%t and then using the above
fact as

a; = (1+0B+6°B* 4 -+ 0*B*)(1 — g*T BF1 71z,
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If we multiply both sides of the above by (1 — ¥ B**1) we get
(1—0*"'B" e, = (1+ 0B+ 0*B*+--- + 60°B*)3,,
So solving for Z; in that expression we get
5= 0%, —0°5 59— 0% 35— — 0%, +a, — 0"y . (29)
If we let || < 1 as k — oo we have 6%"la,_,_; — 0 and the above becomes
5 =—0% 41— 0% 53— 0% 35— =03 14 a. (30)

This is the autoregressive form e.g. Equation 22 of the linear system Z, = (1 — 0B)a;.

Notes on autoregressive processes of order p

We begin with the general expression that the autocorrelations that an AR(p) model must
satisfy

Pk = O1Pk—1 + Papr—2 + -+ Pppr—p. (31)
If we write Equation 31 as ¢(B)pr = 0 with
#(B)=1—¢B—¢B*—---— ¢, 1B* ' +¢,B",

which we write in factored form as
p

o(B)=[[(1-a:B).

i=1
This last polynomial expression has roots G;l for j =1,2,---  p. Note that if we consider

as a possible solution to the difference equation ¢(B)pr = 0 the expression pp = Aij for
some j € {1,2,---,p} then we have

n

I] a-¢c:B)

i=15i#j

6(B)py, = (1-G,B)AGE.

But since we have

(1-G;B)GE =G -GG =0,

we see that pp = AjG;? is a solution to Equation 31 and we have found one autocorrelation
function. The general solution to [[?_,(1 — G;B)px = 0 is a sum of the p expressions Aij.
That is the general solution for the autocorrelation function p; for an AR(p) model is

The procedure to express the autocorrelation function for an AR(p) model is then as follows

e Find p roots of ¢(B) = 0. Denote them as G;', G5!, G5!, - - - LG
o Invert all of these numbers to get G, Go,Gs, -+, G).

e Then the autocorrelation function p;, is given by
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Notes on evaluating F|[Za,|

Now consider the impulse response form for the stochastic sequence z; given by

o0
Zr =ay + E Yia_j,
j=1

When we multiply both sides by a; and take the expectation we get
E[%a,] = E[a?] = o2,

a

since Ela;a;—;] = 0 for all j > 0.

Notes on the second order autoregressive process

The second-order autoregressive process is given by

Zt =121 + P2zt + ay .

For stationarity, we need to consider the roots of the characteristic equation

¢(B) =1—¢:1B— ¢232-

The roots of ¢(B) = 0 are given by the quadratic equation by

—(=1) £/ @7 + 40 _ —¢1 £ ¢%+4¢2.

-1 _
Cr2= "o, 20,

Thus from the above we see that to have real roots we must have ¢? + 4¢, > 0.

Notes on the autocorrelation function for an AR(2) model

From the autocorrelation expression for an AR(2) model given by Equation 31

Pk = O1Pk—1 + P2pK—2,

we know that pg = 1 always. We can take k = 1 in the above to get an expression for p;

where we find

$1
1—¢y

pL=0¢1+Pp1 = p1=
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Notes on the Yule-Walker equations for an AR(2) model

The Yule-Walker equations for p = 2 are given by
p1 = @1+ Gapr
p2 = ¢1p1 + @2 (34)

From the first of these we have that ¢, = p; — ¢9p; which when we put this into the second
equation and solve for ¢, given

P rn (35)

Using this expression to expression ¢; in terms of p; and py only gives

_ 3 _
b1 = p1 — {me /)1] _ P1 — P1P2 . (36)

1 —pt 1 —pt
We can also expression p; and ps in terms of ¢; and ¢,. Using the first equation from
Equation 34 gives

$1
PL=7_ by (37)
When we put this into the second equation in Equation 34 gives
2
p2 = 1f1¢2+¢2- (38)
For an AR(2) process we can express the variance of Z; in terms of that of a; using
2 o _ o
72T IC PLOL — pado — = Ppo1bpoi1 — Ppdp 1 — p1dy — pago

When we include what we know of p; and ps in terms of ¢; and ¢9 we get

0'2:(72 1 :(72( 1_¢2 )
e (&) e (et )| NI ) 6 6

1—¢2 1—¢2

_ 2 1 — ¢ o (1= 1
(i ar )~ Gre) [imarma - @
To compute the spectrum p(f) for an AR(2) model we find

p(f) = p(f) =205 (™) for 0<f<1/2
B 202
U= e — e
202
(1= ¢re=m — goe=mF)(1 — 1) — hoeinf) -
In the Mathematica file expand_denominator_AR2.nb we expand the denominator in the
above expression to show that

202
T 14 @2+ @2 — 201 (1 — ¢g) cos(2mf) — 2 cos(dnf)

in agreement with the book.

p(f) (40)
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Notes on partial autocorrelation function

We define ¢y, ;) as the jth coefficient of an AR(k) model for £ > 1. That is, our model AR(k)

will have
ey, Pk Pk@), ke s
coefficients. Recall the autocorrelation function p; for an AR(k) model must satisfy

Pj = Gr)pj—1 + Pr@)Pj—2 +  + Or—1)Pj—k+1 + Pugypj—r for j=1,2,--- k.

We now want to consider various AR(k) models for different values of k. If we form the
Yule-Walker equations for £k = 1 we get the single equation

P1 = ¢1(1) .

The Yule-Walker equations when we take k = 2 are given by

{ 1 01] {@(1)}:{/}1}
p1 1 ¢2(2) p2 |

We can use Cramer’s rule to solve for ¢y) where we find

‘1 P1

by — L PL P2 P2

2(2)_‘ 1op | 1-p2°
p1 1

The Yule-Walker equations when we take k = 3 are given by

L p1 p2 P3(1) pP1
pr 1 p G320 | = | P2
p2 pr 1 ?3(3) P3

Again we can use Cramer’s rule to solve for ¢33y where we find

L p1 p;
pr L p2
P2 P1 P3
L pr pe
1 pr 1
p2 pr 1

P3(3) =

All of these results agree with that presented in the book.

Notes on the partial autocorrelation function

In the R script chap_3_dup_table_3_1.R we duplicate the results from Table 3.1 in the the
book or the batch data set. In that script we use the pacf function to compute the partial
autocorrelation function. When that script is run we get the following results
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Partial autocorrelations of series F, by lag

1 2 3 4 5 6 7 8 9 10 11
-0.390 0.180 0.002 -0.044 -0.069 -0.121 0.020 0.005 -0.056 0.004 0.143
12 13 14 15 16 17 18

-0.009 0.092 0.167 -0.001 0.221 0.053 -0.105

These results agree with the ones in the book.

Notes on the M A models

Since for M A(q) models we can compute the autocovariance functions 7. First recall that
for a M A(q) model we have

Z=a; —Orap_ — Oap_o — -+ — eq—lat—qﬂ - antfq .

For notational simplicity we will write this as z; = Zg:o éjat,i. In this expression we have
90 =1 and 9 = —@; for 1 < i < q. In addition, we will take #; = 0 for all other values of 1.
Using this expression we can compute v from its definition

Ve = E[tht k

() (89

=F ééjatiatkj] .
=0 j=0

Taking the expectation inside the summation we have that Ela;—;a;—x—;] = 0 unless the
subscripts are equal or ¢t — i =t — k — j. In that case the expectation equals ¢2. The index
condition is equivalent to j = ¢ — k and the above becomes

q
Ve =0, Z Oi—x0; .
=0

In the above since 51 = 0 when 7 < 0 we have that the above can be written as
q
Y = o2 Zé,_kél for k<gq, (41)
i=k

and v, = 0 when £ > ¢. If we evaluate the above for some value of k we can get the
expressions in the book. Taking k£ = 0 we find

q
70202291'2 =0y (L4067 +05 4+ +0,_, +07) .
i=0
While if we take 1 < k < ¢ we have
Ve = Ua (909k + 919k+1 + 929k+2 + -+ éq—k;—léq—l + éq—k§q>
2 (=0 + 01011 + 0200+ - + 0410, + 0,10, .

These two results agree with those given in the book.
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Notes on the M A(1) models

For a M A(1) model using Equation 41 we have that

—6,
1+67°

P11 =

We can write this as a quadratic equation in 6; in terms of p;. Putting this equation in the
standard form for quadratic equation we get

1
01+ —0,+1=0. (42)
P1

The spectrum of the M A(1) model takes the from
p(f) =205 (e ™ )* for 0< f<1/2.
Since ¢(B) = 1 — 61 B the above equals

p(f) = 202(1 — 916*i2“f)(1 _ Glei%f)
= 203(1 + 9% — 91(e’i2”f + 6i27rf))
= 202(1 + 67 — 20, cos(2nf)).

Notes on the autocorrelation function and spectrum of mixed process

Given the mixed ARMA(p, ¢) process
%= Gz GaZo o PpZp +ap — Oray—1 — 02040 — - - Ogap_q,

we can multiply by Z;_; and take expectations to get an expression for the autocorrelation
function

Ve = O1Yk—1+ P2 Vo2 + + GpVo—p + Vaa(k) — b172a(k — 1) — -+ — 72l —q)  (43)
where we have defined 7,,(k) as
Vzalk) = ElZ-pa] . (44)
Since the expression for Z;_; depends on the shocks in the past up to time ¢t — k& we have
Yealk) =0 if k>0. (45)

Thus in Equation 43 all v,,(-) expressions will vanish if the smallest argument (which is
k — q) is positive. This it the condition that K —¢ > 0or k—q > 1or k> g+ 1. Then for
an ARMA (p,q) model the autocorrelation function satisfies

Yo = O1Vh—1+ P2 Vo2t + O for k>g+1.
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If we divide by vy we get

Pk = P1pp—1 + P2pp—2+ -+ Gppp—p for k>qg+1.

Since py = 1 there will be ¢ values of py i.e. p1,p2,p3, -+, pg—1,p, that depend on 6; via
Equation 43 once we have evaluated expressions for the needed 7v,,(-).

In the special case of an ARMA(p,q) model when p =1 and ¢ = 1 Equation 43 gives

Ve = O1Vk-1 + Vaa(k) — 01720(k — 1) .

or taking k =0, k =1, and k > 2 we have

Yo = P11 + 02 — 6172a(—1) (46)
Y= ¢1’Yo - 9103 (47)
e = P1Vk-1,

when we use Equation 45 and recall that 7,,(0) = 02. The ARMA(1,1) model has a process
model that looks like
Z— ¢121 = ap — bhag1

If we multiply by a;_; and take expectations we get
Vea(—1) — ¢r0; = —b10,
or solving for 7,,(—1) we have
Yea(=1) = (61 — 1) .
Thus putting this into Equation 46 we have

Yo = 171+ (1 — 01(¢1 — 01))o; (48)
N = P17 — bhoy . (49)

If we put the second equation above into the first we get
Yo = B0 — $16107 + (1 —01(¢1 — 61))0; -

Now solving for 7y we get
1 —67—2416, ,

o,
1—¢f

Yo

If we put this into Equation 49 we get

(A ¢l —20300 — 01 (1 = B1)\ 5 (1 —dibh) — (1 — dbh) ,
e =& §

(epgat)

a Oq
1— ¢
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Problem Solutions
Problem 3.1 (the B notation)

Part (a): We have z, — 0.5B%, = a; or (1 — 0.5B)%, = a;,. Comparing this to ¢(B)z; = a,
we have ¢(B) =1— 0.5B.

Part (b): We have Z; = a; — 1.3Ba; + 0.4B%a; = (1 — 1.3B + 0.4B?%)a;. Comparing this to
% = 0(B)a; we have §(B) =1 —1.3B + 0.4B2.

Part (c): This is the combination of the two previous problems. Thus we have (1-0.5B)z; =

(1 —1.3B + 0.4B?)a; so comparing this to ¢(B)z; = 0(B)a; we have ¢(B) = 1 — 0.5B and
0(B) =1 — 1.3B + 0.4B2

Problem 3.2 (various definitions in ARMA models)

For the various parts of this problem we need to recall that the 1; weights come from the

representation
% =(B)a, = <1 + Z¢j3j> a .
j=1

The 7; weights come from the representation

W(B)gt = <1 — Z’YTJB]> 215 = Q¢ .
j=1

Part (a): For the model (1 — 0.5B)%; = a; we have

. 1 =1

“ = (=i5) =2 gl
Thus we see that ¢g =1, ¢ = 3, 1 =

For the coefficients m; we have n(B) = 1 — 0.5B so we have my = 1, and m; = 0.5 with all
others zero.

For the covariance generating function we have
2
9 1 1

’Y(B) = 02¢(B)¢(B_1) = Ua(l — 0.53) (1 — 0.53—1) - % _1RB a_

Bt

N[

1
2

The first four autocorrelation coefficients can be determined from a Laurent series expansion

of the covariance generating function or by recognizing that since this is an AR(1) model it

has py = o = .
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For an AR(1) model we have

Part (b): For the MA(2) model z; = (1 — 1.3B + 0.4B?)a; we have 6; = 1.3 and 6, = —0.4.
The weights 1; are ¢y = 1, ¥ = —1.3 and 1, = +0.4 with all others zero.

To find the m; weights we write our model as

1 .
1-13B+04B2°"

ag .

We then need to Taylor expand the function 5z when we do we get

1
1-1.3B+0.4
1
1—1.3B+0.4B2
Which gives mo = 1, m = —1.3, m = —1.29, 73 = 0, 74 = —0.98881 etc.

~ 1+ 1.3B + 1.29B% + 0.98881B* + 0.82173B° + O(B°).

For the autocovariance generating function v(B) we get

Y(B) = o2p(B)y)(B™') = 02(1 — 1.3B + 0.4B*)(1 — 1.3B™ + 0.4B7?)
=04B?—1.82B' +2.85 - 1.82B + 0.4B*.

Thus v9 = 2.85, 13 = —1.82, and v, = 0.4.

For a MA(2) model we have

—0(1—6,)  —1.3(1+0.4)
PZT @ @ 1132404
) 0.4

1+67+60; 141324042 0.1403,

= —0.6385

P2

all others are zero.

The variance of Z; for a MA(2) model is given by
02 =79 =02(1+ 07 +63) = 2.8500.

Part (c): For the model (1 —0.5B)z = (1 — 1.3B + 0.4B%)a; we have

_ 1-13B+04B?
N 1—0.58

when we perform long division. Thus this model actually simplifies to a MA(1) model.

¥(B)

=1-038B,

For m; we use

1 1-05B 1 x
B) = = = =" 08B
"B) = (B) T 1-13B+04B°  1- 03B ;0
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The autocovariance generating function ~y(B) is given by

(B) = 20(BY(B ) = 02 (1 0.8B) (1 - 08B™")

0.8
=——+164—-0.8B8.
B +

Thus we see that 9 = 1.64, 71 = —0.8 and all other v; are zero.

To compute the first four autocorrelations we perform a Laurent expansion of v(B), to get

~; and then evaluate p; = % We find the only nonzero value of p; is p1 = —% = 0.4878.

The variance of z; from the value of v, computed above.

Some of the algebraic steps for this problem are done in the Mathematical file chap_3_problems.nb.

Problem 3.3 (stationarity and invertibility)

Part (a): An AR(1) model with ¢; needs —1 < ¢; < +1 to be stationary. For this model
since ¢, = 0.5 this model is stable. An AR(p) model is always invertible.

Part (b): A MA(2) model is always stationary. To be invertible requires requires

92+01<1
92—91<1
—1<6,<1.

Since this MA(2) model has ¢; = +1.3 and 0, = —0.4, we see that 0 +60; = 1.3 — 0.4 =
09<1,0,—60,=-17<1,and —1 < #; = —0.4 < 41, thus this process is invertible.

Part (c): This is an ARMA(1,2) model. To be stationary we look at the AR(1) part. From
Part (a) this model is stationary. To be invertible we look at the MA(2) part. From Part (b)
we know that it is invertible.

Part (d): This is an AR(2) model with ¢; = 1.5 and ¢o = —0.5. To be stationary requires

P2+ 1 <1

G2 — 1 < 1
—1<¢2<1.

For this problem ¢y + ¢; = 1.5 — 0.5 = 1 which is not less than 1. Thus this model is not
stationary. All AR(p) models are invertible.

Part (e): This is an ARMA(1,1) model with ¢; = 1 and 6, = 0.5. To be stable requires

—1 < ¢1 < +1 which is not true in this case. To be invertible requires —1 < 6; < +1 which
is true.
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Figure 5: The autocorrelation function py for the AR(2) process for this problem.

Part (f): This is an ARMA(1,2) model. To be stationary we look at the AR(1) part. In
that case we have ¢; = 1 which results in a non stationary model. To be invertible we look
at the MA(2) part. This requires

92+91<1
02—01<1
-1<6,<1.

This model has 6; = 1.3 and 0y = —0.3. In that case 0; + 6, = 1 which is not less than 1
thus this model is not invertible.

Problem 3.6 (an AR(2) model)

Part (i): This is an AR(2) model with ¢; = 1 and ¢ = —0.5. In that case p; = 1%2 —
1 _ 2

1+0.5 ~ 3

Part (ii): With pg =1 and p; = % recall that the difference equation p, satisfies is given by

1

Pk = Q1Pk—1 + P2pr—2 = Pr—1 — SPk=2;

to calculate pg for k =2,3,--- 15,

Part (iii): When we iterate the above equation with the starting values of py and p; we get
the plot shown in Figure 5. From that plot given there the peak to peak length is given by
8 — 0 = 8, which should be the period of the damping exponential (see below). This plot is
produced in the R code chap_3_prob_6.R.
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Part (iv): The above difference equation can be written

1
P — Pr—1+ 5pk—2=0.

2
This has a characteristic equation given by 22 — z + % = 0, which has roots given by
1+/1-4(1/2) 1+¢ 1 1 - 1 =
— — = Z(144) = ZV2eFs = —_pF% .
x 5 5 2( i) 2\/_6 \/§€

koo
Thus there are two solution and they are pp = (%) eT*1. The period of this complex

exponential is T = 8 with a damping factor of % = 0.71. As a second way to look at this
problem from the section on AR(2) models we have that the solution py can be written as

_sgn(¢y)*dF sin(27 fok + F)
B sin(F) ’
with d = \/—¢2 = /0.5 = 0.71 as a damping factor and

o 1
2/ — o 2\/@

Therefore 27 fy = 0.78 so fo =1.25s0 T = f_lo = 8 same value as before.

=0.707.

cos(2mfy) =

Problem 3.7 (power spectrum)

For a AR(2) model with ¢; = 1 and ¢y = —% and using Equation 40 to compute the power
spectrum g(f) we have

9(f)

202
T 1403+ 03 — 201(1 — ) cos(2mf) — 205 cos(4n f)
2
B 9 — 3cos(2m f) + cos(4m [)

When we plot the above function we get the result shown in Figure 6. By looking at the
frequency where the maximum value of g(f) occurs we estimate a value of 0.1155 which gives
an estimated period of 1/0.1155 = 8.6521 close to what we estimated above. Because the
relationship between the variance of Z; and the known variance of an AR(2) model where

2
01=1f22:§aﬂd/)2:¢2+ 2L — L e have

1-¢1 = 6
1/2 2 1 12
2 Ua
= O’z = d = = = — .
o /0 o) L—pigr—pags 1—34+5 5

The proportion of variance for frequencies between 0.0 and 0.2 is given by

o 9(Hdf Iy g(f)df
B 9(f)df o

Thus 80% of the total variance is in this frequency range. This problem is worked in the R
code chap_3_prob_7.R.

= (.88528.
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Figure 6: The plot of g(f) as a function of f.
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Chapter 4 (Linear Nonstationary Models)

Notes on the Text

The general form of the autoregressive integrated moving average model

The ARIMA (p,d,q) model we will be considering for this chapter is given by
©(B)z = ¢(B)V2 = 0y + 0(B)ay . (50)
We write the right-hand-side of the above as

08 | it + ]

Then we define the process ¢; as

g = @90 +ay.
We would like to evaluate the series ;. Then for 6, a constant we need to evaluate
L00 = L 0o -
0(B) 1-6B—-0,B2>—---—0, 1Bt —0,B4
We can do that by writing the above fraction as
1— 0,8 — 0,B% —- .1. g, B =g, Bi kZ:O(HlB +0uB% + o+ 0, BT + 0,876,

Since Bby = 0, as 6, is a constant the above evaluates to

o0 6
902(91+92+"'+9q—1+9q)k:1_0 —0_.0.._0 — 0,
P 1 2 q—1 q

Thus with this we see that £; then becomes

1= =0y — =0, —0,

&t

This is a stochastic process with a nonzero mean given by & = 17917927??79 —3
q— q

original dynamic equation of ¢(B)V?z = 6 + 0(B)a; becomes ¢(B)Vez = 0(B)z;.

and our

If instead we define wy = V%, and want to consider the process w, from the above model
we have Véz = —=(0y + 0(B)a,). In the same way as above we find

#(B)
1 0o
0y = , 51
oB) " T Oy~ 0 oy
thus w, = % 4 9B) a; and the mean of w; (since the mean of a; is 0) is given

C l=g1—da——dp_1—¢p = $(B)
by the right-hand-side of Equation 51.

34



Notes on the general expression for the 1) weights

We are looking for a way to compute v; in the expansion of z; given by
Zt = "Lp(B)CLt = a; + Z "ijat,j . (52)
j=1

If we apply the function ¢(B) to both sides of Equation 52 we get

¢(B)z = p(B)Y(B)ay .

But since ¢(B)z; = 0(B)a; we see that we must have

p(B)Y(B) = 0(B). (53)
If we express each of the above polynomials in terms of B we get

(1 — SOIB — 90232 e — SopﬂLdlep—’—d_l . g0p+dBp+d>(1 +'l/le +’l/}282 +1/}3B3 .. )
= 1-60B—6,B*—---—0, B —0,B%). (54)

To compute ¢; we could expand the left-hand-side of the above expression and equate powers
of B to the coefficients of the right-hand-side. An example with a ARIMA(1,1,1) model
will help clarify this procedure. Consider the case where ¢(B) = (1 — B)(1 — ¢B) =
1—(1+¢)B+ ¢B? and (B) =1 — §B. Then the above polynomial product becomes

(1-=(1+¢)B+¢B>)(1+ 1B+ B> +---) =1-0B.
If we expand the left-hand-side we get

L+ B+ B? +¢3B® +¢yB" +¢sB° + - -
~(1+¢)(B+91 B* +uB® + 3B + 4B’ + )
¢( B? 4 B* +pyB* + 3B+ - ) =1—0B.

where we have aligned all of the B? terms under one column to hopefully make grouping
coefficients of B easier. We find that the sum on the left-hand-side is given by

L+ (1 — (14 ¢))B+ (o — (14 @)1 + ¢)B* + (5 — (1 + @)oo + ¢iby) B
+ (Y3 — (14 @)by + b1 B® + (g — (14 ¢)bs + abp) B® + - -
+ (Y — L+ @)y + dYpj_0)B + - =1—6B.

If we take j large enough we see that the coefficient of B7 the left-hand-side must vanish.
This means that v; must satisfy

i — (L4 @)vj1+ ¢ =0. (55)

This is a difference equation for ;. We can get the first few initial conditions for v; by
considering small values of j. For j = 0 we must have )9 = 1. For j = 1 we see from the
coefficient for B that we must have
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The general solution to Equation 55 is the sum of powers of the two roots to the characteristic
equation for that equation. The characteristic for Equation 55 is

= (1+¢)x+¢=0.

This has roots given by

. 1+ /(1+¢)?—4¢
= 5 ,
which equals 1 or ¢. Thus the solution for v; is given by
V; = Ao+ A1’ (56)
To match the values at j = 0 and 7 = 1 we must have
Ao+ A =1,

and

When we solve these for Ay and A; we get

1-06 -
Aozﬂ and Al:l—

S
-

ASS

Thus now that we know 1; we have that z; can be written as

=) Pja; =y (Ao +Ad)a. (57)
=0 =0

Notes on the truncated form of the random shock model

Centered at the point k£ and focusing on times ¢ > k, the solution to the general linear model
©(B)z = 0(B)a; we have been considering is

Zt :Ck(t—k)+[k(t—]€), (58)

where Cy(t — k) is the complementary function and satisfies the homogeneous equation
©(B)Cy(t — k) = 0 and I (t — k) is the particular integral that must satisfy the full equation
o(B)I(t — k) = 0(B)a, and is given explicitly by

0 t<k

L(t—Fk) = {Zﬁm Gosar >k (59)

0 t<k
{ ai +Y1a;-1 + Yoo + -+ Voo + Vrprappr >k

As an example of how to use the above formulas we consider the example of solving for z; in
(1—¢B)(1—B)z = (1 —60B)a;. We first need to find the complementary function Cy(t — k)
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that satisfies the homogeneous equation or (1 — ¢B)(1 — B)Ck(t — k) = 0. Based on the
roots of p(B) = (1 — ¢B)(1 — B) discussed on Page 44 this is the function
Cr(t — k) = o) + Pt "

From the result where we computed the coefficients of the infinite linear impulse response
function v(B) given by Equation 56 recall that ¢; = Ay + A;¢’, which when we put into
the expression Iy (t — k) given by Equation 59 gives

IL(t—k) = 0 bk
(b= k) = E;=k+1<AO+A1¢t_j)aj t>k

Thus combined these two solutions for ¢t > k we get for z

t
2=b 070+ D (Ao + A )ay (60)

j=k+1

The truncated and nontruncated forms for the random shock model

If we take the “origin” k of the process z; at k = —oo then we can take C_(t) = 0 so that
the solution then only has one function say I_. () as

2 = Z Yr_ja; = P(B)ay = 1_(t) .

j=—o0

Considering a finite value of k£ the above solution for z; must equal the general solution
anchored at k or

I o(t)=Cr(t —k)+ Ip(t — k).

From this we can subtract I (t — k) from I_(t) to get Ci(t — k). Using Equation 59 for
t >k + q we find

Crlt — k) =Too(t) = It — k) = Y thjaj — > thja;

j=—00 Jj=k+1
k
= Z Q/Jt,jaj. (61)
j=—00

The summary of these results for the general ¢(B)z; = 0(B)a, is that we can express the
solution z; in two ways. In the nontruncated form of the random shock model as

t
2t = E ’l/)t,jaj .
j=—o0

Or in the truncated from of the model when ¢ — k > ¢ in which we only sum the ¢ — k shocks
from k+1,k+2,--- ,t—k and then add a complementary function Cy(t — k) to incorporate
all shocks a; that come before k£ + 1. That is we write 2, as

a=Cilt—k)+ Y ¥ ja;. (62)

j=k+1
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Equating these two representations gives a summation form for Cy(t — k) given by Equa-
tion 61.

We wish to apply the above decomposition into Cy(t — k) and Ij(t — k) to the ARIMA(1,1,1)
model

(1-¢B)(1 - B)z = (1 — 0B)a,,

where via Equation 56 we have that ¢; = Ag 4+ A;¢’. Thus using the linear system repre-
sentation given by Equation 61 we have that the infinite weighted sum of the current and
previous shocks used to compute z; is

t

a= Y tija;= Y (Ao+ A ),

j=—o00 j=—00

Then using Equation 61 we have

k k k
Cr(t — k) = Z (Ao + Ai¢')a; = Ag Z aj + A Z ¢ "aj.
j=—00 j=—00 j=—00
which we write as Cy(t — k) = b(()k) + bgk)qﬁt_k. Using these we get the expressions for

b(()k) = Ay Efzfoo a; and b\ of

k k
bgk)(btfk — A, Z ¢t—k+kfjaj _ A1¢tfk Z (bk‘*jaj_

j:—oo jzfoo

When we recall that the coefficients Ay and A; are given by Ay = :=¢ and 4; = =2 we get

1-¢ 1-¢
the two expressions for b(()k) and bgk)

%

given in the book.

We now write the expression Equation 61 for Cy(t — k) in a recursive way. From the original
sum we take out of the main summation the last m terms corresponding to j given by
j=kk—=1k=2--- k—m+2 k—m+ 1. When we do this we find

Cr(t — k) = Yrpag + Yr_pr10k-1 + Yroproar—2 + - + Yt prm—20k—m+2 + Yt krm—10k—m+1

j=—00
To simplify this note that from Equation 61 we can evaluate Cy_,,(t — k + m). We find
Chom(t — k+m) = Cr_pm(t — (k —m) Z Ui_ja; .
j=—00

This is the last term in Equation 63 above. Thus we have just shown

Cr(t — k) = Yrgar + Yrpr1ak-1 + - + UVt prm—20k—m+2 + Vt—ktm—10k—mt1
= Crm(t —k+m). (64)
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This shows how Cy(t — k) changes as the origin k& changes.

Using the relationship ¢(B) = 0(B)n(B) if d > 1 then since p(B) = ¢(B)(1 — B)?, if we let
B =1 we get that ¢(1) = 0 and thus #(1)7(1) = 0. Since 0(1) # 0 as the roots of §(B) lie
outside the unit circle to ensure invertible. Thus we must have that 7(1) = 0 or based on
the definition of 7(B) that

1—7T1—7T2—7T3—"':0.

Showing that the value of 7; sum to 1. Thus we can write our process z; when d > 1 in the
autoregressive form as before

o0
2 = T12—1 + Moo+ +a; = E Tz + ap = Z1(m) + ag .
7=1

Where we have defined z,_; (7). Since ;m; =1 this expression describes z; as the weighted
average of of past z; values.

To find the explicit expression for 7; for the ARIMA(1,1,1) model (1—¢B)(1-B)z; = (1—60)a,
note that we have

1—¢B)(1-B)

1—-6B
We can evaluate the coefficients of m; by performing a Taylor series expansion about B = 0
of the 7(B) function or performing polynomial multiplication. As an example of the later
technique considering again our ARIMA(1,1,1) model where we had

w(B) = o(Bo(p) = D) - L= L OR O

=(1—-(14+¢)B+¢BH(1+60B+6*B>+--+)
=14+ (—(1+¢)+0O)B+ (10— (1+¢)0+¢)B*+---+ (0" — (1+¢)0" "+ ¢0" *)B" + ... .
We write the coefficient of B? of n(B) as
0?0+ 00 +0=00—¢)—0+d=00—06)—(0—¢)=(0—0)(0—1).
We write the coefficient for B*~2 after we factor out 82 out as
0 —(1+¢)0+¢=00—0¢)—(0—¢)=(0—-0¢)(0—1).

Combining these expressions gives the expressions in the book for m, m, 7; when j > 3,
namely

7(B) = p(B)0(B) = .

m=¢+(1-0) (65)
= (0—¢)(1—0)* for j>2. (66)

Notes on integrated moving average process of order (0,1, 1)

In this section our time series model is Vz; = (1 — 0B)a; with —1 < 6 < +1. We start by
writing

1-60B=AB+ V.
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Then using this on the left-hand-side of our model we find Vz, becomes
Vz = (Aay—1 + Vay) .
Summing both sides of this expression gives
2= ANSap_1 + a; . (67)

Then using the definition of the summation operator S we get

t—1
Zr = A Z a; + ag .

j=—00
Thus the coefficients in the expansion of the linear response function ¢(B) are
Yo=1 and ;=X for j>1.

Then we get using Equation 87 to express this in terms of an offset at index £ this is

t—1 t—1
zt:>\<5ak+ Z aj> +a; = ASap + A Z a; + ay .

j=k+1 j=k+1
We define b(()k) = ASap = A\ Zf:_oo a; and get for z
t—1
zt:b(()k)qt)\ Z a; +a. (68)
j=k+1

Thus we see that Ci(t — k) = b(()k) (a constant) and then I;(t — k) must be given by

t—1
I(t—k) =\ Z a; + a; .

j=k+1

From the definition of b((]k) we see that as the origin £ changes by is updated using b(()k) =
oY + .

The inverted form of the model is 7(B)z; = a; where 7(B) must satisfy ¢(B) = §(B)n(B).
This gives

1-B=(1-60B)r(B),
or

1-B 1-0B+6B—B 1-0B—(1—-0)B

m(B)

~1-6B 1—-6B 1—-6B

B =
=1 — — =1 — — J BRI
=1—(1-96) {1—9} 1-(1 9)3;2(]:93

=1-(1-60)BA+0B+60°B>+¢°B>+---).
From this expansion we see that
Ti=1=0)0"" =X 1=\ for j>1. (69)

Having found the coefficients m; we can write our process z; in its autoregressive form
o
Zt = )\Z(l — )\)j_lzt_j + ay = Zt—l(A) + Qg .
j=1
Where we have defined z;_; in the above expression.
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Notes on integrated moving average process of order (0,2,2)

For this example our stochastic model is given by

VQZt = (1 — «913 — 9282)0,25 .

Consider the suggested expression for the operator §(B) =1 — 6, B — 6, B? or

(AoV +A1)B + V2.

If we put V =1 — B into this and expand we get

(Mo(1=B)+MN)B+ (1 —-B)*=XB - B>+ \B+1-2B+ B?
=1+ (=2+X+A\)B+(1—X)B>.

(70)

Thus equating coefficients of powers of B we get two linear equations relating #; and 65 in

terms of A\g and \; given by

91:2—)\0—)\1
Oy =Xo—1.

When we solve these for A\g and A; in terms of #; and 6, we get

Ao =0+1

M=2— (0o +1)—0,=1—6, —0,.

Using this identity Equation 70 now becomes

V2 = (MNV + Aag1 + Via, .
Sum both sides of this expression to get

Vzy = Xoas_1 + MSa;_1 + Vay .
Sum both sides again to get

2 = NoSar_1 + MS%ai_1 + az.

Or writing out the summation operators S and S? we have

i

t—1 t—1
zy = )\OZaﬂr}\lZ Z ap + ay

i=—00 t=—00 h=—00

h=—o00 h=—o00

)‘O<at—1 + ap_o + ay_3 + - - )

+

t—1 t—2 t—3
)\O(at1+at2+at3+-~-)+>\1<z ant Y ant Yy apte

h=—o00

)"‘CLt

(71)

(72)

(73)

(74)

Mlagr taot+arg+ -+ aotas+ag+ - Fag+as+tas+--)+ta
= Mo(@—1 + a2 +a_g+ ) + (a1 + 20,0 + a3 +4as_g + -+ ka_p, +---) + ay

= ar+ (Ao + A)a—1 + (Ao + 2A1)ae—2 + (Ao + 3N\ )ar—3 + -+ (Ao + kX)ag—p + -+ .
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From this expression we see that the linear system form of the the IMA(0,2,2) process z; has
’l/}o =1 and

If we take \; = 0 in Equation 73 we get
V%2 = Va1 + Via,,
which we can sum both sides of to get
Vz = MNair—1 + Va, = (MB+ (1 = B))ay = (1 — (1 — X\g)B)ay,
which is a (0,1, 1) process with = 1 — \y. If we take 65 = 0 in Equation 70 we get
V2 = (1—-6))ay,
which is a (0,2, 1) process.
We now write the IMA(0,2,2) in the truncated form of the random shock model. Using

Equation 74 and the notes on Page 48 we have expressed z; as Equation 89 where we have
shown that Cy(t — k) = b(()k) + P (t — k) if we take b(()k) and b\¥) given by

B = (Ao — A1) Sar + M S2ay
b = X\ Say .
Consider how we will update bék) and bgk) when the origin if moved from k£ — 1 to k. We can

do this by looking at the differences bék) - b(()k_l) and bgk) - b§’“‘”. We find for b(()k) - bék_l)
that

k % k-1 7
B =t = o= Mar+ M Y. D a— Y D
i1=—00 h=—00 i=—00 h=—00
k k—1
= (Ao = AMar + M ( > ah) = Xoar + A1 Y an = doa + b
h=-00 h=—00

While for 8 — * ) we find that

k k—1
B =V =0 D an =AY an = Man

h=—o00 h=—o0
Thus the update equations for b(()k) and bgk) are given by
R R Y (76)
b = 5D 1 \jay,.

We now write the IMA(0,2,2) in the inverted form model. To do that not that the function
7(B) is given by

1—6,B— 0,B?
B) =

We can evaluate the coefficients 7; by performing a Taylor series expansion of m(B) about
B =0 in the above function.
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Notes on the generalized integrated moving average process of order (0, d,q)

Our model in this case is given by
Vi% =(1~6,B—0,B*—---—0,B"a; = 0(B)ay . (77)

Using the binomial theorem to expand (1 — B)? we have

(1— Bz — zd: < ! ) (= B)F19-+s,

k=0
d d d d _
=z — < 1 )th+(2>B2zt—(3>B3zt+-~-+<d_1)(—B)d a4+ (—=B)%%
did—1 did—1)(d— 2
=2z —dz_1+ ( 2 )Zt—2_ ( g)( )Zt—3+"'+(—1)d_12t—d+1+(—1)d2’t—d-

When we bring the z;_; for £ > 0 terms to the right-hand-side in Equation 77 gives the
difference equation form presented in the book. To get the random shock form of the model
we write the MA(q) expression as

1—0,B—0,B%— - —0,BT= (Mg oV 4+ XV b N ) BV (T8)

To evaluate the coefficients A. in terms of 6. we expand the right-hand-side using V.=1—-B
and equate the coefficients of the powers of B. When we put Equation 78 into Equation 77
we get

V% = MgV -+ NV 4 X)) Bag + Via, .

If we sum this d times we get
2= Ma gV b NS+ A1 S +ay (79)

We now want to write the solution for z; in the form given by Equation 58. Recall that in
this case Cy(t — k) must satisfy V4Cy(t — k) = 0. Based on the d repeated roots of (1 — B)4

we have
Celt = k) = b8 + 6t — k) + 07 (t — k)2 4 -+ (£ — k)21

As an example of these techniques consider a IMA(0,2,3) model given by
VQZt = (1 - QlB - 0232 - 0333)(1,,5 .

Then we have d = 2 and ¢ = 3 so ¢g—1 = 2. Following the above we write the right-hand-side
of our model as

1 —60,B—0,B* —0sB° = (A\_1 V> + XAV + \)B + V?
=(A_1(1=B)?+X(1=B)+\)B+(1—-B)?
=A_1(1=2B+ B*)B+ XB — \NB*+ \B+1—2B + B?
=1+A_1+ X+ —2)B+(=2X_1 — X+ 1)B*+ A\ B*.
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Thus equating coefficients of B on both sides of this expression gives

0 =2—-A1—X— N\
92:)\0—14—2)\,1
O3 = —A_1.

These are the linear equations for A_;, A\g, and A; which we can solve for to get 6, 6, and
05 in terms of 61, 05, and f3. With the above V representation for 0(B)a,; we have our model
written as

V2z = ()\_1V2 + MV + )\1) a1 + Va,.
Summing once gives

VZt == ()\_1V + )\0 + )\15) Ay + Vat .

Summing as second time gives
2
2y = )\,1045,1 + )\oSat,l + )\15 Ap—_1Gi—1 + Qg .

the same as in the book. Using the expansions for Sz; and S%z; given by Equations 85
and 87 to write

t—1

t—1 7
Zr = A1 + Ao (Sl’k + Z ah) + M\ (S2l’k + (t —1- k)SSL’k + Z Z ah> + ay
h=Fk+1 i=k+1 h=k+1
t—1 t—1 7
= (Mo — M)Szp + NS + MSzi(t — k) + A+ X D i+ M > Y ajtar,
j=k+1 i=k+1j=k+1

which is the same expression as in the book if take bék) and bgk) as

B = (Ao — A1) Szk + A 5%,
b\F) = A Sy, .

Notes on Linear Difference Equations

For the time series model (1—G1B)(1 —G2B)z; = 0 and defining y; = (1 — G2 B)z; so that y;
satisfies (1 — G1B)y, = 0 the solution for y; is given by 1 = D;G%*. From this solution we

can use the relationship between ¥, and z; above by iterating from ¢ down to k to evaluate
z:. We find

2 = Gazq + D1Gli_lC
= Go(Gyz_o + DG + DIGEF
= Giz o+ GoDG7F 4 DG
= G523+ GiD\GVF 2 + GyD G+ D GEF

t—k—1
= G+ Dy Y GUMG. (80)

=0
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As a quick verification of the above we expand the summation for [ = 0,1,--- ,t — k —1
where we find

Glifk: + Glifk:flGQ + Gzifkf2G§ S Gi*k*(t*k*Z)Ggfkf2 4 Gi*k*(t*k*I)G;fkfl 7
or simplifying the exponents
GrF 4+ GG + GUF G + -+ RG24 GIGER Y

which agrees with the book. Evaluating this sum the expression for z; when ¢ > k becomes

kTl o N (%)tk -1
=Gy Fa+ DGR Y (G—) = Gy "o+ DiGUTF | f——
1=0 ! Gi
thk o thk D D
— Gk D 1 2 _ L Gk _ 1 G+
2 At 1( 1- & 1—-Gy/Gy] ks 1-Gy/Gy| 2

= AGT" + 4G5

Note that the coefficients A; and A; above depends on the starting values of the process z
at t = k. If we have equal roots then G; = Gy = Gy and the summation expression given in
Equation 80 for z; becomes

t—k—1
a=GiFa+ D {GEr+ G+ + G =Gt + Dy Y GEE
=0
= G5+ DIGER(t— k),

which is the same expression given in the book.

Notes on the IMA(0,1,1) particular solution

For the process that satisfies z; —z;_1 = a;—0a,_1 we first find its linear system representation

or zz = Y(B)a;. We have
Z = 105 a; = (1 —HB)iBlat = iBl - i@Bl“
1-B
1=0 1=0 1=0
=0

= (1 + i Bl — i@Bl“) ar = a; + (Z B — i 93”1) ag
1=1 1=0 I=

=0

Qy

=a; + Z(l —0)as_1—1 = a; + Z(l —0)a. (81)
1=0 =1

From this representation of z; = ¢(B)a; we see that )y = 1 and ¢; =1 — 6 for j > 1. Now
that we have the 1, weights we can use Equation 59 to evaluate I (¢ — k) for this model.

45



We find

I.(0) = 0

(1) = apn

I(2) = apeo+ (1 —0)agsy

It(3) = agpes+ (1 —0)agyo — (1 — 0)agyq

t—1
I(t—Fk) = a+(1-0) Zaj for t—k>1.
j=k+1

This is the expression given in the book. We can verify that for this expression when we
replace z; with I(t — k) in 2, — 2,1 = a; — 0a,_1 we get an identity when ¢t — &k > 1. Thus we
are considering I (t — k) — Ix(t — k — 1) = a; — Oa,_;. If we take t = k4 1 in that expression
we get

[k<1> — [k<0> = dg11 — Gak or
apy1 = Qg1 — Oag .

which is not true. If we take ¢ > k£ + 1 however then we get

a+(1—0) z_: aj — (at—1+(1_0) z_: aj)

j=k+1 J=k+1
a;— a1+ (1 —0)a_1 = ay — Oay_q

which is the right-hand-side of the desired model.

Notes on the IMA(0,1,1) process with deterministic drift

We begin with the model

¢(B)V'2 =0+ 0(B)ay,
then we can write the right-hand-side as 6(B) [ﬁﬁo + at} and on Page 34 we have shown
that since 6, is a constant we have that

L, 0o
0(B) " 1—0,—0y—-—0, 1 —0,

and thus if we define the variable ¢ as £ = 1_91_92_??_0 0
.

the above problem is ¢(B)V?z; = 0(B)e;. As a case in point consider the IMA(0,1,1) process
with non-zero mean in terms of ; or

then in the variable ¢, = £ + a;

VZt = (1 — 9)€t .

In this ¢, = % + a; so that




We can “integrate” the model above by summing over ¢ as

t t

> (z—z-1)= Y (1-0B).

Simplifying this we get
t t t t—1
2 — 2 = g g;j—0 g €1 = E 5,5—95 £j
j=k+1 j=k+1 j=k+1 j=k
t—1

t—1 t—1
= —fc + 4 + Z gj— 40 Z gj=—bcp+e+ (1 —0) Z €.

j=k+1 j=k-+1 j=k+1

Solving for z; when we introduce A =1 — 6 and bék) = 2, — 01, we get the following
t—1
zt:b(()k)+)\ Z gj+er. (82)
j=k+1
We can write the above in terms of a; by recalling that ¢, = £ + a; and putting this into the
above. The sum we need to evaluate is

t—1 t—1

t—1
Y og=tt-1-k-141)+ Y aj=(t—k-1+ Y a;.

j=k+1 j=k+1 j=k+1

Thus we get for z
t—1

a=b F M=k — 1) +E+N Y aj+a (83)
j=k+1
Let the “level” of our time series z; at the time ¢ — 1 be denoted as l;_; such that z; can be
decoupled as the level at t — 1 plus a random shock as z; = [;_1 + a;. From the above we see
that l;_; can be defined as

t—1

j=k+1

If we compute [; — [;_; using the definition of /;,_; to see how [; is updated from one step to
the next we find [, — l;_1 = A + Aa; so in the next time step we have [; evaluated as

li =l + A+ Aag,

i.e. the change in level has a deterministic part A¢ a stochastic part Aa;.

Notes on the finite summation operator

Recall that the definition of Sx; is

Sz, = Z T, . (84)

h=—o00
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We now write the expression for Sz, in terms of a “fixed part” (ending at the index k) and
the finite sum from the index k until £. We have
k

t t
Sxt:thJerh:Skaerh for t>k+1. (85)

h=—o0 h=k+1 h=k+1

We now do the same thing for S?z;. Recalling the definition of S?z; we have

t 7

S?x, = Z Z T, . (86)

By breaking the summation into two sums, the first sum over the index i from —oo to k£ and
the second sum over the index ¢ from k + 1 to t. When we do this first step we get

k i t i
S2x, = Z Z T + Z Z T, .

i=—00 h=—00 i=k+1 h=—o00

Note that the first sum above is S%x;,. In the second sum we break the inner summation up
into two sums at k as

¢ k i
Sz, = S%x), + Z (Z T + Z xh> .
i—kt1 \h——oo h=k+1

The first inner sum or Zzzfoo xp, is equal to Sz and is independent of 7. Thus we can pull
this out of the sum over i (of where there are t — k terms) to get

t 7
SPwy = SPap+ (t—k)Sw+ Y D . (87)

i=k+1 h=k+1

We can also write this as
t

Sy =" > w+by) + b7t — k),

i=k+1 h=k+1

where b(()k) and bgk) are constants that depend on the shocks a; received before and at the
time k. The book then claims that in general the infinite d-fold summation or S%; equals
a d-fold finite sum plus a polynomial of degree d — 1 in ¢ of the following form

t—k41 t—k+d—2
bg’“>+b§’“>(t—k)+bg‘”( 2+ )+---+b§f’1< dfl )

where b(()k), bgk), bgk), e ,bgi)l are constants.

Notes on application of the finite summation operator to the IMA(0,2,2) model

Consider the expression in Equation 74 which is the solution for an IMA(0,2,2) model and
repeated here for convenience

Zr = )\Osatfl + )\152(115,1 + ag .
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Then we can replace the infinite summation operators S and S? in the above expression with
finite summations using the formulas defined in Equation 85 and 87 we get

t—1 t—1 7
zt:)\0<z ah+5ak> +)\1{ Z Z ah+52ak+(t—1—k)5ak}—|—at.

h=k+1 i=k+1 h=k+1

Now we group things such that all the sums from —oo up to k& (which are constant once the
shocks a; have realized) and the polynomial term are presented first. We have

t—1 t—1 7
2= MoSap + MS%ar — MSap + MSap(t —k)+ X Y an+M > > apta. (88)
h=k+1 i=k+1h=k+1

The truncated form of the random shock model for z; is written is

t—1 %

-1
zt:C’k(t—k:)+)\OZah+)\12 Zah+at. (89)

h=k+1 1=k+1 h=k+1

Thus we see that Cy(t — k) can be regarded as

Ck<t — /{Z) = {()\0 — )\1)SCL]€ + )\1526Lk + ()\156%)(15 — k)} . (90)

Notes on ARIMA models with added noise

We assume that our “measurement” noise follows a stochastic model ¢1(B)b; = 01(B)ay,
where «; is a white noise process independent of a; the shocks that generate the process z;.
Assuming our “measurement” Z; is given by Z;, = z; + b; we see that it satisfies the model

d(B)\VZ, = 0(B)a, + ¢(B)V°, .

Multiply this expression by ¢;(B) on both sides and use the model that b, satisfies of
¢1(B)by = 01(B)ay to get

$1(B)o(B)V Zy = ¢1(B)0(B)a; + ¢(B)V01(B)a . (91)

The first term on the left-hand-side is a polynomial in B of degree p; + p + d, the first term
on the right-hand-side is a polynomial in B of degree p; + ¢, while the last term on the
right-hand-side is a polynomial in B of degree p + ¢; + d.

As an example of the above consider an IMA(0,1,1) model for z; with added noise so that

Z; = z + b;. We have shown in Equation 81 that z; is given by z, = A E]Oil a—j + ay with
A =1— 0. Now define the process first difference as W; so that W, = Z; — Z;_; and we can
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express W; as

W = )\Zat—j +ar — )\Zat—l—j — a1+ by — by

J=1 Jj=1

= )\Z At—j + a; — A Z Ap—1—(j—1) — At—1 + bt — bt,1
j=1 j=2

= )\Zatfj + ag —)\Z&t,j — A¢—1 +bt —bt,1

j=1 =2
= )\Cbtfl +a; — a1+ bt — bt,1
={1-(1—=XNB}a;+ (1 — B)b; (92)

Given this representation the autocovariance of W; can be computed. For v, we find

Yo = E[W?] = El(a; — (1 = Nag1 + b — be_1)°]

=0’ 4+ (1-N?02+o+of =01+ (1—N)?) +207. (93)
For ~; we find
71 = E[W,W,;_4]
= El(a; — (1 = Naz1 + b — bi-1)(ar—1 — (L = Nag—a + by — b_s)]
= E[(—<1 — )\)at,1 — bt,1)<at,1 + btfl)] = —<1 — )\)20'2 — O'g . (94)

For larger value of j we find

= EWiWi ;] =0.

Since W; has its autocorrelation function zero after the first lag we know that W; is a MA(1)
process and then that Z, can be modeled by as VZ; = (1 — B)u; or a IMA(0,1,1) or for
some 6. Because Z; is a IMA(0,1,1) it has a solution for Z; of the form given by Equation 81
or the fact that Z; must look like

Zt = Azut_j + U (95)

j=1

for some unknown value of A and some white noise process u; with an unknown variance o2.
To evaluate the constant A and the variance o2 we will evaluate the autocovariance of the
first difference of Z; above. For the functional form given in Equation 95 this first difference
is given by

(1= (1 =A)u,
the same as the Equation 92 without the b; term. Thus in terms of A and o2 the autocorre-
lation of this the first difference of Z; becomes

o= 031+ (1 AY) (96
1= El(uy — (1 — (1 = Nug1) (g — (1 — ANuy_g)] = —(1 — A)o?. (97)

u

and ~; = 0 for j > 2. To evaluate these the two constants A and o2 in terms of the known

values of \, 02, and o7 we equate Equations 93 with 96 and Equation 94 with Equations 97
to get two equations

o2{l1+(1-A)?} = o2{1+(1-))?}+207 (98)

o2(1—=A) = 21—\ +o7. (99)
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It is these two equations which we have to solve for A and o2 in terms of A, o2 and o7. To
do this, we divide the first equation by the second equation to get

0_2
1+ (1-A2 21+ (1-N?}+207 1+(1-A)?+23

1-A 2= N+e a3
The left-hand-side of the above is given by
1+1—2A+A2_2—2A+A2_2+ A
1—A O 1-A T 1-A7

Now solve for % by subtracting 2 on both sides. When we simplify we get
A? A2
[

(100)

We can solve remaining expression for A using the quadratic equation once we are given
fixed values of A\, o2, and o7. Recall that we must take the solution for A in the range
—1 < A < 41 for inevitability. From Equation 100 we have

1A 1
— = —— (101)
I-A A l1-a4+2

When we divide both sides of Equation 99 by 1 — A and use Equation 101 on the right-hand-
side of the resulting expression we get

o2 02(1—)\)+a§ )‘2_ 2>‘2

WA UV

(102)

For the numbers given in the text where A = 0.5 for 02 = 07 then we get for the right-hand-
side of Equation 100 of 0.1666667. Solving this equation gives too roots for A = 0.3333 and
A = —0.5. For each root putting these into Equation 102 we get

2 _ 2 2 _ 2
o, = 2.250, or o,=o0,.

This simple numerical is given in the R file chap_4_added_noise_appendix.R. Since both
values of A are less than one in magnitude I’'m not sure which solution should be considered.
Question: If anyone has a reason to prefer one solution over the other, please contact me
with your argument.

Notes on the relationship between the IMA(0,1,1) process and a random walk

Consider the IMA(0,1,1) model or Vz; = (1 —60B)a;. We have shown that one representation
of the solution for z; is given by Equation 81 that is

o o0
Zy = E Yia_j = a; + A E ai—j,
=0 j=1
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with A = 1—46. If we take A = 1 then 6 = 0 and the above becomes the random walk process

00 00
2 = ay + E At—j = E Qt—j .
j=1 =0

Thus the random walk process is an example from an IMA(0,1,1) model.

Now any IMA(0,1,1) process (not just the ones where # = 0) can be thought of a random
walk process buried in white noise. That is, we assume that z; is random walk process and
we measure z; corrupted by noise that is as the process Z; = z; + b;, where b; is a white
noise process uncorrelated with a;. Then from Page 49 earlier we have that Z; must have as
a solution

Zy = Azut—j + U,
j=1
with u; another white noise process. Using Equation 100 and Equation 102 since the process
2z is a IMA(0,1,1) with A = 1 we have that

A? 1 o2 o2
= =2 and o=-%. 103
1—A 02/02 02 anc. gy A2 (103)

The autocovariance function of the general model with added correlated noise

Assume that z; is a ARIMA(p,d,q) process ¢(B)V¢z = 0(B)a; and we observe z; via the
observations Z; = z; + b, and we know the autocovariance function of b; i.e. v;(b). We desire
to compute the autocovariance function for W, = V4Z, or ~;(W). Note that

Wt = VdZt = Vd<2t + bt)
= V% + Vb, = ¢~ (B)I(B)a, + (1 — B)%;, = w, + v,

where we have defined the process w; and v; in the above. As a; and b; are independent we
have

(W) =i (w) +;(v).
And thus we need to compute v;(v). The book then claims that

(1= B)(1 = F)"y(b)
(=11 = B)*5j1a(b)

Warning: I had trouble deriving these last two results. If anyone knows how to derive them
please contact me. If, however, we assume that they are correct then we get the following

for v;(W).

v;(v)

% (W) = y3(w) + (=1)"(1 = B)*™y;1.4(b). (104)

As an example of how to use this relationship consider a IMA(0,1,1) process for which we
have w; = Vz;, = (1 — 0B)a; with measurement Z; = z, + b, and W, = VZ,. Then for we

o2



have computed the autocovariance of the process w; in Equation 96 and 97, and v;(w) = 0
for j > 2 if we ignore the o7 terms. That is

Yo(w) = o7(1 +6%)
n(w) = —og0
vi(w)=0 for j>2.

With these we use Equation 104 to compute ~;(W). For ~o(W) we compute

Yo(w) = a2(1 4 6%) + (=1)'(1 = B)*y041(b)
= 03(1+6%) + (=1)(1 = B)(71(b) — 70(D))
= 0o (140%) + (=1)(11(b) = 70(b) = 70(b) +7-1(b))
= 03 (1+6%) + (=1)(271(b) — 27%(D))
= 0.(1+6%) +2(70(b) — 71(b))

For (W) we compute
(~1)1(1 = BPrn(®)

— —0'2«9 -+ (—1)(1 — B)(’}/Q(b) - 71(6))
(—D(v2—m—m+m%)
(Y2 =271 + ) -

Finally, for v;(W) for j > 2 we compute
Yi(w) =04 (=1)(1 = B)*7551(0) = (=1)(1 = B) (3501 — ;)

= (=D (W1 — v — v + Vi)
=27 —Yj-1— Vj+2 for 7 =>2.

If b; is a first order AR model then its process model looks like by = b;_1 + «; and the
autocovariance function is v;(b) = 0¢’. In that case we get the results given in the book.

Problem Solutions
Problem 4.1 (the z;, = ¥(B)a; and 7(B)z; = a; representation)

We begin by summarizing what we are looking for in this problem. The v; weights are found
from the linear time invariant system representation given by

%:wm%:<u %H)%.
j=1

Note that the values for ¢; are the coefficients in the Taylor expansion of ¥(B) about B = 0.
The 7; weights are found from the autoregressive representation



or

o
zr = ay + g miBla; .

j=1
Note that the values of 7; are the negative of the coefficients in the Taylor expression of
7(B) about B = 0.

These coefficients can be derived in a number of ways. To make my work as simple as
possible I will derive them using Mathematica. Another alternative is to recognize that all
of these models are specific subclasses of an ARIMA(1,1,1) model.

Part (a): For the model (1 — B)z = (1 — 0.58)a; we have

_ [1-05B
Z = 1- B Qg ,

this is an ARIMA(0,1,1) process. Thus ¢(B) = 15228, Using Mathematica we find that
W(B) =14+ i B
247

and thus 9; = % for all j > 1. For the m; coefficients we have a; = 7(B)z = %zt. Thus
1-B
By = ——.
™(B)=1"058
Using Mathematica we find that

7(B) zl—i(%)jgﬂﬁ

Thus 7; = (%)] Since this ARIMA(0,1,1) model is an ARIMA(1,1,1) model if we take ¢ = 0
and 0 = % then using Equation 56 we get the same expression for ¢; =1 —60=1—1

-1
/ 2 = 2
Using Equation 65 and 66 we get m =1 —6 =1 and 7; = 6(1 — )72 = .

Part (b): For the model we have (1—B)z; = (1—0.2B)a; which is an ARIMA(0,1,1) model.
In the same way as Part (a) above we get

A~
w<B>=1+g;B,

and thus ¢; = %. For the 7; coefficients we have a; = w(B)z = %zt. Thus

1-B

B)———2
™B) =108

Using Mathematica we find that

[e.e]

m(B) =1 —4; (%)jga‘.
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Thus 7, = 4 (1),

Part (c): For the model we have (1—B)(1—0.5B)z = a; which is an ARIMA(1,1,0) model.
In the same way as Part (a) above we get

1
(1— B)(1 - 0.5B)

2]+1 1 .
_1+Z BJ’

7=1

U(B) =

and thus 9; = ZjZE_l. We will now prove this expression. We have

“B) = g (1 —153) B (i Bm) (io GB))

m=0

S0 )56 (52)e

() ) ()

verifying the above expression for ¢);. We can also use Equation 56 to derive this expression.
For the 7; coefficients we have

m(B)=(1-B)(1-05B)=1- gB + %B?

Thus m = % and mo = —% and m; = 0 for all other j.

Part (d): This is the same type of model as in Part (c¢). We have

wp)= =5 (=15 - (ng>< € )

5
£(E0) 50 (£

j=0 \1=0 Jj=0

= SRR N | 57+1
— | B’ = BI
-2 () (=)= ()
Thus we have ¢; = 5J:;j_1. As in Part (c) we see that m = g, Ty = —é and 7; = 0 for all

other j.
Part (e): Again the coefficients can be extracted by looking at the expressions in the
Mathematica file or by performing manipulations like the above. As before we can also use

Equations 65 and 66 to compute ;.

This problem is worked in the Mathematica file chap_4_problem.nb.
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Problem 4.2 (more forms for stochastic models)

Part (i): For this part we would use the 1); weights to write z; as

o
zt = ay + E Pia_j .
i=1

Part (ii): As discussed in the book the solution of the difference equation ¢(B)z;, = 0(B)ay
is 2z = Ck(t — k) + Ix(t — k) where Cy(t — k) satisfies ¢(B)Cy(t — k) = 0 and I (t — k) given
by Equation 59. Here we want k = t — 3 and thus ¢t — k = 3 and our solution for z; is written
2t = thg(?)) + [t73<3>-

Part (iii): Using the above computed values of 7; we write z; as 2z, = a; + E;’;l T2 j.
Note that the models in Part (a) and (b) are an IMA(0,1,1) process talked about on Page 45.
The models in Part (c¢) and (d) are ARIMA(1,1,0) models which are a special case of

ARIMA(1,1,1) models where we take § = 0. The model in Part (e) is an ARIMA(1,1,1)
model with 6 # 0.

We now specify solutions to the various models presented.

Part (a): We have the random shock form of this model given by

1 00
zt:at+§zlatj.
J:

For this model the fact that C(t — k) must satisfy ¢(B)Cy(t —k) = 0 means that Cy(t—k) =
b(()k) a constant and we have that z; can be written as

t
2 = Cy3(3) + Z Yi_ga; = bﬁf‘?’) +a; + Pra_1 + Yaas_o

j=t—2

. 1 1
= b(()t 3 +a; + éat,1 + éat,Q .

We have the autoregressive form for this model given by

o] 1 i
2 = a4 + Z (5) Zt—j -
j=1

Part (b): Has the same solution as Part (a) above but with different values of 1; and ;.

Part (c-e): Given that we have found v; and 7; for each model in the previous problem
application of the above formulas give the various models. The only thing not specified
above are the solutions for C;_3(3). We find

e Part (c) has C(t — k) = b + b (0.5)1*.
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e Part (d) has Cj(t — k) = b + b\F (0.2)*.

e Part (e) has Cy(t — k) = b + b (0.2)1*.

Problem 4.3 (given random shocks derive the series z;)
The difference equation form of the model ¢(B)Vez = 0(B)a; or ¢(B)z; = 0(B)ay is given
by

2 =121+ Y222+ + OpraZip-a — a1 — b2 — - —Ggarg +a;. (105)
Part (a-b): The difference form for this model is almost the same for each part. For Part (a)
and (b) it is given by

2t =21+ ap — 0.5045,1

Zy = Zp—1 + Qp — 0.20,15,1 .

Part (c-d): The difference form for this model is almost the same for each part. For Part (c)
and (d) it is

Zt = 1.5215,1 — 0.521572 + ay

Zt = 1.22t_1 - 0'22t—2 + Qg .
Part (e): The difference form for this model is given by
Zt = ]--QZt—l - O.QZt_Q + ay — O.5at_1 .

See the R function chap_4_prob_3.R for the implementation of this problem. When that
script is run it generates the plots shown in Figure 7.

Problem 4.4 (using the recursive form for prediction)

For this problem we want to write z; as z; = a; + Z;’il mjz—j. For the models given in the
previous problem we have

o Part (a): z =a+ Y2 (3) 2
e Part (b): z; = a; + 42;’;1 (%)] 2
e Part (¢): z = a; + %zt_l — %Zt_Q

e Part (d): z, = a; + gzt_l — %Zt_g

e): 0=05,¢6=02m=0¢+(1—0),and 7; = (0 — ¢)(1 — 6)6? 2 for j > 2.
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Part ()

Figure 7: Left: Plots of z; for problem 4.3 Parts a (green) and b (red). Center: Plots of z
for problem 4.3 Parts ¢ (green) and d (red). Right: Plots of z; for problem 4.3 e.

For example for Part (a) we have z15 given by

oo 1 j 13 1
212 = Q12 + Z (5) Z12—j = Q12 + Z (5)
j=1 j=1

See the R function chap_4_prob_4.R for the implementation of this problem. When that
script is run we get the following for each part:

J
212—j -

[1] "(a): index t= 12: difference equation= 20.4474 recursive= 20.4474"
[1] "(a): index t= 13: difference equation= 19.0474 recursive= 19.0474"
[1] "(a): index t= 14: difference equation= 19.1474 recursive= 19.1474"
[1] "(b): index t= 12: difference equation= 20.5400 recursive= 20.5400"
[1] "(b): index t= 13: difference equation= 19.1400 recursive= 19.1400"
[1] "(b): index t= 14: difference equation= 18.8200 recursive= 18.8200"
[1] "(c): index t= 12: difference equation= 22.0103 recursive= 22.0103"
[1] "(c): index t= 13: difference equation= 20.7052 recursive= 20.7052"
[1] "(c): index t= 14: difference equation= 19.4526 recursive= 19.4526"
[1] "(d): index t= 12: difference equation= 20.9608 recursive= 20.9608"
[1] "(d): index t= 13: difference equation= 19.5922 recursive= 19.5922"
[1] "(d): index t=  14: difference equation= 18.7184 recursive= 18.7184"
[1] "(e): index t= 12: difference equation= 20.8714 recursive= 20.8696"
[1] "(e): index t= 13: difference equation= 19.4243 recursive= 19.4234"
[1] "(e): index t=  14: difference equation= 19.2349 recursive= 19.2344"
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In all cases the results agree.

Problem 4.6 (additive noise)

For this problem we assume that wy; = (1 — 6;B)ay; and wy, = (1 — 63B)ag. Then as in
the discussion on Page 49 we can show that the sum of the two moving average models is
another moving average model. As both wy; and wy, are MA(1) models thus ws; will be a
MA(1) model. We have that

wy = (1 — 01B)wy + (1 — 62 B)way = wip — 01wy 41 + wop — w1 .
Lets compute autocovariance function of ws;. We find

01203 = ’YO = E[wgt]
= E[(wlt — 9111)1715,1 + Wotr — 9211)2715,1)2] = (1 + 9%)0’21 —+ (1 + 95)0’22 .

For ~; we find

"= E[w3tw3,t71]
= E[(wyy — bhwy -1 + war — Oawa 1) (w141 — O1wy 4o + way—1 — Oawa s o)

— 2 2
= —010’a1 — 020’a2 .

And we have 7; = 0 for all j > 2. Thus ws; is a MA(1) model as claimed. Since the the
autocovariance function for a general MA(1) model z; = (1 — 03B)as; looks like

Yo = (1+63)02,

Y1 = —930'33 .
To evaluate f3 and o,, we need to equate

(1+63)02, = (1+6))02 + (1+63)02,

2 2 2
_930a3 = _910-(11 - 920’a2 .

Which we need to solve for o2, and 63 in terms of the other parameters.

Problem 4.7 (more measurement noise)

We are told that our process Z; is given by Z; = z; + b, where z; is an ARIMA(1,0,0) model
satisfying (1—@B)z; = a, with b, is white noise process with variance o7 or an ARIMA(0,0,0)
model. Then Z, satisfies

(1—¢B)Z; = (1 —¢B)z + (1 — ¢B)b,
=a;+ (1 —¢B)b (106)
= ay + by — Pby_1 .
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Where Equation 106 is of the form of the sum of two independent moving average models
and thus can be written as 03(B)u, for some polynomial 05(B) and u; a white noise process.
From the results in the appendix of the book since ¢;(B) = 1 and 65(B) = 1 — ¢B the
polynomial 65(B) will be a first order polynomial i.e. 05(B) = 1 — 63B. We can evaluate
what the value of #3 should be by using the results of problem 4.6 where we take #; = 0 and
0y = ¢ here. Thus we have shown that Z; is an ARIMA(1,0,1) model.
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Chapter 5 (Forecasting)

Notes on the Text

The minimum mean square error forecasts

Using the proposed form for our prediction of z;,; given by

() =Pl + Pl + Va0 + -

and given how z;4; expands in terms of ¢; we have that the error in our approximation to
Zpy or (1) =z — Z(1) is given by

et(l) = apq + Vragp—1 + Yotppi—o + - - + Vi@ + Yray + Prpapg 4o
- @Z)l*at - ¢Z‘+1at_1 - 'QZ)J*+2at—2 -
= Qpyy + P1Qyyi1 + P22+ F Y1
+ (=) ar + (Y1 — Vi) a1 + (Yrae — Plio) a2 + - - -

When we square this and take the expectation we get
Bl(zte1 = 2(D)*] = 05 (L+ 0+ 05 -+ 0 +40) + (g = wp)%00. (107)
7=0

This later expression is minimized when we take ¢}, ; = 4, for j > 0. In that case our
approximations to z;,; are obtained by using
Zi(l) = Yiay + Yrp1ae-1 + Yrpoapo + - -
from which, using the full linear time-invariant expression for z;,; we see that
Zit = Qppg P11+ Yoo+ Yira + 21 = e(l) + 2(1)

which defines our error e;(l).

Notes on calculating the ¢ weights

We want to consider the polynomial relationship ¢(B)y(B) = 0(B) or

(i golBl> (i z/;kB’“> = i 0, B™ . (108)

The left-hand-side of the above is

p+d oo

Z Z ey BTE

=0 k=0
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The summation region in the above double sum can be visualized in a two dimensional with
k as the z-axis variable (starting at 0 and running off to +o00) and [ as the y-axis variable
(and between the limits 0 < [ < p + d). Since this double sum naturally has the combined
variable [ + k we will change summation variables from (k,[) to a new set where k + [ is one
of the new variables. To do this note that when we consider the expression k£ + [ = m for
fixed values of m in the (k,[) space these are lines that point diagonally from north-west to
south-east. For example if we take m = p + d the line k + [ = p + d is the line that goes
through the two points (k,1) = (p+d,0) and (k,1) = (0,p+d). The line k+1l=p+d+1
is the previous line shifted one to the right, while the line k +1 = p + d — 1 is the original
line shifted one unit to the left. Thus we can break the original double summation region
up into two regions where m < p+d and m > p + d. If we take as the second summation
variable [ the region for m > p + d then becomes

5 (S )

m=p—+d

Again using [ as the second summation variable the region for m < p + d then becomes

p+d—1 m
3 (z wlwm_l) B,

m=0 =0
We have just argued that we can replace the left-hand-side of Equation 108 with the sum of
the above two terms. This gives

p+d—1 m p+d q
(o) e 5 (S5 Sos
m=0

m=0 m=p-+d

Equating coefficients of B we get a relationship between the values of ¢, 1, and 6. Since the
first sum on the left-hand-side is a polynomial of degree p + d — 1 the highest power of B
is BP9l The highest power of B in the sum on the right-hand-side is B?. If we consider
B™ where 0 < m < p+d — 1 and assume that 6,, = 0 if m > ¢ by equating powers of B we

have that .
Z Splwmfl == em
1=0

Recalling that ¥y = 1 and ¢y = 1 when we write out the above summation and solve for v,
in terms of 6,, and previous 9,,,’s we get

wm = Solwmfl + ¢2wm72 +-+ <,0m—11/11 + ©Om + em 5

for m =0,1,2,--- . p+d — 1. If we consider the power of B large enough that is m > ¢
so that the right-hand-side has a zero coefficient of B™ and m > p 4+ d — 1 so that the
summation representing the coefficient of B™ on the left-hand-side has its upper limit p 4 d
(i.e. m > max(q,p +d — 1)) then we have that v, satisfies the difference equation

ptd

Z Splwmfl =0
=0

or solving for v,

Ym = O1¥m—1 + ©2Um—2 + - + Ppra—1Vm—p—d+1 + Cprd¥m—p—d , (109)

the same as in the book.

62



Notes on the role of the moving average operator in fixing the initial values

From this section I found the following to be the most important takeaway. Recall that the
polynomial ¢(B) is of degree p+ d. This means that the difference equation for the eventual
forecast function ¢(B)z:(I) = 0 (here B operates on [) requires p 4+ d points to initialize the

coefficients bgt) for 0 < j < p+d—1 in its solution. To evaluate these coefficients we use the
p + d points that end at the value Z;(¢). That is we use the points

20q), 2g—1), 2(q—2) - Z(g—p—d), Z(g—p—d+1),

with the condition that Z,(—h) = z,_p, for h=10,1,2,---.

Notes on the lead [-forecast weights

Recall that one way we can get the [ lookahead forecasts is to use
(1) =) mia(l =) (110)
j=1

In the above recall that 2;(—j) = z,—; when j7 > 0. The book has shown that when | = 2 we
get

o
Z T+ 1) 2t -
7=1

Based on the above, if we define )

J
. . 2 . .
of its own coeflicients 7r]( ) times past series values or

o

— § ’ (2)

= 7Tj Zt—j41 -
i=1

Lets consider the expression for Z;(3). Using Equation 110, and then the expressions we have
derived for 2;(1) and Z,(2) we get

= mm; + w4 for j > 1 we can write 2,(2) as the sum

4203)=> maB—j)
j=1
=m2(2) + me2 (1) + Zﬂgzt —j+3 =T ZW Zt—jr1 1+ T2 Zﬂ-jzt —j+1+ Zﬂj+22’t —j+1

o0
= E : 7TJ+2+7Tl7T +7T27T])Zt —j+1
J=1

Thus we define 7% = Tjto + 7T17T( )

i + mom; and have then shown that

00

_§ : ®3)

= 7Tj Zt—j+1 -
i=1
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Lets expand Z,(4) to make sure that we fully see the pattern above. Using Equation 110,
and then the expressions we have derived for 2,(1), 2,(2), and Z(3) we get

2(4) = Z%’%(4 )
j=1
= 7T12A2t(3) _'_77—2225(3 +7T3Zt ijzt j+4

®3)

(mym 2)

+ T

I
NE

+ m3m;) 21 + § Tj+3%—j+1
=1

<.
Il
—_

®3) (2)

I
Mg

(mj4s + w4 memT + 3T ) Zt—jt1 -

<.
Il
—

Again based on this we define

7T](~4) =mjy3+ 7T17T(»3)

—(h+1) 2 : (4 h)
= Tj+3 + E 7T] 7T]+3 + 7TJ s
h=1

(2

+ ToTr; ) + T3T;

1 . .
where we take 7rj(- ) = 7j. From the above expression the general form is now clear and we

see that
-1

7T§l> = Tj+i—-1 + Z 7Th7TJ(-l_h) . (111)
h=1

We can compute some of the ; coefficients for the model V?z, = (1 — 0.8B + 0.5B%)a, by
using the Mathematica command

Series[ (1 - B)"2/(1 - 0.9 B + 0.5 B"2), {B, 0, 10}]

and then taking the negative of the coefficients of each power of B. The above command
gives back

SeriesDatal[B, 0, { 1, -1.1, -0.49, 0.10899999999999999‘, 0.34309999999999996°,
0.25428999999999996 ¢, 0.057311000000000056¢, -0.07556510000000001,
-0.09666408999999997, -0.04921513100000001, 0.0040384271000000055°},

0, 11, 1]

which (when we negate them) match the numbers given in the book for 7; = 7T](~1). We
can then get 7r§2) using Equation 111 which simplifies in this case (since | = 2 to) r? =

J
Ty + Tj41-
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Notes on forecasting an IMA(0,1,1) model

The IMA(0,1,1) model Vz, = a; — 6a;_; considered here has predictions based on
ZAft(l) = Zt — Qat

The equation quoted in the book z; = Z,_1(1) + a; is just a statement that a; is the residual
of the one step ahead prediction or a; = z; — Z;_1(1). When we use this to replace a, in the
above expression for Z;(l) we get

ZA’t(l) = 2t—1(1) + ay — e(lt = ZA’t_l(l) + )\a,t s (113)

with A = 1 — 6. From Equation 112 we have that Z,(l;) = 2;(l3) for all [; and [5 thus in the
expression used above or a; = z; — Z,_1(1) we can replace Z;_1(1) with 2,_;(l) (the argument
is a lower case L). In that case we have

a; =z — Z1(1),
and thus using this in Equation 112 we get

2(0) = 2 — (2 — 21 (1)) = (1 — 0)2, + 02,1(])
= Az (1= N (), (114)

as claimed in the book.

For any ARIMA (p,d,q) model the eventual forecast must satisfy ¢(B)Z(l) = 0 where B
operates on [. This later difference equation has the general solution

a(l) =0 fo0) + 07 )+ -+ + s foeaa(D) + a1 fyras (D)
for { > ¢ —p+d. In the IMA(0,1,1) case we have ¢(B) = 1 — B which has the solution
() =bY for I>q—p+d=0. (115)

We sum both sides of our models difference equation Vz; = a; — 0a; 1 we get

t

t t
2(21—21—1)=2t—zoo: Z a; — 0 Z a1

l=—00 l=—00 l=—00
t—1 t—1 t—1
= Z a+a;— 0 Z a;=(1-20) Z a,+ ag.
l=—o0 l=—c0 l=—00

Taking z_., = 0 we have
2z = ANSap_1 + ay .

This is the sum of current and previous stocks and we see that 1; = A for all j. To evaluate
Z(1) recall that it is the conditional expectation on knowing everything up to and including
the time t. Thus

tH—1

A Z Q5 + Aty

j=—00

515([) E, [ZtJrl

=A Z a; = ASay,

j=—00
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since the expectation of all a; for j > ¢ is zero. Using the fact that
Za(l) = 21+ 1) + g, (116)
for all ARIMA (p,d,q) models for the IMA(0,1,1) model we are discussing where
pr=A=1-90, (117)

we have
i1 (l) =

Zt
or given that for an IMA(0,1,1) model Z,(1) = b(()t), a constant independent of [ we get the
following

(l + 1) + )\atﬂ .

DY = b 4 Aayys - (118)

We can also compute the [ lookahead forecasts 2;(1) using 7Tj(-l) and with the sum

e
W(Z)Z
g ~t=l+1,
Jj=1

but since the [ lookahead forecasts for this model is independent of [ (see Equation 115) 2,(1)
equals Z,(1) or Zj; mjzi—i1+1. The values of m; were derived in Equation 69, and using these
we have

H0) = 201) = b =Y ML= Az (119)

Because ¢, = X for a IMA(0,1,1) model the variance of the [ step lookahead forecast via

V(1) = var[e,(1)] = (1 - Z wf) ol (120)

is given by
V()= 14+ (1—-1)A)a2. (121)

Notes on forecasting an IMA(0,2,2) model

On Page 41 for this model we derived the infinite sum of random shock form for z; given by
Equation 74. That expression is used to compute v; which is given by Equation 75. Since
we know v; we can use Equation 116 to compute the updating relationship

2t+1(l) = 2t(l + ]_) + ()\0 + l)\l)at+1 . (122)
The eventual forecast function 2;(I) must solve (1 — B)?2;(I) = 0 which has a solution
s (1) — pd) () ] —
Z()=by +b’l for | >q—p—d=0. (123)

To evaluate how the coefficients b(()t) and bgt) are updated when we receive another sample
use Equation 74 evaluated at the time ¢ + . This is done (but not in the same notation) on
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Page 48 and the result expanded to give Equation 88. In that expression we need to replace
t with ¢t + [ and k with ¢. This then gives

t+1—1 t+1—1 )
Zent = AoSar + M S%ar — M Say + M Sad + Ao Z ap + A Z Z ap + apqy -
h=t+1 i=t+1 h=t+1

Taking the expectation knowing everything up to and including things at time ¢ both sum-
mations above vanish and we get

ZA’t(l) = Et[zt-f—l] = ()\Osat -+ )\152at - Alsat) + {Alsat}l .

To make this match the result given in the text use Equation 87 with £ = ¢ — 1 (one unit
less than t) to get
S2CLt = SQCLtfl + Sat,1 +a = S2CLt,1 + Sat, (124)

since Sa; = Sa;_1 + a;. Using this we can transform z,(I) as given above as
2’t(l) = ()\OSat + )\1526Lt71) + {)\150,25}[,

which is the same expression as in the book. To have this expression match Equation 123
we must take

b(()t) = )\QSCLt + )\1526Lt,1
b0 =\ Sa, . (125)
The update equations for these coefficients are given by
B — b = Xo(Sap — Sag_1) + M (S%a,_1 — S%as_»)
= Xoa¢ + M\ Sa,_1 using Equation 124 for S%a,_;
= Xoa; + bgtil) and
bl — bl = N, . (126)
The book then use the values of Z;(1) and Z,(2) obtained from the difference equation for-
mulation of this model as initial conditions for the formula for Z,(I) given by Equation 122.
Notice that from the difference equation formulation the two initial conditions 2,(1) and 2;(2)
depend on the moving average parameters ¢; and 5. Since the eventual forecast function

Z(1) is a line (it is linear in [) and both Z,(1) and Z,(2) must be on it we see that the moving
average parameters determine how the eventual forecasting function is “fitted” to the data.

We now derive the variance of the IMA(0,2,2) process. Since ¢; = A\g+jA; from Equation 75
we then can use Equation 121 to evaluate V' (I). We find

V() = {1+Zw§}o—§

-1
= {1 + Z@g + 2\ \oj + A%f)} o2

j=1

-1 -1
= {1+)\3(l— 1)+2>\0>\12j+)\f2j2}a§.

j=1 j=1

67



Recall that Z;.V:lj = 1IN(N+1) and Zj.v:ljz = AN(N +1)(2N +1) and the above becomes
)\2
V() = {1 + A= 1) + XM (I = 1)+ El(z —DI2(—-1)+ 1)} o2, (127)

which, when we simplify some, is the expression given in the book.

Notes on forecasting the (1,0,0) model

Consider the model (1 — B)z = a; or
Ztpl = Zppl—1 T Qi -

The eventual forecast function for this model has a solution given by Z;(1) = b(()t) for [ in the
range l >q¢—p+d=0—0+1=1. To compute (1) consider the above expression where
we have

4(1) = Eylzen] = Eilz + ava] = 2

Thus bg) = 2, and we have Z;(l) = 2, for all [ > 1.

Notes on stationary AR models

We assume that ¢(B) is a stationary operator and Z; = z — . Then consider an AR(1)
model so p = 1 and we have (1 — ¢B)Z; = a;. To be stationary we must have —1 < ¢ < +1.
The eventual forecast function for the operator 1 — ¢B is Z(l) = bg)¢l. This holds for
l>q—p—d=0—-1-0= —1. Taking [ = 0 we get Z,(0) = Z,. Then for general [ the
eventual forecast function is given by

Z() = %@ for 1>0. (128)

Notes on variance for the forecast of an (1,0,0) process

We start this derivation by first writing our AR(1) model (1 — ¢B)Z, = a; as
Zy=ap + Q%1 .

Then by recursively replacing Z;_; on the right-hand-side with the expression on the left-
hand-side we get

Zo= ap+ dla-1 + 0Z2) = ar + pay_1 + ¢2§t72
a; + Qa1 + ¢2at72 + ¢35t—3

= a+oa 1+ Pa o+ + I a0+ 0T a g + 02
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Incrementing ¢ by [ in this expression gives
Bt = Qppg + Gy + Qoo+ + O A + 0 A + 05 (129)

Since for an AR(1) model we have shown that % (l) = %¢' we see that the error in the
forecast Z;(l) at lead time [ or

el) = Zir — H(l) = Zep — 20

when we replace Z;,; with Equation 129 gives the expression for e;(I) in the book. The
variance V(1) then follows by squaring and taking expectations.

Notes on nonstationary autoregressive models ARIMA (p,d,0)

In this subsection we will be considering models of the form ¢(B)V%; = a;. As a specific
example consider the ARIMA(1,1,0) model (1 —¢B)(Vz — p) = a; and we will derive some
of the expressions in the book. We begin by expanding the V operator we get

(1=0¢B)(2 — 21 — 1) = ay,
or expanding the 1 — ¢B operator we get
2= 21 — b= P(Z—1 — Z—2 — ) + ay .
Replace t with t 4+ 7 and to get
Zij = Zegj1 — = O(Zigjm1 — Zegj2 — ) F Qpyj -
Take the conditional expectation of the above expression with respect to the origin ¢ to get
20) =20 -1)—p=00E0 -1 -2 —2)—n),

which by iterating replacing j times the difference Z,(j — 1) — 2,(j —2) — 1 on the right-hand-
side with the left-hand-side gives

40) =40 -1 —n= (G0 ) 40 -1-j) =) = ¢ (2 — 21— ).

Sum this expression from j =1 to j = to get
l
4(0) = 20) —pl =D ¢ (2 — 21 — ),
j=1

or performing the summation gives

Wl
ét(l> =z + ul + (Zt — 241 — ,u)gb(l%;s) .

If we take | — oo then since |¢| < 1 due to stationarity we see that ¢! — 0 and thus 2 (1)
has a limiting form that is linear in [ with a slope given by pu.
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Forecasting an ARIMA (1,0,1) process

We now consider forecasting for the ARIMA(1,0,1) model

(1-9¢B)z = (1—-0B)a,

We can obtain v; from a Taylor expansion of the function ¢(B) = i:gg. We have

1 - n n
o) = (1-08) (= ) = (1-5) <Z¢ B )
= iéb"B" - ein"H = i ¢"B" — ei ¢" ' B"
n=0 n=0 n=0 n=1

=1+ (6—6)¢"'B",
n=1

which shows that ‘
V= (p—0)p'' for j>1, (130)

as claimed by the book. We note that to derive the expression for 7; we would need to
compute the negative coefficients in the Taylor series of the fraction t?g. Since this is
the same fractional form just considered but with ¢ and 6 exchanged we can immediately
conclude that

m=—(0—¢)0"t for j>1. (131)

The integrated from eventual forecasts must satisfy (1 — ¢B)Z(I) = 0 which has a solution
L0 =g for 1>0,

To evaluate how bg) depends on 6 we use the fact that we know the value for Z,(I) when [ = 1
which is given by the conditional expectation of the difference equation (with ¢ incremented
tot+1) or )

Z(1) = Ey|Zea] = B0z + a1 — Oay) = 92, — Oay .

Using the above form for () evaluated at [ = 1 this means that
2(1) =00 = ¢z — 0
(1) =by ¢ = oz at

=05 —0(Z — 2_1(1) = ¢ { (1 - %) Z+ gzlm} .

Which allow us to compute an expression for b(()t). Once we know this expression we have
Zi(1) for | > 1. Specifically we find

() = { (1 — g) AR %zl(l)} o (132)

Ifp=1s01—-¢B — 1 — B =V we get the exponential moving average form for the
forecasts from an IMA(0,1,1) model as already expressed in Equation 114.
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Forecasts for an ARIMA(1,1,1) model

The eventual forecasts function for an ARIMA(1,1,1) model solves (1 —¢B)(1 — B)z(l) =0
forl>q—p—d=1—-1—1= —1. This difference equation has the solution

() =b0 + ¢ for 1> -1.

To evaluate the constants b(()t) and bgt) we need two initial conditions for the Z;(I) function.
Using [ = 0 and [ = 1 and the conditional expectation of the ARIMA(1,1,1) model we have

2,(0) = b + b8 = 2, (133)
2(1) =0 +076 = (1+ 6)z — d21 — by (134)

We want to solve these for bg) and bgt). Do do that put bg) From Equation 133 into Equa-
tion 134 to get
1+ @)z — dzp1 — Oay = 2 — bgt) + bgt)éb-

Therefore when we solve for bgt) we get

(t) Oa; — <Z5(Zt - th1)

pH —
1 1 — gb
Using Equation 133 to solve for b(()t) and we find
0

Thus with bg) and bgt) computed as above we have for Z;(1) the following

() =z + ¢ (2 — 26-1) — Lat + (Hat — oz — Zt—1)) 4

1—¢ 1—¢ 1—¢
1 0
=z + ﬂ@b — ¢¢') (2 — 2-1) — ﬂ(l — ')y
1— l 1 — l
:Zt+%(zt_zt—l)_el_iata (135)

which is the expression in the book.

Note on correlation between forecast errors

When we consider the forecast errors at lead times [ starting at the points ¢ and t — 7 we
have errors given by

er(l) = 21 — 2(l) = e + V1aeg1-1 + Yoary—o + - - - + Yoo + Yi—1a441
e (1) = zep—j — Ze—j(1) = @r_jr + 1@ i1 + Vot jy o+ -+ ot jio + a1
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Then using this we see that

-1 -1
Eley(le; ()] = E (Z wmatﬂm) (Z wnatﬂjn)]
-1 l:T:O i
= wmwnE[atJrlfmatJrlfjfn] .
n=0 m=0

Each term in the above double sum equals zero unless the indices of a are equal and then it
equals 02. This means that the only nonzero elements in the sum are where m = j+n. Since
the original sum above is a sum in the (n,m) space with the range of either n or m from
[0, — 1] when we enforce the restriction that m = j +n we are now summing over a line in
the (n,m) space. This is the line that starts when n = 0 at m = j and slopes upwards and
two the right. This line intersects the original summation region as long as j <[l—1or j <!
as claimed in the book. This line also intersect the top most boundary (where m =1 — 1)
when [ — 1 =j7+norn=10—j —1. Thus the limits on the n summation are n = 0 to
n=1— 7 —1 and when we take m = j + n in the above double summation we get

l—j—1

Elei(Der;(D)] = 02 Y jnthn

If we add j to the limits in the above summation we get

Bledler 0] =72 3 thtbu s (136)

the result in the book.

Notes on a general method of obtaining the integrated form

We start with the general expression the eventual forecast function Z,() given by

p+d—1 q—p—d—I
A0 = > 0 n0+ Y dga; for 1<q-p—d, (137)
=0 =0

but specified to a system with autoregressive integrated part V2z; = (1 — B)?z;. In that case

p =0, d =2, and our two eventual forecast solution functions are fét) =1 and fl(t) =[. The
above expression for Z;(l) in this specific case where the models right-hand-side is a fourth
order moving average expression becomes

1 2—-1
)= b (1) + > diar,
=0 =0

The above functional form is valid when [ < ¢g—p—d =4 —0— 2 = 2 in this case. For
[ > 2 then the solution (1) does not have any d;; terms and is just the sum of the eventual
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forecast functions fét) and fl(t). Then evaluating the above functional form for [ = 1, 2, and

[ > 2 we get
2,(1) =0 + b\ + dyas + diyay+ (138)
2(2) = b + 20" + dooay (139)
(140)

2,(1) = b + 1.
Using the second to last line in A.3.5.1 in general we get
2(q) —er1z(q—1) = — pprati(q —p — d) = —byay
or for the example we are considering here
Zi(4) — 22(3) + 2:(2) = +0.1a,,
When we replace 2;(4), 2:(3), and 2,(2) with Equations 139 and 140 we get

B+ b — 268 + 3617y + b + 202 4 dyoa, = 0.1ay

SO
dgo(lt =0.1a; = dgo =0.1.

Taking the third from the last line in A.3.5.1 in general gives
Z2(g—1)—12(q—2) — - — pprae(qg—p—d—1) = =0, 1as — Oya:_1 .
While for the expression given here this becomes
2(3) — 224(2) + 2(1) = —0.4a; + 0.1a;_1 .
When we put in what we know from Equations 138, 139, and 140 we get
b+ 361 — 2068 4 28 + dogar) + 0 + b + dyoay + dyrar_y = —0.4a; + 0.1ay_; .
Or simplifying some we get
—2dogay + diga; + diyai—1 = —0.4a; + 0.1a;—q .
or using what we found for dyy we find
—0.2a; + dypa; + di1ai—1 = —0.4a; + 0.1a;_q .

This means that —0.2+d;g = —0.4 so that diyp = —0.2 and dy; = 0.1. These computed values
for dsg, dig, and dy; can go back to the Equations 138, 139, and 140 to provide functional

expressions for Z;(1), 2(2), and 2.(1).
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Problem Solutions
Problem 5.1 (forecasting with various ARIMA models)

For this problem we will use the results from the text where applicable to simplify the
discussion of each of the component parts.

Part (a): Note that the model Z, = 0.5Z;_1 + a; is an ARIMA(1,0,0) model and using it we
get the difference equation form of the forecasts by writing it as

Zert = 0.5Zi 11 + agqa
and then taking conditional expectations. For [ = 1 and 2 and the above we find
2(2) = 0.5%,(1) = 0.5*3,

To forecast z:4; using the integrated form with the weights 1); we recall that in this form the
forecasts look like

Z(1) = ae + Y11 + Yreoaro + - (141)

For an AR(1) model recall that the coefficients 1; are given by ¢; = ¢’ = 0.57. Thus the
integrated form for the forecasts from this model is given by

2(1) = 0.5a; + 0.5%a,_1 + 0.5%a,_o + - - -
%(2) = 0.5%a; + 0.5%;, 1 + 0.5%a; o+ -+ - .

To derive the weighted average form of the forecasts recall that this form looks like (1) =
> ey miz(l — 7). In the AR(1) case considered here we have

£(2) = 0.5%(1) = 0.5(0.5%,) = 0.5%%, .

Part (b): Note that the model Vz; = a;—0.5a;_1 is an ARIMA(0,1,1) model. The difference
equation formulation is given by writing the model as

Zt+1 = 2t + ag+1 — 0.5at = ZA’t(]_) = Zt —0. 5at

2ty = Zpr1 + Qpyo — O.5at+1 = 22&( =% ( ) =z — 0.5a; .

The integrated form for the forecasts requires the coefficients 1; for this model from the
rational function ¢ (B) = 7%28¢,. has ¢); =1 —60 =1 — 0.5 = 0.5 (see Equation 117) thus

ZA’t(]_) = O.5at + 0.5at_1 + 0.5at_2 + -
225(2) = 0.5045 + 0.5(11571 + 0.5(11572 + -

Since the sums on the right-hand-side of the above expressions are the same we see that
Z:(1) = 2:(2). The expression for the forecast using the previous z;, we recall Equation 119
where A =1 — 6 = 0.5. Thus we have

21&(1) = (1 — 9)215 + (1 - 9)921571 + (1 - 9)9221572 + (1 - 9)9321573 +-= ét<2) .
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In fact the above equals (1) for all 1 > 1.

Part (c): The model (1-0.68)Vz; = a; is an ARIMA(1,1,0) model. The difference equation
formulation is derived from
Zt = 1'62t—1 — O.GZt_Q + Qg . (142)

Incrementing ¢ by [ we have

225(1) = 1.6215 — 0.6215,1

To compute the integrated form for the forecast we need %; from the Taylor expansion
of Y(B) = m. Once we have these we use Equation 141. To get the weighted
average of previous observations formulation of the forecasts we can use the model written
as Equation 142 and take a; equal to its mean value of 0. Thus we see that the difference
equation formulation for Z;(1) and the forecast in terms of weighted average of previous
observations are the same.

Problem 5.2 (more forecasting with various ARIMA models)

We are given the time series data zg1, 292, * - - 299, 2100 for the ARIMA(0,1,2) model
Vzy =a; — 1.1laz_1 +0.28a;_» . (143)
Part (i): From the model above we have
Zert = Ztpi—1 + agp — Llag 1 4+ 0.28a4,2 -
Thus the forecasts for various values of [ are given by

(1) = Zt — ]_.]_(lt + 0.28(lt_1
215(2) = ,ét(l) -+ 0.28045
A0 =40 —1) for [>2.

Using the numbers given for the time series we compute
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Z91(1) = z91 — 1.1ag; + 0.28agg = 291 = 166 we initialize by taking agy and ag; to be 0
gy = 299 — 5o1(1) = 172 — 166 = 6
20(1) = 299 — 1.1ags + 0.28ag; = 172 — 1.1(6) = 165.4
(g3 = 293 — 92(1) = 172 — 165.4 = 6.6
203(1) = 293 — 1.1agg + 0.28ags = 172 — 1.1(6.6) + 0.28(6) = 166.42
Qg1 = 291 — 503(1) = 169 — 166.42 = 2.58
204(1) = 294 — 1.1agy + 0.28ag; = 169 — 1.1(2.58) + 0.28(6.6) = 168.01
(g5 = 295 — oa(1) = 164 — 168.01 = —4.01
505(1) = 205 — 1.1ags + 0.28ags = 164 — 1.1(—4.01) + 0.28(2.58) = 169.1334
(g6 = 296 — Sos(1) = 168 — 169.1334 = —1.1334
Z06(1) = 296 — 1.1(—1.1334) + 0.28(—4.01) = 168.1239
a9y = 297 — S06(1) = 171 — 168.1239 = 2.8761
Zo7(1) = zg7 — 1.1(2.8761) + 0.28(—1.1334) = 167.5189
Qos = 298 — Zg7(1) = 167 — 167.5189 = —0.5189
20s(1) = 205 — 1.1(—0.5189) + 0.28(2.8761) = 168.3761
(g = 299 — Zos(1) = 168 — 168.3761 = —0.3761
Zo0(1) = 299 — 1.1(—0.3761) + 0.28(—0.5189) = 168.2684
(100 = 2100 — Zo9(1) = 172 — 168.2684 = 3.7316
2100(1) = 2100 — 1.1(3.7316) + 0.28(—0.3761) = 167.7899
£100(2) = Z100(1) + 0.28a100 = 167.7899 + 0.28(3.7316) = 168.8347 and
Z100(l) = 168.8347 for all [ > 2.

These numbers are also computed in the R file chap_5_prob_2.R.
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Figure 8: The lookahead predictions and the confidence interval for the predictions for
Problem 5.2.

Part (ii): To compute the confidence interval for the forecast errors we need to evaluate

(1) which is given by
-1
5(1)% = {1 + Zzpf} o>
j=1
1-1.1B+0.28B%

We compute v; from the Taylor series expansion on the function ¢(B) = 5
When we compute this Taylor expansion we find ¥y = 1, ¢ = —0.1, and ¢; = 0.18 for j > 2
(see the Mathematical file chap_5_prob_2_algebra.nb). Then in that case

6(1) ={1401>+0.18*(l - 2)} 0o, for [>2.

Since we are told that 62 = 1.103 the probability limits of the forecast z;,; are bounded by

-1 1/2
thrl(:i:) = 215([) + U€/2 {1 + Z’l/}f} Sq - (144)
j=1

Since s, = \/&72 = v1.103 = 1.0502. Here u./, is the deviate exceeded by a proportion of
€/2 of the unit normal. When went 95% limit we have ¢ = 0.05 and u./, = 1.96. This can be
computed in R using the command gnorm(1 - 0.05/2) For this problem we want the 80%
probability limits and this means we take ¢ = 0.2 and u./, = 1.281552. When the above R
script is run it produces the plot shown in Figure 8.

Problem 5.3 (predicting quarterly sales)

Part (i): We are to assume that the numbers in the previous problem are monthly sales
and we want predictions on quarterly sales. I'll assume that the quarterly sales are the sum
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of the previously four monthly sales. Then the estimate of the quarterly sales four months
ahead will be equal to
4
> zi00(l) -

=1
In the previous problem we numerically computed these expressions. The other requested
forecasts would be given by

8 12 16
Z Z100(1) Z Z100(1) Z Z100(1) -
1=5 =9 =13

Part (ii): Since the predicted forecasts made from ¢ = 100 for various lookaheads [ are
correlated we need to take that into account when calculating the variance of the above
sums. For example, we would have use expression like

Var (Z al-Xl-> = Z aZVar(X;) + 2 Z Z a;a;Cov(X;, Xj) (145)

i >t

= Z azVar(X;) + 2 Z Z a;a;px, x,Var(X;)Var(X;),  (146)

i j>i

where px, x, is the correlation between the random variables X; and X;. Using this expres-
sion we will now compute the variance for the first quarter ahead or Var (Z?Zl 2100(1)) the
other quarters would follow a similar procedure. We find

4 4 4 4
Var (Z 2100(”) = Z VaI‘(ZA’loo(l)) + 2 Z Z COV(ZA’loo(l), éloo(m))
o G e e
=> ( wf) o7 +2> ) Elewo(Dewo(l + )]
=1 \j=0 =1 j=1
we can evaluate Flejgo(l)eqo(l + 7)] using
-1
Efei(ei(I+ )] = 00 ) ity (147)
=0

where we take 1) = 1. Thus we have

4 4 -1 41 /11
Var (z zmm) 2y ( w;) 23 (z w) |
=1 =1 7=0 =1 j= 1=0

Since we know everything on the right-hand-side of the above expression we can evaluate
it. To get the confidence interval for Zle Z100(l) we use the same type of expression as in
Equation 144.
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Problem 5.4 (computing forecasts using the ¢t + 1 to [ + 1 updating formula)

For this problem we assume that z19; = 174, from which we compute that aig; = 2101 —
Z100(1) = 174 — 167.7899 = 6.2101. To compute the forwards lookaheads Z1p1(l) for | =
1,2,...,11 we use

Z1(l) = Z(1+1) + Yiag -
Using the facts that 1); = —0.1 and ; = 0.18 for 7 > 2 we find
Z210(1) = 2100(2) +1(6.2101) = 168.8347 — 0.1(6.2101) = 168.2137
£01(2) = Z2100(3) + 1(6.2101) = 168.8347 + 0.18(6.2101) = 169.9525 .

The last line above also equals 2101 (1) for [ > 2.

Part (ii): As in the previous problem to compute the forecasts directly we would use

2101(1) = 2101 — L.1agg + 0.28a100 = 174 — 1.1(6.2101) 4 0.28(3.7316) = 168.2137
2101(2) = 2101(1) 4 0.28a10; = 168.2137 4 0.28(6.2101) = 169.9525
Z100(1) = 2101 (1 — 1) = 169.9525 ,

for all [ > 2.

Problem 5.5 (the autocorrelation of forecast errors)

Part (i): We know the forecast error e;(l) can be written

er(l) = 2 — 2(1) = Quqr + V1001 + Y20p1—2 + P3a441—3 + - - + V1_oGipo + V1141 .

If we tabulate this for various value of [ we get

(2 1) = A¢y1
e(2) = a2 +raen
ei(3) = a3+ V12 + Paai (148)

(
(2)
(3)
e(4) = upa T V1043 + Vo000 + P3040
(5) = 5+ V1aea + 203 + P3aro + Yaai
(6) A1 6 + Y10eys + Yoty + V30443 + Yaaiio + Psasy

et(L) = ap +Vraprp—1 + Votpr—o+ -+ Voo + Vi 1041 - (149)

Problem 5.6 (the forecast errors considered as a vector)

Note from Equation 149 we see that the expression e = Ma for M defined as in the book is
correct. Since the vector a is of mean zero so is the vector e. Then the covariance is given
by

Y. = Elee'] = E[Mad'M'] = M E[ad |M',
but Elaad'] = 021 thus ¥, = c2M M’.

79



Problem 5.7 (a model with a constant offset)

Part (i): For the model Vz; = 0.5 + (1 — 1.0B + 0.5B%)q, for prediction we write it as

Zeyt = Zevi-1 + 0.0 + apg — app—1 + 0.9a442

Thus we get predictions given by
ZA’t(]_) Zt —+ 05 — Q¢ + O.5at_1
Z()=%(1-1)+05 for [>3.

All of these we can compute given the information in the problem.

Part (ii): To evaluate confidence intervals we need to evaluate

1—

1
V() =02 u7,
j=0

where we get v; from the linear systems representation or the Taylor series coefficients of

the function 05 L 10B 4 0552
. — L. + 0.
B) = :
v(B) 1-B + 1-B
Note that 1y # 1 in this case. Then z; = ¥(B)a, is the representation of z; in integrated
form. The integrated form of the forecasts is given by
(150)

Zi(l) = hay + Yryra—1 + Yraoai_o + - -

80



Chapter 6 (Model Identification)

Notes on the Text
Notes in identification of some actual time series

In this section we duplicate the plots (the time series, the autocorrelation, and the partial
autocorrelation) and analysis for a number of the series presented in the book. Specifically
we consider the time series A - F which are introduced in this chapter to provide examples
to use in fitting ARIMA models to. We will follow the books example by presenting the
autocorrelation function (ACF) and the partial autocorrelation function (PACF) for each of
the above time series. To begin with in Figure 9 we present plots (all one place) of each of
the time series we will be considering. Note that I'm using the R functions acf and pacf
to extract the autocorrelation and partial autocorrelation functions respectively. We should
note that the first value from the acf will always be 1 (which is expected and gives no
information about the series) while the first value from the pacf is the lag one result and
can be informative. It helps to keep this in mind when looking at the plots that follow.
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Figure 9: Top Left: Chemical process concentration readings (Series A). Top Right:
IBM common stock closing prices (Series B). Middle Left: Chemical process temperature
readings (Series C). Middle Right: Chemical process viscosity readings (Series D). Bottom
Left: Wolfer sunspot numbers (Series E). Bottom Right: Yields from a batch chemical
process (Series F).
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Figure 10: Top: Plots of the autocorrelation (left) and partial autocorrelation (right) for z
from series A. Bottom: Plots of the autocorrelation and partial autocorrelation for Vz;.

Series A: chemical process concentration readings

In Figure 9 (top left) we plot the time series z; for Series A. In Figure 10 we plot the
autocorrelation (ACF) and partial autocorrelation function (PACF) for z; from Series A.
It helps to look at the ACF and PACF graphs in rows. The first row represents the ACF
and the PACF of z;. The relatively slow decay of the ACF indicate that this series is not
stationary and might require differencing to adequately model. The spike in the PACF at lag
1 would give rise to a decaying ACF and thus we might want to consider an AR(1) model.
It is hard to see the full structure in the early lags plotted in the ACF and the decay of
the ACF could hide a significant moving average spike and thus we might want to consider
appending a MA(1) term. These together give rise to an ARIMA(1,0,1) model. The second
row of plots given in Figure 10 are the ACF and PACF of Vz;. The significant spike at lag
1 in the ACF, with a more uniformly zero response in the PACF (or at least we don’t see
large significant spikes there), indicate that we should include a MA(1) term in the model
of Vz;. These considerations give a IMA(0,1,1) model.
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Figure 11: Top: Plots of the autocorrelation (left) and partial autocorrelation (right) for z,
from series B. Bottom: Plots of the autocorrelation and partial autocorrelation for Vz;.

Series B: IBM common stock prices

In Figure 9 (top right) we plot the time series z; for Series B. In Figure 11 we plot the
autocorrelation (ACF) and partial autocorrelation function (PACF) for z; from Series B.
From the slow decay of the autocorrelation function it seems like we should take the first
difference to make the series stationary. Once this is done, when we consider the second row,
we see that the remaining signal w; = Vz; is white noise (since there are no significant values
in the ACF or PACF of Vz;). Thus this time series would be modeled with an ARIMA(0,1,0)
model. The book suggests including a MA(1) term. If we find that the numerical value of
this parameter is #; ~ 0 then these two models are effectively the same.
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Figure 12: Top: Plots of the autocorrelation (left) and partial autocorrelation (right) for
z from series C. Center: Plots of the autocorrelation and partial autocorrelation for Vz;.
Bottom: Plots of the autocorrelation and partial autocorrelation for V2z,.

Series C: chemical process temperature readings

In Figure 9 (middle left) we plot the time series z; for Series C. In Figure 12 we plot the
autocorrelation (ACF) and partial autocorrelation function (PACF) for z; from Series C.
From the ACF plot of z it seems like we should take the at least one difference to make
the series stationary. Taking this first difference we see that again the series Vz; does not
look stationary due to the slow decay of the ACF of Vz;. Taking another difference we get a
stationary signal with no significant correlations. Thus this time series could be modeled as
an ARIMA(0,2,0) model. The book comes to the same conclusion where they add a MA(2)
term but then make the argument that this more general form is retained for subsequent
discussion. Another model can be obtained by looking at the ACF and PACF of Vz;. There
we see exponential decay of the ACF and a significant spike in the PACF at lag 1. This
would support that Vz; could be modeled by an AR(1) process.
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Figure 13: Top: Plots of the autocorrelation (left) and partial autocorrelation (right) for z,
from series D. Bottom: Plots of the autocorrelation and partial autocorrelation for Vz;.

Series D: chemical process viscosity readings

In Figure 9 (middle right) we plot the time series z; for Series D. In Figure 13 we plot the
autocorrelation (ACF) and partial autocorrelation function (PACF) for z; from Series D.
From the ACF plot we have very slow decay indicating that z; could come from an AR(1)
model. The fact that there is one significant spike in the PACF adds support to this model.
If we take one difference to make the series more stationary, there seem to be no significant
spikes in the ACF or the PACF indicating that Vz; is white noise. The book comes to the
same conclusion but retains a MA(1) term to demonstrate its inclusion.
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Figure 14: Top: Plots of the autocorrelation (left) and partial autocorrelation (right) for
z from series E. Center: Plots of the autocorrelation and partial autocorrelation for Vz;.
Bottom: Plots of the autocorrelation and partial autocorrelation for V2z.

Series E: Wolfer sunspot numbers

In Figure 9 (bottom left) we plot the time series z; for Series E. In Figure 14 we plot the
autocorrelation (ACF) and partial autocorrelation function (PACF) for z; from Series E.
From the ACF and PACF plots it seems like we have a an AR model since there are two
significant values in the PACF plot. An AR(2) model can give rise to the oscillator behavior
seen in the ACF.
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Figure 15: Top: Plots of the autocorrelation (left) and partial autocorrelation (right) for
z from series F. Center: Plots of the autocorrelation and partial autocorrelation for Vz;.
Bottom: Plots of the autocorrelation and partial autocorrelation for V2z.

Series F': yields from a batch chemical process

In Figure 9 (bottom right) we plot the time series z; for Series F. In Figure 15 we plot the
autocorrelation (ACF) and partial autocorrelation function (PACF) for z; from Series F. For
this series looking at the ACF we might observe a oscillatory behavior of the values of 7.
The PACF has at least one significant spike (at lag & = 1) but to produce an oscillator ACF
we must have two significant roots. This supports the idea that z; should be modeled with
an AR(2) model.

Estimates of the parameters in the time series A-F

In the R code dup_table_6_7.R we verify the parameter estimates that the book provides in
Table 6.7.
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Initial parameter estimates for a moving average process

The autoregressive coefficients p; and the parameters of our moving average model are related

Ok + 010k 1 + 020k 2 + - + 0410,

= 151
P (L+67+63+-+62) (151)
If we consider ¢ = 1 then we have
0
Po = —m )
or
P07 +0,+p =0.
This can be solved using the quadratic equation to give
—1+/1—4p? 1 1 12
6, = AR —1 (152)
2p1 2p1 (2p1)?

From Table 6.2 we have from Vz; for Series A that p; = —0.41. When we put that value
into Equation 152 above, we get for the two signs

0; = 0.52150, 1.91751.

From these two solutions we must make sure that the value of 6; is such that the system is
invertible which requires that —1 < #; < +1 thus we must take ¢; = 0.52150.

An approximate standard error for w

If our model for w; = Vz; requires a constant mean p,, value as

o(B)(wi — prw) = 0(B)ay (153)
then since ., is a constant we have
¢(B)Mw = ¢(1)/~Lw = (1 — Q1 — Qo — = Py — ¢p)ﬂw .
Thus the above model can be written as
o(B)w; = ¢(1)pw + 0(B)ay . (154)
If we want to write this as
d(B)wy = by + 0(B)ay, (155)
we see that 6y = ¢(1)p,, or
to
My = ) 156
l—¢1—pa— - —p_1— O (156)

If we wish to write this model as
¢(B)w; = 0(B)(a; + &), (157)
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Then again as £ is a constant we have §(B){ = 6(1)¢ and comparing this last model to
Equation 153 we see that 6(1)€ = ¢(1)uy or

01)¢ (1—61—6—---—0,1—0,)¢

Ho = 00) ~ 1—bi—ba— - — dp1— by

as claimed in the book.

Notes on model multiplicity

In the section on model multiplicity the book makes the statement
(1-H;B)(1—H;F)=H:(1—H;'B)(1-H;'F).
We can show this by expanding the left-hand-side as
(1-H;B)(1—H;F)=1—H;(B+F)+ H;
_ 2 -1 -2
=H;(1-H; (B+F)+H;”")
g2 ~1 ~1
=H;(1-H; B)(1-H; F),
as claimed since BF' = 1. Because of this, if we exchange H; with H; Uin a factor from
the moving average factorization H?Zl(l — H;B), and then compute the autocorrelation
generating function v(B) with this new factor, this replacement we will have introduced the

total factor
-1 -1
(1 —Hj B)(1 —Hj F),

rather than what we had before of
(1- HjB)(l — HjF) )

Since these two expression only differ by a constant the two autocorrelation generation
functions only differ by a constant.

Notes on the forward and backwards IMA process of order (0,1,1)

For an IMA process of order (0,1,1) we have w; = (1 — 0B)a; with w, = Vz, = (1 — B)z.
Solving for a; we have

(1-B\_  [(1-6B+6B—B\ (1-6)B
—(ﬁ)—( =08 )Zt—(l—w)zt (158)

=2z —(1-0)B{1+0B+6’B>+6’°B° +---} 2
— = (1= 0)z — 01 — )20 — 021 — O)zpg — 03(1 — ) zp g+ -~ .

We define z! ; or the backwards exponentially weighted average, which takes time series
values of to the “left” of z; as

= (1= 0)zy + 01— 0)z o+ 021 — O)z g+ - .
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From its definition we can recursively express z! | as

2 =1 =Nz +0[(1 =0z a+0(1—0)z 5+ -] (159)
=(1—=0)z_y + 0z, (160)

which is the expression given in the book.

Notes on the relationship between the a’s and the e’s

The relationship between a; and e; can be derived by first solving for z; in (1 — B)z; =
(1-6B)a; and (1 — F)z = (1 —60F)e; and setting the result of each expression equal. When
we do this we get

1-0B  1-0F
1-B" " 1-F
So solving for a; in that expression we get

(1-0F 1-B
“=\1-eB)\1-F)"
Now consider one of the expressions that we find in the above

(1-0F)1—-B) 1-0F-B+6 _1-B+0(1—F)

(T

1-F 1-F 1-F
1-B
=——+0=—-B+40.
1—F+ +

Next note that we can show the last step performed above that of % = — B by multiplying
both sides of that expression by 1 — F' and using the fact that BF = 1. Thus we have shown

that
0 —B

T 1-6B"
In the fraction above use long division (§ — B divided by 1 — 0B) to write it as

6-B _, (1=6)B

Qy

1-6B 1-60B
Using this we find for a,
1-6*B 1-0)B
ap = (0 — %) € = 06,5 — (1 + 0)%6,5 . (161)

We recall that from Equation 158 that we had

e (1-0Z08). (0o,

In this later result we introduced the series 2! ; and set the right-hand-side equal to 2, — 2!,

showing that we can write z! in operator notation as

Zl 1_9 Z.
t 1-60B)°"
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In the same way as before we now introduce € as

1-0
1-08)"

a; = e, — (1 +0)el_,. (162)

!
€t

and from Equation 161 we get

Writing €/, in the expanded form via Equation 159 or
e, =(1—=0)(ep1+ 02+ 0% 5+ 60e 4+,
we can write Equation 162 as
ar =0e; + (1 +0)(1—0)(er1 + 0o+ 03+ ey +--).

It is this expression we will now use to evaluate 7,.(k) = Elaie;i ], where we find 7, (k)
given by

0Eesersr] — (14 0)(1 — 0)(Ele—16041] + 0Ees—serin] + 0°Eles_sersr] + 0 Eles_gepyr] + -+ ).
In the case when k < 0, only one term in the right-hand-side is non-zero and we have
Yae(k) = —(1 = 0%)0*10? = —(1 - 67)07" 5"

If £ =0 we get
Yae (k) = 057,

all of these expressions agree with the text.

Problem Solutions
Problem 6.1 (estimating coefficients of ARIMA models)

Depending on the type of the ARIMA model we find the coefficients in each using a dif-
ferent formula. The differences of z; taken to make the time series more stationary don’t
affect the coefficients of the AR or MA models when we estimate them. The most com-
mon models we need to be able to estimate the parameters of are: AR(1), MA(1), AR(2),
MA(2), and ARMA(1,0,1) models. To estimate these parameters we will use the values of
the autocorrelation function r;. As a summary we note that

e For an AR(1) model we estimate the only parameter ¢, in the model
wy = Prwe—1 + ar
by ¢1 = r1.
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e For an MA(1) model
wy = ay — a1,

to estimate the only parameter 6; we solve

01

NS

for the value of #; such that —1 < 6; < +1.

e For a AR(2) model to estimate the two parameters ¢; and ¢o in the model

Wy = PrWi—1 + Pawy—o + ay .

with
(b :7’1<1—T’2)
! 1—r?
2
P2 = 1—r}"

e For a MA(2) model to estimate the two parameters #; and 65 in the model
wy = a; — bag_y — Oa4_5 .

we solve for 6; and 6, in

01— 0y)
S
S P

such that the roots we find satisfy —1 < 0y < 1,054+ 6; <1, and 0y — 0 < 1.
e For a ARIMA(1,0,1) model
Wy = ap + prwy—y — a1,

to estimate the two parameters in the model ¢; and 6; we solve
(1 —61¢1)(¢1 — 01)

1+ 62 —2¢,6
p2 = P191,

p1 =

for ¢1 and 6, such that the roots we find satisfy —1 < ¢; < +1 and —1 < 6; < +1.

Part (a): The model is

(1-B)(1—¢B)zy=a; with ¢ =0.72,
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Part (b): The model is
(1—-B)zy=a; —bha,y with 6; =0.5215.

Part (c): The model is
(1-=¢B)zy=(1—6,B)a; with ¢;=0.8 and 6, =05.

Part (d): The model is
(1-B)*2 = (1 —-60,B—60,B)a; with 6, =—1.080 and 6, = —0.2928.

Part (e): The model is
(1—¢1B —¢3B*)(1 — B)z, =a; with ¢ = 1.3079 and ¢, = —0.40636.

Simple R code to estimate these coefficients is given in chap_6_prob_1.R.

Problem 6.2 (including a constant term in the model)

We are told that ¢y = s = 0.25. Since the standard error in @ for a ARIM A(2,d,0) model
is given by

(D) — o co(1+71)(1 —2r2 +19) 1/2
o(@) = { n(l—ry)(1—ry) } ’

we can evaluate the above to find 6(w) = 0.16972. Thus since the sample value of p,, = w =
0.23 is significantly larger the the standard error we have to consider it as significant. Using
W == |, and Equation 156 the parameter 6, is given by

0o = (1 — 1 — ¢po)w = (1 — 1.3079 + 0.40636)(0.23) = 0.022646 .
Our model with numerical values of the parameters inserted is therefore given by

wy — 1.3079w,_1 — 0.40636w,_o = 0.022646 + a, .

Problem 6.3 (quarterly unemployment in the U.K.)

You can see the ACF and PACF given for this problem in Figure 16. From the slow decay of
the ACF and the significant spikes at lags £ = 1 and k = 2 in the PACF we decide that this
time series might be generated from an AR(2) model. We find approximate coefficients for
our AR(2) model given by ¢; = 1.3767 and ¢5 = —0.4803. See the R code chap_6_prob_3.R.
We also estimate that ¢(w) = 0.05207046 for an AR(2) model indicating that the mean
given to estimate yi,, = u1, = 2.56 is significant. We also find that 62 = 0.00174 and our time
series model with the estimated parameters is given by

zp = 1.3767582;_1 — 0.480382;_2 + 0.265285 + a; .
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Figure 16: Plots of the autocorrelation (left) and partial autocorrelation (right) for Prob-
lem 6.3 and approximate 95% confidence intervals. The lower 95% confidence interval of the
ACF is not displayed since it would be printed off the given axis. Both these functions start
at lag k = 1.

Problem 6.4 (Gross Domestic Product (G.D.P.) in the U.K.)

We plot the ACF and PACF for z; and Vz; in Figure 17. From the slow decay of the ACF
and the significant value of the PACF at lag k = 1 we hypothesis that this data is given by
a ARIMA(0,1,0) model. We can consider a ARIMA(0,1,1) model to observe the estimated
value of #;. See the R code chap_6_prob_4.R. We estimate that the standard error of the
mean of wy = Vz; is 6(w) = 0.12019. Since the estimated mean is w = 0.66 which is
significantly larger than &(w) our mean is significant and must be included in the model.
For a MA(1) model like this one this gives 6, = 0.66. We estimate the value of §; = —0.01
(which is a relatively small value and could perhaps be dropped) with 62 = 0.7930. This
gives the model
Vz =0.66 +a, + 0.0la;_ .

Problem 6.5 (the annual price of hogs)

We plot the two autocorrelations in Figure 18 there we find that the autocorrelations of
z; decay quite slowly and are significant while the autocorrelations of Vz; are insignificant.
This indicates a potential AR(1) model with ¢; ~ 1. If we assume this functional form we
would estimate ¢; = 0.85 and would get the model z; = 0.852;_1 + a;.
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Figure 17: Top: Plots of the autocorrelation (left) and partial autocorrelation (right) for z
for the gross domestic product (G.D.P.) in the U.K. Bottom: Plots of the autocorrelation
and partial autocorrelation for Vz; for the same time series. Note that unlike plots produced
directly by R these start at lag k = 1. Note that the standard errors for Vz; are not shown
indicating that Vz, is insignificant.
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Figure 18: Plots of the autocorrelation for z; (left) and for Vz; (right) for the price of hogs
time series. Note that unlike plots produced directly by R these start at lag & = 1.
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Chapter 7 (Model Estimation)

Notes on the Text

In several of the sections below I tried to implement and then compare my numerical results
with the ones presented in the book. In most cases my numerical results match very closely.
In general, however, it is difficult for them to match exactly for a couple of reasons. One
reason is that some of the numerical procedures are iterative and the calculations should be
completed “until convergence”. For example, the book claims that often only one iteration
is needed for convergence of S(¢,#) but that more can be performed “if needed”. Many
subsequent calculations use the output from the computation of S(¢,#) as an input. I coded
my estimation algorithm to always perform two iterations. If the book only performed one
in various parts our numerical results would then differ. A second difficulty is that various
ARIMA models need to be represented in the approximate form

Q
wt — (bfl(B)@(B)at ~ ijat,j,
j=0

for some integer @) such that ¢; ~ 0 when j > ). While the value of ) certainly depends on
the ARIMA model considered I choose to take @ = 10 for all calculations (for most models
it is like @ € [2,5]). The book may have fixed the value of @ specifically for each model
considered which may make a small numerical difference in calculations. A third difficulty in
comparing the numbers in the book with the numbers from my R programs is that the book
rounded all of their output numbers to a fixed number of decimal digits. This makes it more
difficult to see if a difference between the number is significant or just due to this rounding.
There are probably other reasons for potential differences that could be discussed.

Even with the above differences, in most cases my R routines gave numbers very close to the
ones presented in the book. Thus I feel that these R codes do indeed perform the correct
calculations and give correct results. In most cases below, I the notes below I follow the flow
of the book and present the exact R output which can then be compared to the numbers
presented in the text and as already stated the match is often quite good.

Notes on the choice of the starting values for conditional calculation

In the R code chap-7_dup_table_6_2.R we implement the computation of the S.(#) function
for an IMA(0,1,1) model. When this script is run we obtain the following values of S, (0) for
the sampling of 0 suggested in the text.

[1] 23928.58 21594.86 20222.40 19483.30 19220.20 19363.00 19896.34 20851.14
[9] 22315.08 24470.78 27693.77
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This matches the values given in the book. These numbers were computed using the R code
cond_sum_of_squares_ARMA_O1.R.

Notes on the unconditional sum of squares function S(¢, )

I found this section difficult to understand at first. After several readings, I think I have an
understanding of the procedure used to compute the unconditional sum of squares function
S(¢,0) given fixed values of ¢ and 6. Note that computing the conditional sum of squares
function S, (¢, ) is easier since in that case for any unknown values for a; or w; we assume
values for a; and W, (typically 0) for all unspecified variables and then compute a; for
t=1,2,...,n using

@y = Wy — QrW—1 — Poy_g — +++ — GpWy_p + Oray_1 + boas_o + - -+ 0,0, . (163)

In the case of estimating the unconditional sum of squares function S(¢, §) we need to perform
backwards and then forwards directional passes over the data. Our goal in performing these
sweeps is to compute expected values of w; for t’s outside of the range where we have sample
values. That is when ¢ < 0 and when ¢ > n. Using these computed values with [a;] = 0 and
Equation 163 we can compute [a,] for ¢ that require w; before samples are observed (¢ < p)
and then sum E?:fQ[at]Q to get the unconditional sum of squares. To get these unobserved
values for w_; for t > 0 we start at the end of the observed series w, and using the backwards
model equation

H(F)i = 0(F)e (164)

to estimate [e;] from the end of the series to the beginning (for ¢ = n down to ¢t = 1). Once
we have these values of [e;] with [e_;] = 0 for ¢ > 0 we can compute [w;] for negative ¢
indices’s. Once we have these values of [w;] we use the forward model ¢(B)w, = 0(B)a, to
compute [a;] for positive ¢’s. The complete set of [a;] gives one sweep of the algorithm.

We can compute a second sweep by starting with the last value of [a;] computed in the first
sweep. We uses these values to compute w; beyond the last observed sample value t = n.
Using these values of @, we use the backwards model to compute new estimate of [e;] just
as in the first sweep. In other words, these [e;] then go on to compute w; for negative ¢,
these w,; then go on to compute [a;] which are summed to compute S(¢, ). In summary, the
algorithm for computing the unconditional sum of squares objective function given values

for ¢ and 0 is

1. Starting at the end of the time series at t = n compute [e;] for t = n to t = 1 using
the backwards model equation.

2. Compute w; for —Q <t < 0 using [e;] when ¢ > 1 (computed in the step above) and
le;] = 0 when ¢t <= 0 using the backwards model equation.

3. Compute [a;] from ¢t = —Q to t = n using the forward model and the computed [
for negative t.
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4. Compute [wy] for n < t < n + @ using [a;] computed above when ¢ < n and [a;] = 0
when ¢ > n.

At this point we have estimates of [e;], [a;], and [w,] over the larger ¢ domain of —Q < t <
n + ). We can keep making backwards and forwards sweeps where we update the values of
le;] and [a;] (for all ¢) and the values of [w;] over all unobservable times. That is we only
need to update estimates of [w,] for t < 0 and ¢ > n since for other times we have observable
values of w;. One thing I have not mentioned is how to determine how to specify the value of
(. The book states we want to take () large enough so that the magnitude of the computed
extrapolated values w; are sufficiently small. In the R codes developed for this chapter I took
@@ = 10. If this is not large enough for there to be significant decay of the value of w,; one
would need to increase this number. We now go over the examples from the book on this
procedure in greater detail.

To begin, we consider the example of computing [a;], [e;], and [w;] for the dummy time
series given in the book of length 12 under an assumed ARIMA(1,d,1) model where we have
fixed the values ¢ = 0.3 and 6§ = 0.7. Once we have [a;] it is easy to compute S(6, @) by
summing their squared values. Following the above procedure, we first estimate [e;] moving
from the back of the series to the front. After that we estimate w; for negative t. Finally
using anything already computed if needed, we compute [a;] moving from the front of the
series to the back. Starting by computing [e;] backwards we will use

[et] = [U}t] — 0.3[wt+1] -+ 0-7[€t+1] . (165)
To compute the value of [ej;] we know the value of wis and assuming [e;2] = 0. We can
continue this process down and computing [eqo], [eo], - - - [ea], [e1]. Lets check a few values

1] = 4.3 — 0.3(1.1) + 0.7(0) = 3.97
[e10] = 3.0 — 0.3(4.3) 4+ 0.7(3.97) = 4.489 .

This agrees with the numbers in the book. Now that we have [e;] for 1 < ¢ < 12 we will use
these values and the assumption that [e_;] = 0 for j > 0 to compute [w,] for negative ¢ using

[wt] = [et] + 0.3[wt+1] - 0'7[6t+1] .
Computing a couple of these we find
[wo] = [eo] + 0.3[w1] — 0.7[e;] = 0+ 0.3(2.0) — 0.7[e1] = 0.6 — 0.7(2.34) = —1.038
[w_1] = [e_1] + 0.3[wo] — 0.7[eg] = 0+ 0.3(—1.038) — 0 = —0.3114.

We compute these expressions all the way to [w_4]. At that point we decide that [w_4] is
“small enough”. Next we compute [a;] for j > 1 using

[as] = [wy] — 0.3[wy—1] + 0.7[a;_1] .

Since we just computed the values of [w_;] we can evaluate [a_4], [a_3], [a_s], etc using the
above. Computing a couple of these we have

la_4] = [w_4] — 0.3(0) + 0.7[a_5] = —0.01

la_s] = [w_s] — 0.3[w_d] +0.7[a_s] = —0.03 — 0.3(—0.01) + 0.7(—0.01) = —0.034

la_s] = [w_s] — 0.3[w_s] + 0.7[a_s] = —0.09 — 0.3(—0.03) + 0.7(—0.034) = —0.108.

_4]
_3]
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After we have computed [a,] for —4 < t < 12 we can evaluate S(6, ¢) using >,°_,[a:]?.

To do a second iteration of this procedure we keep [a15] = 3.99 and then calculate [w;] for
j > 13 or beyond the end of the series using

[U}t] = [at] + 0-3[wt71] - 0.7[0125,1] 5
using [a;] = 0 for all £ > 12. Computing a few of these we have

[wys] = [a1s] + 0.3[wya] — 0.7[a12] = 0+ 0.3(1.1) — 0.7(3.99) = —2.463
[wia] = [a1a] + 0.3[wys) — 0.7[ars] = 0+ 0.3(—2.463) = —0.7389 .

We repeat this procedure until [w;] for j > 13 gets “small enough”. Then with these values
of [w;] we compute [e;] using Equation 165. After this we repeat the same procedures as
before.

We have automated this procedure for some of the common models discussed in the text. In
the R routine uncond_sum_of_squares_ARMA_O1.R. When we run this function on the data
from Series B for various values of 6§ we get the output

[1] 23928.42 21594.85 20222.30 19483.18 19220.14 19363.00 19896.23 20850.57
[9] 22313.66 24468.27 27690.61

These numbers agree quite well with the book and effectively duplicate part of Table 7.2.
When we plot these numbers with the corresponding 6 that generated them we get the result
in Figure 19. This matches the

As a second example of this procedure we consider the example of estimating the coefficients
in a mixed autoregressive moving average process namely an ARIMA(1,0,1) model. This
example is implemented in the R code chap_7_dup_table 7_N_5.R that sets ¢ = 0.3 and
6 = 0.7 and calls the R function uncond_sum of_squares_ARMA_11.R. This function gives the
output of 89.15847 very close to the number given in the book.

As another example of using these routines in the R code chap_7_dup_fig 7_2.R we duplicate
some of the results from Fig. 7.2 from the book. Namely we tabulate values of \g and )\,

and the compute the value of S(Ag, A1) for each value. We compute that the values of \g
and \; that minimize S are given by

[1] "GLOBAL MIN: lambdaO = 1.080000; lambdal = 0.010000; S= 19226.967365"

This is rather close to the values computed in the book.
As another example in the R code chap_7_dup-table_7_7.R we use many of the routines

developed earlier to fit various ARIMA models for the data sets considered in the text.
When that routine is run we obtain the following output:
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Figure 19: A duplicate plot of Figure 7.1. The minimum of S(0) is indicated with a red line
and occurs at the location § = —0.009.

[1] "Series A: GLOBAL MIN: lambdalm = 0.00 lambdaO = 0.40; lambdal = 0.05; S=
[1] "Series C: GLOBAL MIN: lambdalm = 0.15 lambda0 = 1.40; lambdal = 0.30; S=
[1] "Series D: GLOBAL MIN: lambdalm = 0.00 lambda0 = 0.95; lambdal = 0.00; S=

Note that if you decide to run this routine yourself this brute force searching code can be a
very slow computation (you might have to run it overnight). One should probably modify
these routines to first perform a global search over a course grid and then follow that with a
more refined search once a good idea of the region where the minimum is located has been
found. In short there are a number of ways in which these routines could be improved but
due to time constraints was not able to implement any of them. If anyone improves these
routines please let me know.

Notes on the variance and covariance of ML estimate

In this section since I tabulated S as a function of 0 I need to evaluate the two derivatives
of S with respect to 6. In the R script chap_7_dup-table_7_2.R we compute the first and

~

second difference of S(f) sampled at discrete points. We find S(0) = 19216.79 and ?;Tﬁ ~

3929952 — 39492.82. Then in this case we find (6 — (—0.09))? = 0.01015877 which agrees with

what we have in the book.
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Notes on nonlinear estimation

In this section of these notes I document what methods and routines were implemented
to verify my understanding of the text. In this case I choose to implement numerical
derivative calculations of z;; = —% for several models. For example in the R script
chap_7_dup_table_7_9.R and the subéequent routines it calls, we tabulate z; for various

values of t. We find (ignoring the zero elements)

[1] "The negative derivative or x_t is given by..."

[1] -0.37878301 -0.43515544 0.05708267 0.46861813 0.65874823 -0.45416191
[7] -0.42668433 -0.21513988 -0.70848678 -0.36071098 -0.08365396 0.30749080
[13] -0.36810253 -0.25019371 -0.35882950 -0.29861840 0.18989694 -0.03205640
[19] 0.01919932 -0.17243431 0.42094552

These are similar to the results in the book in this table and the agreement gets better the
further from the beginning of the series we go. I'm not entirely sure where the difference
between the two results lie. Continuing we can use these results and implement Newton
iterations to find that 6 in a MA(1) model converges (starting with 6 = 0.5) as

[1] "Newton iterations (and final estimates) look like..."

[1] 0.5

[1] 0.6290351
[1] 0.6801226
[1] 0.698457
[1] 0.7051796
[1] 0.7077203

This is very close to the results given in the text. Next in the R routine chap_7_dup_table_7_11.R
I implement a the similar Newton iterations to estimate 6; and 6, for the two parameters
of an MA(2) model. When we run that script with starting values of §; = 0.1 and 6, = 0.1
we get the following where each row is an iteration and formatted for easier printing the
following

[1] "Newton iterations for thetal and theta2 look like..."
0.1 0.1

0.1184972 0.1097862

0.1224711 0.1168564

0.1247543 0.1194209

0.1256370 0.1206219

The estimate of 6, is relatively close to the one given in the book of ; = 0.1293. The estimate
of 6, is some what worse but still close to the books value of 6, = 0.1153. Given that in
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this section of the book #; and 6, are not computed using a numerical approximation to the
derivative of the unconditional and are instead computed using the least squares algorithm
for the conditional model I'm not too concerned with the numerical differences.

Notes on Review of Normal Distribution Theory

The book makes the claim that the inverse of the matrix ¥ when written in partitioned form

5 BE g; } | (166)

can be written in block form given as

I -3'% DI 0 I 0
5= 1 1 - : 167
{0 I 0 (Zop — XL, S YA N | (167)

while various ways to show this exist it is perhaps easies to just show that the suggested
inverse of ¥ just “works” by performing the multiplication ¥ ¥ ! and showing that we obtain
the identity matrix. We find

Syl DT } [ I —2111212 } [ DI 0 } [ I 0 }
2

Yo Yoo || 0 0 (Zop — XY E1) ! —YLut T
1

_ 211 O 11 0 I 0
| By —ELER S+ X 0 (Zop — XY S0 YA Vel

T 0 I o] [T o0
RIS Sy | NI e A I I R A B

showing that the proposed expression is indeed the inverse of .

Notes on Review of Linear Least Squares

Note that S(f) as defined in the book is a scalar. We can use the suggested transformation
of X3 to write S(3) as

S(B) = (w— XB) (w— XB)
=(w-XB-X(B-P)(w-XB-X(B-PH)
= (w— XB) (w— XB) — (w— X)X (8- )
—(B=B)X'(w—XB)+(B-BX'X(B-B)

= S(B) — 2(w — XBYX(8— B)+ (8- B)X'X(B~-P)).

Now if we consider the middle term above —2(w — X)X (8 — ) we can write it as

—2(X'w — X'XB) (8- B), (168)
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from which we see that if (called the normal equations)

X'XB=Xw, (169)
then this term will vanish. In that case we then get
S(B) = S(8) + (8- BYX'X(5 - 7). (170)

This last equation states that if we take § any vector not equal to B then the value of S(3)
will be larger than that of S(f) by an amount

(B=BYX'X(8~P)=1X(B-HIF=>0.
This means that B given by Equation 169 is the optimal solution. The expression Equa-

tion 168 is another way of saying that w — XB and X (f — B) are orthogonal. If we take B
so that it satisfies Equation 169 we can express the minimal value of S(/3) as

S(B) = (w— XBY (w— Xp)
—ww—wXB—-pfXw+ XX
= w'w—2wXB+ X XS,

Write the middle term above as

wXB = (X'w)B = (X'XB)S = F'X
using the normal relations. Thus we find
S(B)=ww—20X'XB+3FX'Xj
= w'w— X' XS, (171)

Q>

as stated in the book. We can compute the variance of our estimate of /3 using the standard
formulas. We have

V(8) = cov(B, B)
= cov(( X)X w, ' X (X'X) T
(X' X)X cov(w, w) X (X' X))
= (X'X)"' X (e’ X(X'X) ™)
=?(X'X)7t. (172)

Notes on estimation errors on forecasts for IMA(0,1,1) process)

For the model Vz; = a;—0a;_1 when we sum over the values of time: t+[,t+[—1,---t4+2,t+1,
we get

t+1 t+1 t+1
E 2 — Zp—1 = g ap — 0 g ap—1
k=t+1 k=t+1 k=t+1
t+1 t+1 t+1 t+1-1
= E ak—Q E Qp_1 = E ak—e E Qg
k=t+1 k=t4+1 k=t+1
t+l 1
=ap —Oay+ (1 -0 E ay, -
k=t+1
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While this is the right-hand-side the left-hand-side is by z;,; — z;. Thus the equation
Zivr — 2 = gy + (1 — 0)(apag—1 + @pago + -+ -+ apio + agp1) — Oay .
Thus 2,(1]0) is then given by taking expectations with [ = 1
2(110) = Elzp11] = Elz + ay11 — 0ay = z — bay .
For [ > 1 we have
4(10) = Elza] = Elze + (1= 0)(apri-1 + Gz + -+ argz + ag1) — Oa] = 2(1]0) .
Thus we expect the lead [ forecast error to be
ei(110) = z4 — 2:(110)
=zt + (1 —0) (a1 + argo+ -+ appo + agp1) — Oay — (20 — Oay)
=ap+ (1 =0 (a1 + a2+ -+ o + arr1) -
From this and remembering independence of the a; we can compute
V(1) = Elef(119)] = o5 + (1= 0)*(l — 1)og .
When we take A =1 — )\ we get
V() =c2{1+(—1)N\}. (173)

This is the variance of our [-step ahead prediction given that we know the true value of 6. If
we don’t then we predict the samples ahead [ using

In the above we will compute a; using a; = z; — ét_1(1|é). In this case using the approximate
value for 6 we have an error given by
e (110) = 21 — £(1]6)
= 20 — 2.(110)
=z — (20 — édt) =z — (20 — Oay) — Oay + fa,
= e, (1) — (Pa, + 0ay) . (174)

The book then makes the statement that Vz = (1 —6B)a, = (1 —0B)a,. The first equation
from these two is the true model which we assumes generates the time series z;. The second

equation Vz; = (1 — é)dt is how we are modeling the process z i.e. we are modeling it with
an MA(1) model with the parameter 6 taken as the value §. Thus we are enforcing that

Vz, = (1-— éB)dt for our estimates of a;. This then means that we can relate a; to the true

value of a; using
1—-60B
&t = ( = ) Qg .
1—-60B
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Notes on the exact likelihood functions for a MIA (1) model

If g =1 or a MA(1) model then following the notes in this section of the book we have that
the n + ¢ = n + 1 equations to consider are given by

ag = ag

ap = wy+ fag

ay = wy+0a; = wy + 0wy + bag) = wy + Owy + 0%aq

as = wsz+0Oay = w3+ 0wy + Owy + 0%ag) = ws + Owy + 0*w, + 03ag

a, = Zwkenfk—l-@ a
k=1

Thus taking o = [ Qi_q Q2—q -+ G_1 Qg } the variables we must specify before the
samples of the time series start and a’ = [ Q1_q Qo—q -++ Gy Q1 --- Gy } we have a =
Lw,, + Xa,. When we write out the above matrix equation we have
a0 | [ O 0o 0 0 -~ 0 0O0O0][ w | [ 1t ]
ay 1 0 0 0 0 0 00 wq 0
as 0 1 0 0 0 0 00 Wo 62
as 62 0 1 0 0 0 00 w3 63
: = : : + . Qg
Up—3 gn—t gn=> gn=6 gn-7 ... 0 00 W3 g3
Gy gn=3 gt g5 gn6 ... 9 1 0 0 Wy o on—2
(p_1 gn=2 =3 gt gns ... 92 9 1 0 W1 ot
an, gn=t gn=2 gn=3 gnt oo 93 92 0 1 Wy, o
i i i o i - (175)
Thus X is the n + 1 dimensional column given in Equation 175 and we see that
/ ~ o 1 — 62D
XX_ZH =5 (176)

as claimed in the book.

Notes on the exact likelihood functions for a AR(1) model

For the AR(1) model we have w; — ¢pw;_1 = a;. Since we know the values of w; for 1 <t <n
we need to compute a; for 2 <t < n directly from the data. Thus we can compute

n 1

S(@) = > ladwn, 8] = Y [ashwn, 6] +Z — fw,1)

t=—00 t=—00

Thus we need to estimate [a;|w,, @] for t < 1. To do that we must “back forecast” w;. Back
forecasts are generated by changing the forward model ¢(B)[w;] = 0(B)[a,] into

P(F)|w] = 0(B)led] ,
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with [e_;] = 0 for j > 0 or for an AR(1) model this is
[@01] = P[we] +[ed] -

For t = 0 we have
[wWo] = P[] = dwr
For t = —1 we have
[@_1] = dliwo] + [e-1] = ¢*wn .

Continuing we have
[Wj] = ¢* 7w, for j=0,-1,-2,-3,—4,---.

Note that expression for [w;] will decay geometrically as j get more and more negative. Once
we have [w;] negative j we will compute [a;] by using ¢(B)[w,] = 0(B)[a] or

la.] = [@] — ¢l ]
Iterating once we have
(1] = [in] — @[] = wi — pwn = (1 — P)wy.
A second time gives
[ao] = [@0] — @[] = pun — P(¢*wr) = (1 — ¢*)wy .
A third time gives
la1] = [i1] = @l _a] = ¢*wy — $(¢°w1) = ¢*(1 — ¢”)wy .
In general, the pattern is
[a;) = [@5) = ;1] = ¢ Fwr — $(¢' "V Vwn) = ¢y — ¢y = ¢ (1 - ¢

for j =1,0,—1,—2,---. Thus we can use this to evaluate the needed sum in S(¢) i.e. the

1

1
Z laclw, ¢]° = Z ¢*H (1 - ¢*) i

=—00 t=—0o0 X N
= (=i Y 70 = (1=l 0¥
t=—00 t=0
— (-t (12 ) = - et

which is the result in the book.
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Notes on the exact likelihood functions for an autoregressive process

In this section the book derives a matrix recursive relationship between Mzgﬁ’l and MISP 0,

While the formula derived is probably a standard result in linear algebra, I found it hard

to verify it without performing some of the calculations. We have that the inner product of
M® O)wpﬂ can be expressed in its components as

p+1 p+1
Wy M wp = Z Z M wiw; + (w11 — $rwy — Gawy 1 — -+ = 1wz — Gpuwn)?
=1 j=1
- 33w
=1 j=1
+ wp+1(wp+1 - ¢1wp - ¢2wp—1 - ¢p—1w2 - ¢pw1)

+ wp(—¢1wp+1 + Qﬁwp + O19owp_1 + -+ 1Py 1wo + ¢1¢pw1)
+  wy_1(—powpi1 + P1P2w, + ¢§wp71 + - Padp_1Wwa + Papwy)

+ wa(—Pp1Wpi1 + P10p1Wy + P2y 2wy 1+ -+ <Z5;2,71w2 + p-1Ppwn)
+ w1 (=pwpi1 + P1Opwy + Padpwy 1 + -+ Py 1Ppwa + ¢12;w1) .

Lets write this last expression as the vector inner product of w,;; times another vector as

p p
wéﬂMzgi’l)pr = Z Z mEﬁ-’)w@-wj
i=1 j=1
+ [w1 Wy -+ Wp1 Wp Wpii }
[ —PpWpi1 + P1PpWp + G2Ppwp_1 + - -+ + Pp_1Ppw2 + <Z512,w1
—Qp1Wpi1 + O1Pp1Wp + P20p oWy 1+ -+ + <Z5;2,71w2 + ¢p10pw1

—haWpi1 + G1Powy, + P3Wp_1 + -+ - + Padp_1W2 + Pappwr
—Prwpi1 + PIw, + Prdowy_1 + -+ Grp_1wa + G1Ppwy
Wpi1 — PrWp — GaWp_1 — *+* — Pp_1W2 — PpWy

Lets now factor this last vector as a matrix times the vector w,,; as

¢12) OpPp—1 0 Pp2 Pp1 = 1T wq ]
Op-10p <Z5,2,4 o Qp1®a Gpa@1 | —Ppa %)
(b?.(bp ¢2¢.pr o ¢% <Z52.<Z51 —;b2 w;;_1
G190y P1Pp1 P11 P — 01 wy
—bp  —Pp1 - —¢2 —¢1 +1 1 L Wptr |

This is the expression in the book for the addition to Méﬂ’?).
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Problem Solutions
Problem 7.1 (conditional sum of squares)

Part (i): We start with ay unknown and then iterate the model a; = w; — 0.5a;_; for
1 <t<7. We find

a; = wy — 0.5a9 = 2 — 0.5ag

as = wy — 0.5a; =5 — 0.5(2 — 0.5a¢) = 4 + 0.25a9

a3 = wy — 0.5as = 0 — 0.5(4 + 0.25a0) = —2 — 0.125aq

a1 = ws — 0.5a3 = 5 — 0.5(—2 — 0.125a0) = 6 + 0.0625a0

as = ws — 0.5ay = —1 — 0.5(6 4+ 0.0625a¢) = —4 — 0.03125a,

ag = wg — 0.5a5 = 6 — 0.5(—4 — 0.03125a¢) = 8 + 0.015625a,

a7y = w7 — 0.5ag = 2 — 0.5(8 + 0.015625a4) = —2 — 0.0078125ay .

Part (ii): To evaluate the conditional sum of squares we assign the value of ap = 0 and
evaluate

7
3 (@]~ 0.5,a0 = 0)> = 5.(~0.5/0) = 144.,
t=1

when we sum in the R file chap_7_prob_1_N_2.R.

Problem 7.2 (the unconditional sum of squares)

Part (i): We are asked to evaluate S(—0.5]ag) = S0 a? = S.1_,(w; — x1a0)>. This is a
least squares problem on the variable ay where we desire to pick ag such that w; ~ agx;
where when we put all of the elements of w; and z; in the vectors

0 1
2 0.5
4 —0.25
w=| —2 and x=| 0.13 ;
8 —0.02
= | 0.01 |

then the classical least squares solution for ag or ag is given by solving x'xay = x'w or

o 0(1) +2(0.5) + 4(-0.25) + —2(0.13) + - --8(~0.02) + —2(0.01)
0 12+ 0.52 + (—0.25)2 + 0.13% + - - - + 0.022 + 0.012

= 0.6679789,

the same as stated in the book.
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Part (ii): Our MA(1) model wy = Vz; = (1 — §B)a; in backwards form can be written as
= (1 — QF)et = €t — 0€t+1 .

We can start at the end of the series and recursively computes e7, eg, €5, -+ ,e1,69 =0,e6_1 =
0,---. using e; = w; + fe; 1. We find

er = wr + (—.5)(0) =2

e =ws—05(2)=6—-1=5
es = —1—0.5(5) = =35

e =5—0.5(—=3.5) =6.75
e3 =0—0.5(6.75) = —3.375
es =5 — 0.5(—3.375) = 6.6875

ep =2 —0.5(6.6875) = —1.34375,

with eg = e.; = e.9 = --- = 0. Now estimating wy using wy = ey — fe; = 0 —
(—0.5)(—1.34375) = 0.671875 and w_; = e_; — ey = 0. Then to estimate ay we use
the forward equation a; = w; + fa;_1. Thus ag = wy + fa_1 = wq since [a_1] = 0 therefore

our estimate of ag is 0.671875. This numbers is not exactly the same as we computed earlier.
If anyone sees any errors with what I did please contact me.

Problem 7.3 (more unconditional sum of squares)

Part (i): In the previous part we found ao. Using this value we can evaluate the resid-
uals as w; — agry for 1 < ¢t < 7, square them, and sum. When we do this in the R file
chap_prob_1_N_2.R we get the value of 143.4051.

Part (ii): A (0,1,1) model is just like a MA(1) model but using the elements of w; = Vz;.
Using Eq. A.7.4.3 which is

S(0,a.) = S(0) + (ar — ) X' X (ar — @) . (177)

Now in the above a, is any initial guess at the first ¢ values of [a;]. Note that if a, # a.
then S(0,a,) > S(0) due to the addition of the quadratic term (a. — a.)' X’ X (a, — a.). Thus
a, = G, is the minimum solution. For a MA(1) model a, = 0 for the conditional sum of
squares and we have

S(0,a0 =0) = S(0) +aiX'X .
From Equation 176 replacing X’X we have that

1 _92(n+1)
~2

Now for large n since 62"+ — 0 and we have
S(@)=S(0,a0 =0) —
which is the result we wanted to show.
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Figure 20: A plot of the data points for Problem 7.5. Note the vary large sample value at
about the middle of the time series.

Problem 7.5 (fitting ARIMA models)

Part (i): In the R code chap_7_prob_5.R we plot the given time series and get the plot given
in Figure 20. Note the very large sample point (relative to the others) near the center of the
plot.

Part (iii): For a MA(2) process we must have certain conditions hold for the process to be
invertible. Namely we must have

92+91<1
092—091<1 (178)
—-1<6y<1.

For the numbers given we see that 6; + 6, = 2.33 which is not in the invertible region. In the
Appendix in the book there is a discussion on how estimates of the parameters must take
values in the invertible region.
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Problem 7.7 (orthogonal form)

Part (i): Note that we have

1
1 —¢

Zi—1 + @2 <5t2— 1 ¢1¢)+at7
— 9

2= Q121+ PaZi_o +ay =

_ o
=6,

the requested expression.

(1 —2)2—1 + P20 + as
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Chapter 8 (Model Diagnostic Checking)

Notes on the Text
Notes on the nature of the correlations in the residuals

Putting the correct model into the incorrect model and solving for the residuals b; gives

be = 0y (B)do(B)w,
=05 (B)do(B)o~ (B)I(B)ar = (65 (B)O(B))(¢o(B)o™" (B))as -

Using the autocovariance generating function v(B) given by Equation 25 we have
1(B) = 03 {65 (B)0(B)do(B)¢~ (B)b (F)O(F)go(F)o™ ' (F)} (179)

as given in the book. As an example we might the true IMA(0,1,1) model w; = (1 — 6B)a;
but be assuming the incorrect model w; = (1 — 6y B)b; where 6y # 0. In this case we see that
the incorrect residual b; is given by an ARMA(1,1) model

(1—6,B)b, = (1—0B)a,.

Notes on the residuals to modify the model

If we fit a model of the form
bo(B)V¥™ 2 = 0(B)b, (180)

and then find that the residuals b; satisfy
d(B)V, = 0(B)a, .
In that case taking the V7 of Equation 180 we get
¢0(B)Vdovgzt = QO(B)VJbt = 60)(B)¢~(B)0(B)ay,

or

¢o(B)p(B)VOVez, = 0y(B)0(B)a .
This suggests a new ARIMA model to use on z;.

Problem Solutions
Problem 8.1 (the residuals)

In Figure 21 we plot the residuals (left) and the ACF (right) of these residuals. The mean
value of these residuals is plotted in green and the two standard error lines in red. It seems
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Figure 21: Left: A plot of the residuals. Right: The ACF of these residuals.

that most of the residuals are with in these limits. When we plot the ACF for these residuals
we see a significant lag at k = 1, indicating that the residuals may have an AR(1) component
that could be modeled and put back into the model of z;. This problem is worked in the R
script chap_8_prob_1.R.

Problem 8.2 (the residual ACF)

Part (i): See Figure 22 for a plot of the autocorrelation function for this problem. We see
that there are two significant autocorrelations one at lag k = 1 and the other at lag k = 2.
This could indicate adding an AR(2) model for the residuals. This would in tern be used to
modify the original MA(1) model.

Part (ii): When we compute Q = nS 1 7?(a) and then compare this to the percentile
points of a xy*(K — p — q) = x*(9) we find

[1] "Q= 19.877400; 95} chiSqPt= 16.918978; 99% chiSqPt= 21.665994"

Thus it looks like in only 5% of the cases the () value should be larger than 16.91. Since our
value of () is in fact larger than that, the adequacy of the model should be questioned.

Part (iii): Following the book, we expect e; to follow the model (1 — ¢1 B — ¢oB?)e; = ay.
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Figure 22: The autocorrelation function from Problem 8.2. We plot the 2 o error bounds in

red.

Then applying the operator 1 — ¢ B — ¢2B? to the left-hand-side of our model Vz, =
(1 —0.6B)e; we have that the new model we should consider is given by

(1—¢1B — ¢2B*)Vz = (1 —0.6B)ay,
or an ARIMA(2,1,1) model.

This problem is worked in the R script chap_8_prob_2.R.
Problem 8.3 (corrections to the incorrect model)
Part (i): We can write the expression for e; in terms of the true white noise process a; as

1 - 1—0.9B + 0.2B2 .
e = ——M 2y = .
T 1-05B" " 1—0.58 !

If we note that the polynomial in the numerator above can be written as
9 1 1 2
l-—B+-B*=(1-=-B|(1-=B
10 * 5 < 2 ) < 5 ) ’
we see that e; is given by
2
[ (]_—SB) Qg .
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Part (ii): Since we can write e; as ¢, = (1 — 0.4B) a; then we find the process for z; satisfies
Vz = (1-05B)e, = (1 — 0.5B)(1 — 0.4B)a, = (1 — 0.9B + 0.2B%)a;,
or an true ARIMA(0,1,2) model.

Problem 8.4 (a change in ¢)

From the books Chapter 7 equation 7.3.6 we have
var(@) ~ n (1 - ¢7).
Now n =N —d = 326 — 1 = 325 thus
var(p — ¢@) = 32571(1 — 0.5%) + 32571(1 — 0.7%) = 0.003876 .

If we then consider the ratio of gig(l) — QZS(Q) = —0.2 to the standard error of this difference (the
square root of the above expression) we get —3.212. This indicates that the difference in the
two estimates of ¢ relative to their standard error is quite large and most likely a change in
parameter values has occurred.

Problem 8.5 (the variance of the mean)

Part (i): From the assumed model for Z we can write

o0

. 1 k ok
4= g = 2 Bl

k=0

Using this the average of n values of Z;, in terms of B, is given by

zZ= E(gt + 21+ Zaot o+ 2o+ Zno1)

i<z¢k3k+ngk3k 1+Z¢k3k 2 ,..+i¢k3k—n—2+i¢k3k—n—l>a
k=0 k=0

k=0
— (g Z(bk(Bk 4 Bk*l 4 Bk72 et kanf2 4 Bknl)) a
k=0

where we have used F' = B~! in the second equality. This expression has a zero mean
(since a; does) and thus var(z) = E[z?]. When we square the above expression for z we
will get “direct squares” like (¢ B¥a;)? and “cross terms” like (¢*B*a,)(¢* B¥~2a;). Each of
the cross terms will have expectation zero since E[a; ra;_x12] = 0 due to the independence

of the a;’s. Thus the expectation we will get is given by the n direct squares for each of
BF BF-L pk=2 ... B2 pkn—l Thyus we get

PN
var[z°] = — ~a —_ "a
n? £~ n n(l — ¢?)

k=0
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Note that the above result is somewhat different than what the book claims. There might
be a typo in the book. If anyone sees anything wrong with what I have done (or can argue
that it is correct) please contact me.

Part (ii): Using the results from above we have

var(z; — Zo) = var(z;) + var(2s)

_ o? N o3, _ 0.1012 N 0.0895
ni(l—¢2)  ny(l—¢2)  85(1—0.52)  60(1—0.52)
= 0.00357634 .
Using this we find that o
AT 4180,
1/(0.00357634)

The fact that this is so large indicates that the new procedure is giving significantly larger
yields.
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Chapter 9 (Seasonal Models)

Notes on the Text
Notes on the (0,1,1) x (0,1, 1)y, airline data

Combining the seasonal (period 12) model with the time series over months (period 1) we
get
VV1QZt == (1 — HB)(l - @BlQ)at .

Replacing V. =1 — B and V5 = 1 — B'2 in the left-hand-side, expand, and expand the
right-hand-side we get

(1-B—B% - B%¥)yz =(1-60B—-0B%+00B"%)q,. (181)

We can solve the above for z; and then replace ¢ in that expression with ¢ 4+ [ to get the
difference equation expression for z;,; which is best used for prediction. We get

204l = Zepi—1 + Zipi—12 — Zipi—13 + G — Qa1 — Oagy_10 + 00a 13 (182)

The lead [-forecasts of z; are given by taking the conditional expectations of the right-hand-
side of Equation 182 and using the following rules

, o q g _ ) a7 50
Elz, j|leverything in the past until time ¢] = { 5() G50 (183)
Elasy;leverything in the past until time ¢] = { ata” i > 8 (184)

Where to estimate a;,; when j < 0 we use au; = 24 — Z14j-1(1). For example, using these
rules and Equation 182 we would have for Z,(3) (and thus [ = 3)

?3,5(3) = ZA’t(Q) + 2i_9 — Zt—10 + 0— 0(0) — @at_g + 0@(1,5_10
= 2(2) + 21—9 — 2110 — O(21—9 — Z1—10(1)) + 0O (2z1—10 — Z-11(1)) ,

which can be simplified.

Notes on the ¢ weights for the (0,1,1) x (0,1, 1);2 model

Consider the expression (1 —60B)(1 —©B'?). First recall that V =1— B and Vi, = 1 — B!
so that we can write B = 1 — V and B'?> = 1 — Vy,. In addition, write # = 1 — X and
O =1 — A so that we can write this expression as

(1-60B)(1-0B2)=(1-01-V)(1—-0(1-Vy))=(1—-0+6V)(1—-06+6V)
= ()\ + (1 — Q)V)(A + (1 — A)Vlg) = (V + )\(1 — V))(Vm + A(l — Vlg))
= (V +AB)(Vi2 + ABY), (185)
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the same expression as in the book (perhaps this calculation was simple enough that it not
really need to be documented).

Given the above representation we can write our (0,1,1) x (0,1, 1)1, model as

Vvlgzt = (V —+ )\B)(Vu —+ ABIQ)CLt
= (VVia + AVB2 4+ AV 3B + M B%)a, .

[e.9]

In this later expression we can solve for z; by first summing with Sia; = ijo

a second summing with Sypa; = Z;io ai—12; to get

a;—; and then

Zt = )\Sl(lt_l + )\ASlslgat_lg + ASlgat_lg + Qg . (186)

Each of the terms above potentially introduces a part to the total coefficient 1; in the
expansion z; = Z;io ja,—;. We thus need to combine each terms together to determine the
full expression for ;. To begin consider the first term in Equation 186 which is given by

ASia—1 = )\((Itfl 4+ a9+ a3 + - ) )

Thus this expression gives us a contribution of A to every value of ;. Next consider the
second term in Equation 186 which is given by

AASl(Slzat—l?,) = A <51 <Z at—13—12m>>

m=0

= A <Z a¢—13—12m + Z A¢—14—12m T Z Ag—15-12m + - )
m=0 m=0

m=0
= M (ar—13 + a4—95 + @137 + Q49 + - - -
= Qy_14 + Q426 + Ay_38 + Q50 + - - -

= Q15 + Qo7 + Q439 + Qp_51 + - )
m=0 m=0 m=0

Thus we get a single contribution of AA in every term v; from j > 13 “onward”, a second
contribution of AA from j > 25 onward, a third contribution of AA from j > 37 etc. The
third term in Equation 186 of ASisa;_12 can we written as

ASlZat—12 =A ((lt_12 + ai_oq4 +ap_36 + - ) ,

and thus gives an additional A factor to all ¢; for j = 12,24, 36, ---. Combining these three
pieces we see that

Yr=1ty=- =10 =vn =A

o= A+ A

V3=t ==t =ty =A+ M =A1+4)
oy = A1+ A)+ A

Pos = thog = -+ = hag = P35 = A+ 20\ = A(1 + 24)

’1/136:)\(1+2A)—|—A,
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and so on. If we write 1; as 1, where j = 12r + m with r = 0,1,2,--- and m =
1,2,3,---,11,12 we can see that the above pattern is given by

V= Urm = A+ 1A+ A = A1 +7A) + A,

with § = 1 only if m = 12 and is zero otherwise.

We now derive the updating equation for (1) when a new datum arrives. Using the general
updating relationship

Zep(l) = 2+ 1) + hiag
and the specific forecast function for this (0,1,1) x (0,1, 1);5 model of

Zi(l) = z¢(r,m) = b(()t) + rbgt) for 1>0,

we can use the knowledge of ¢, to write this when [ = (r,m) and m # 12 as

(t+1
bO,m

Db =08 b+ (O PAN )@y

m

since 0 = 0 in this case. Grouping terms by powers of r we get the expressions for updating
b(()t,)m and bgt) given in the book. The same type of expression holds in the case when m = 12.

For the forecasts written in terms of the previous observations

o
2 = E TjZi—j + Q¢ ,
Jj=1

to compute Z;(1) we increment ¢ above by 1 and then take the conditional expectation to get

o (o]
g MjZgp1—j + Qry1| = E MjZ1—j -
i=1

=1
To get the m; weights we write our (0,1,1) x (0,1, 1);2 model in the form

215(1) — Et

(1— B)(1— B")
(1-60B)(1-6B12)"

a; =m(B)z = (1—7TlB—7TQB2—7TgB3—"')Zt:

To determine 7; we could Taylor expand the rational polynomial on the right-hand-side in
terms of the variable B or write the above model as

(1-B)(1-B%)=(1-6B)(1-6B%)(1—-mB—mB*>—m3B>—-..),
or expanding the product of the various polynomials we have
1-B-B2+B%=(1-0B-0B?+00B"%)(1 —mB—mB*—mB>—...).

We now can multiply out the right-hand-side of the above to get

RHS=1 -mB —WQBQ —7T3B3—---— 7T12312 —7T13B13 —7'('14314 — W Bj—i-"'
= —0B —|—97T132 —|—97T2B3 — e — 97‘(‘11312 +97T12B13 —|—97T13Bl4 R 97‘(']',1 Bj “+ ..
©B"Y +OmyBY +Om3B" 4. +Omi_y B+

= +00B"® —pOm B —... —0O7; 13 B +-..
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We now equate the coefficients of the powers of B when we sum from the right-hand-side
with the expression from the left-hand-side or 1 — B — B'? + B'® to derive expression for 7;.
From the coefficients of B! we get

—m—0=-1 = m=1-80.
From the coefficients for B? for 2 < j < 11 we get
—m+0m;_1 =0 = 7 =0m_,.
Which has a solution 7; = (1 — 6)67~!. From the coefficients of B we get
T =01-0)0" —0=0"1-0)+1-06.
From the coefficients of B'? we get
1= —m3+0ms + Om + 600
When we put in what we know for w5 and m we get
T3 =0%1-0)—(1-0)(1-0).
Finally from the coefficients for B? for j > 14 we get
0=—m+0mj_1 +Omj_12 — 0OT;_13.
If we multiply by —1 and use the B notation we get
(1-60B—-0B"2+00B"%)1; =0,
all of which match the results given in the book.

Now equation 9.2.1 using Equation 185 is

VV12215 = (1 — 93)(1 — @BlQ)at
= (V+2AB)(Viy + AB?)a; .

Treating everything as an operator and solving for a; we get

v Vis B AB?
a; = zp=|1-— l—=———5) 2.
V + \B Vi + AB2 V + \B Vis + AB12

From from earlier we have that

V+AB=1-B+(1-0)B=1-0B,

and the same for the expression with Vi5. When we increase ¢t by 1 we get the result for
a1 in the book.
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Notes on using the EWMA notation

When we use the exponentially weighted moving average definitions

EWMA)\(Zt) = = )\Zt + )\QZt_l + >\022t—2 + s

1-0B~"
A
1— OB2

Then using the expression for a;,; derived above we have

R B AB"?
Zt(l) = 241 — Qg1 = Zpp1 — (L — I ————5 21

EWMAA(Zt) = Zt = AZt —+ A@Zt712 + A@22t724 + - 5

1—6B  1-0B=2
B L, AB® \B AB2
T 1-¢B"" T 1_eB2 1-¢B\1-6p2)!
A A
= EWMAN=) + g pm <z“1 " 1-6B 2“2)

= EWMA)\<Zt) —+ EWMAA(Z't,11 — EWMAA(Z't,12)) . (187)

As discussed in the book if ¢ corresponds to November and we want to predict December sales
(one month ahead) then this prediction can be decomposed as a short term EWMA (the first
EWMA ) (z;) term) which most likely will underestimate the Decembers sales number. To
correct for this we look at the discrepancy between what the previously observed December
sales was (this is the value of z;_1;) and the short term prediction of that number based on
monthly samples before the previous December. The previous short term prediction is given
by the EWMA,(z;_12) term and the discrepancy is given by z;_1; — EWMA,(z_12). It is
this discrepancy that we want to smooth using our long term EWMA which gives the total
correction term of

EWMAA(Zt_H - EWMA)\(Zt_lg)) .

Notes on large sample variances and covariances for the parameter estimates

For the (0,1,1) x (0,1, 1);2 model we have been discussing

(1 - B)(1 - B®2)
(1-0B)(1— 6B2)

VViz = (1—-60B)(1—-0B%)a, so a; =

2t

thus the derivatives are given by

da,  (1—B)(1—B?) B
R S D A
xQ,t:_%: (I_B)(I_B ) (_312)Zt:_

90 ~ (1—0B)2(1— 6BY)

Tt =

Recalling that the information matrix is given by

I1(¢,0) = E [%} o, 2. (188)
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This is the correlation between the n x (p + ¢) block matrix [U : X] which has elements

defined via
6at aat

— d z;;,=— )
20, and  x;, a0,
For the (0,1,1) x (0,1, 1)12 model we are considering here there is no U matrix since there

are no AR terms. Thus there are just the block matrix X’X, where X in this case is of size
n X (p+ P) =n x 2. The two columns of X are the cbind of the two column vectors

Ujp = —

x=[-%|-%].

Thus the information matrix is then has four elements

9a: T 9a;  9ay T Dy
_ 90 90 00, 00
1(6,©) = 9a: T 9ar  9as T Day
00 00 00 00
We are assuming that the partial derivative terms like 8—‘? are column vectors. To evaluate

the information matrix we will evaluate each term separately. When we recall that Efaja;] =
020;; the Kronecker delta we find

Oa;" Oa I .
FE {agt aet} E[X{XI] E ZZ@JG Q1 Qo 1] = o2 29% oW

Lj=0 k=0
8atT3at T ik 9 > = j
E % % = E[Xl X2] =F Z 29 © At—j—10t—12k—-12| = 04 Z Z 0 @5j+1,12k+12
Lj=0 k=0 §=0 k=0
_ ielzkﬂl@k 2 _ pll,2 iwu@)k _ 0"
k=0 ’ ’ k=0 1 -6

2

0 o0 o0 o
ik 2 2j a
g E ©’0 At—125—120¢—12k—12 | = O E 0% = 1_o2
=0 k=0 j=0

When we put these into the information matrix I(¢, d) we have

E 8045 3at
%6 20| = Ex]

n l 911(1 . 912@)71 (1- @2)71

If & # 1 then the (1,2) and (2,1) elements are much smaller than the (1,1) and (2,2)
elements. If we take them to be 0 then we see that

V(0,0) = I"'(6,0) — n{ 092 1_0@2} (189)

Notes on the estimation of the parameters

For the general (p,d,q) x (P, D,Q)s model written as

a; = 0"Y(B)O Y B*)¢(B)®(B*)w, with w, = VIV,
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Recall that the definition of §(B) and ¢(B) are (there are similar definitions for ©(B*) and
®(B%))

9(3):1—918—9282——9q8q

B(B) =1~ 1B~ 628" - — 6, B

Using these we find that the derivatives of a; with respect to the parameters of the model
are given by

o= 43O (BIB(B) (B = 07 (B)Bla

day —1/ ps\ psi

%0, = O (B*)B"u

o= 07 ()0 (B BB = —0” (B)BY (B)O (5)0(B) (5
= —¢ Y(B)Ba,

% =& (B*)BYa,.

0P,

These expressions agree with the results in the book.

Problem Solutions
Problem 9.1 (periodicity of solutions)

We can show the requested product is true by multiplying the factors in the right-hand-side

together. The left-hand-side, or 1 — B2, has roots given by the 12th roots of unity which
27 e

are By = ez ¥ =¢e%¥ for k=0,1,2,...,10,11. Thus we can factor the left-hand-side as

11

1-B”=]][(B:-B).

k=0

It is the multiplication of the two terms (B, — B) and (B; — B) where By, and B; are two
roots that are complex conjugates of each other that give rise to the quadratic factors in
the book’s right-hand-side expression. We will compute these expressions in a minute. The
roots By when plotted in the complex plane look like spokes of a wagon wheel, the first one
starting on the z-axis and subsequent spokes at the angle of £ = 30° from each other. The
difference equation (1 — B'?)z; = 0 has twelve independent solutions that are related to the
roots of 1 — B'? = (. From the book, the difference equation ¢(B)z; = 0 has the solution

2=AGT + AGh+ -+ A G, + AG,,
where G711, G5!, - - - ,G;El, G;l are the roots of the polynomial

$(B)=1=¢1B — ¢2B* — -+ = ¢ 1 B""" — §,B".
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k’s combined | By, — B or (B, — B)(B; — B) 2 Cycles per year
0 1-B 1 constant term

1,11 1 — /3B + B? cos (£t), sin (%¢) 1

2,10 1—- B+ B? cos (1), sin (%¢) 2

3,9 1+ B? cos (2t), sin (%1) 3

4,8 1+ B+ B? cos (2t), sin (1) 4

5,7 1+ /3B + B? cos (22t), sin (3£t 5

6 1+B (—1) 6

Table 1: The twelve solution z; to (1 — B'?)z; =0

In this case, the roots of ¢(B) are the roots of 1 — B'? are the By’s above. Thus G} = e~k

for k€ {0,1,...,10,11} so the solutions for z; are given by linear combinations of
Zy = e 5k

The pair of complex conjugate roots come from the pairs of k given by
(1,11),(2,10),(3,9),(4,8),(5,7),

and the real roots are for £ = 0 and £ = 6. If we consider the two roots for k =1 and k = 11
and multiply the two factors we can show

-1l

(e's — B)(e's — B)=1—-+/3B+ B2.

-1l -

=T —

These two roots give rise to a combined solution for z; given by when we write ¢ s =e¢
as

s T
2 = Ae'6! + Be 6!

=A (cos (%t) + 7sin (%t)) + B (cos (%t) — 48in (%t))
= (A+ B)cos (%t) +i(A — B)sin (%t) ,

or the solution z; written in terms of two trigonometric functions. These trigonometric
functions repeat when t increases such that
™
6
or solving for P we have P = 12 or a period of one year. Using these ideas we can compute
the elements in Table 1. You can find the calculations for some of this problem in the
Mathematica notebook prob_9_1.nb.

(t+P):%t+27r,

Problem 9.2 (averaging to implement deseasonalizing)

Part (i): Using the hint we have that

! 1
Zt:E(Z’t+2t—1+-..+Zt—10+2t_11):E(1+B+BQ+_”+310+BH)2t

1 (1-B"
“TL\1-8B /)"
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Thus
12(1 - B)z; = (1 — B®)z,

or
122, — z_1) = (1 — Bz,

the requested expression.

Part (ii): From the above expression for z; we can decrement ¢ by one to get an expression
for zZ;,_;. From the definition of u; we want to evaluate

k
1
Up = 2 — Zg—1 — T <Z(Zt—121 - Zt—121—1)>

=1

k
1
=2t — 21— T (Z Blzl(% — 51&1))

(i .

k
ZBlzl> Zt — thl) .
The sum above is evaluated

wl»—‘

iBm 1 — Bl2(k+1) B12(1 — Ble)

1— B2  1- B
=1

_ Bl2 (1 _ Bl2k) . E 1— BlQ
we= k 1— Be 2\1-8B )"

the desired expression.

Using this we have

Problem 9.3 (properties of a periodic model)

Part (i): Our model is
(1—B%)z =(1+02B)(1-0.9B%)a; = (1+0.2B — 0.9B" — 0.18 B")a,

If we can write z; as z; = a; + Z;’;l 1ja;—; then the left-hand-side of the above becomes
(o] o0
(1—- 312)2t =a; — Q12 + Z Yia_j — Z Yjap_12—;
j=1 j=1

o0 o0
=a;y — Q12 + E pia_; — E Vi 1204

j=13

=a + Z%at i+ (Y2 — Dag1p + Z — i 12)asj -

7j=1
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Equating the two sides (the coefficients of the a,_; terms) we get for j =1

Y1 =0.2.
Then for 2 < j <11 we have ¢; = 0. For j = 12 we get the equation —0.9 = ;5 — 1 or
P12 =0.1.

For j = 13 we have —0.18 = 13 — 1y or
13 = —0.18 + 0.2 = 0.02.
For j > 13 we have 0 = 9); — 1;_12 or
1/11‘ = %’—12 .

There are only two nonzero values of v; (besides 1) the ones at 12 and 113. From the
periodic term of 12 above we have

v = 0.2
Yo, =0.1 for k=1,2,---
Yroks1 = 0.02 for k=1,2,-

Y =0 otherwise.

Part (ii): For the forecasts written in terms of the previous observations

o0
2y = g iz + ag,
j=1

to get the m; weights we write the most general (0,0,1) x (0,1,1);2 model in the form

1 — Bl2
(1-0B)(1-6B12)"

a; =m(B)z = (1—7rlB—7rgBQ—7rgB?’—---)zt:

Then to determine 7; we could Taylor expand the rational polynomial on the right-hand-side
in terms of the variable B or write the above model as

1-B2=(1-0B)(1-06B%*)(1 -mB—mB*—mB*—--.),
or expanding the product of the various polynomials we have
1-B2=(1-0B-0B"+00BY%) (1 —mB —mB*>—mB>—--.).

We now can multiply out the right-hand-side of the above to get

RHS=1 -mB —7TQB2 —7T3B3—---— 7T12312 —7T13B13 —7'('14314 — T Bj—i-"'
= —0B —|—97TlB2 —|—97T2B3 — e = 97‘(‘11312 +97T12B13 —|—97T13Bl4 R 97‘(']',1 Bj “+ ..
©B"? +OmyBY +Om3B" 4. +Om_y B+

= +00B"® —pOmB™ —...—007; 13 B +-..
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We now equate the coefficients of the powers of B when we sum from the right-hand-side
with the expression from the left-hand-side or 1 — B'? to derive expression for ;. From the
coefficients for B7 for 1 < j < 11 we get

—mj+0m;_1 =0 = 7 =0m_,.
Which has a solution 7; = 67, since m; = 6. From the coefficients of B'? we get
T =—-1—0%+0.
Finally from the coefficients for B? for j > 13 we get
0=—m +0mj_1 +Omj_12 — 0OT;_13.
If we multiply by —1 and use the B notation we get

(1-6B—-0B"2+00B%)1; =0.

Part (iii): We use V(1) = {1+ 7+ ¢3 + -+ ¢7  }o? to get

V(3) = {1+ 9% +¥2}o? = (1 +0.22 + 0)(1.0) = 1.04

V(12) = {1 - iwi} 02 = (1+0.2%)(1.0) = 1.04.

Part (iv): To evaluate the eventual forecast must satisfy (1 — B'?)2,(I) = 0 for [ > 13
with the B operating on [. This has the solution of Z;(I) = 2;(I — 12) which has solutions as
discussed in the first problem from this chapter.

Problem 9.4 (monthly oxidant averages)

See Figure 23 for a plot of the time series for z; and its autocorrelation function. From
that plot it looks like there is a periodic component of period s = 12 in this data. Thus we
consider applying the operator 1 — B'? to the time series z,. When we do this we get the
following w; time series and its autocorrelation function given in Figure 24

From this last autocorrelation function it looks like an AR(1) model will match the given
autocorrelation function.We can then use the R command to estimate an (1,0,0) x (0,1,0)12
model. The book suggested fitting a (1,0,0) x (0,1, 1);2 model to this data. When we do
that using the R command arima we get the following parameter estimates

> m3

Call:
arima(x = z_t, order = c(1, 0, 0), seasonal = list(order = c(0, 1, 1), period = 12))
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Figure 23: Left: Plots of the series z;. Right: Plots of the autocorrelation function for z;.

Series w_t
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Figure 24: Left: Plots of the series w; = Vo2, = (1 — B'?)z. Right: Plots of the
autocorrelation function for wy.
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time series & predictions

discrete time

Figure 25: Plots of the series z; (in black) and the seasonal ARIMA forecasts (in red) for
the next 24 months.

Coefficients:
arl smal
0.519 0.2887
s.e. 0.138 0.2589

sigma”2 estimated as 0.748: log likelihood = -46.53, aic = 99.07

The seasonal moving average coefficient, estimate at 0.2887 is not significantly larger than
its standard error 0.2589. This gives some motivation for dropping that coefficient from our
model. The AR(1) coefficient above appears to be significant.

When we plot the predictions along with the original data set we get the plot in Figure 25.

This problem is worked in the R code chap_9_prob_4.R.

Problem 9.6 (quarterly deposits in a bank)

See the plots given in Figure 26. When we look at these autocorrelation plots we see that
after a first difference we seem to have an autocorrelation function that is periodic of period
4. Taking a periodic difference (using V,) seems to get rid of this periodicity and leaves
us with white noise. Taking another difference (using V) again gives white noise. Thus we
could propose the models (0,1,0) x (0,1,0)4 or (0,0,0) x (0,1,0)4. The second model is
simpler and would be preferred.
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Figure 26: Upper Left: Plots of the autocorrelation of z or r;(z). This is a nonstationary
time series. Upper Right: Plots of rx(Vz). We have a periodic component remaining after
this first difference. Lower Left: Plots of rp(V4z). The periodic differencing appears to
have given white noise. Lower Right: Plots of 7,(VV,4z). Again we see white noise.
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