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Chapter 2 (Experiments, Sample Spaces, and Probabil-
ity)

Problem Solutions

Problem 5 (lemmas of probability distributions)

Part (d): This results is known as Boole’s inequality. We begin by decomposing the
countable union of events A;

ATUAZUA;. ..

into a countable union of disjoint events C;. Define these disjoint events as

C, = A

02 - A?\Al

Oy = A;\(A UA)

Oy = AN\(AUAUA)

Oj - AJ\(Al UAQUA3U "'UAj_1>

Then by construction
A1UA2UA3"'201U02U03"' 5

and the C}’s are disjoint events, so that we have (by part (a) of this problem)

Pr(A;UAyUAsU--) =Pr(CUC,UCsU---) =Y Pr(C)).
J

Since Pr(C;) < Pr(A;) (by part (c) of this problem), for each j, this sum is bounded above
by
> Pr(4)),
J

and Boole’s inequality is proven.

Problem 6 (the probability that at least one will fail)

Let p denote the probability of failing so that from the given problem we have that p = 0.01.
Then the probability that at least one component fails is

n

Z(g)pk(l_p)nkzl_(l_p)":1—o.99",

k=1

or the complement of the probability that all components are functional.



Problem 7 (a secretary with letters)

Let E1, Es, E3, E4, and Es5 be the events that letter 1,2, 3,4 and 5 are placed in their correct
envelope. Then we are asked about the probability that no letter is placed in its correct
envelope or complement of the probability of the event

FiUFE,UFE;sUE,U By
Thus our probability is given by
1—P(EyUE,UFE3UE4UEj5).

To evaluate P(E, U Ey U E3U EqU E5) we will use the inclusion/exclusion identity which in
this case is given by

P(EyUE,UE;UE,UE;) = Y P(E)—)Y P(EE;)+ Y P(EEE)

i=1 1<J 1<j<k
— Y P(EE;EE) + P(E\EyE3E,Es).
1<j<k<l

Now each of these joint events is easy to evaluate since they do not depend on the specific
values for their indices. Specifically, each the joint events can be evaluated by conditioning
on earlier events. For example, for two events we can condition as follows P(E;E;) =
P(E;|E;)P(E;). Using rules like this we compute

P(E;) = %

P(EE;) = éi:%
P(EE;Ey) = %3%26_10
P(E,E,EyE) = éi%%:%
P(E\E2B3E,E5) = éiéélzﬁ)

In addition, since each term in the summations above is a constant (independent of its
indices) we can compute the common value and multiply by the number of terms in each

. . ) . . . .
sum. Specifically the terms with p events have » terms in their summations. With

these results we can evaluate the probability of the above union. We find that

e = (1 (D)) ( ()

o 1+1 1+1
a 2 6 24 120°

so that our desire probability of no matches is given by

1 1 1 1 11
1—-PU_E)==-—=-4—— — =— ~0.3667.
(Uiz Ei) 2 6+24 120 30



Problem 9 (chaining intersections)
This result follows for the two set case P{ANB} = P{A|B}P{B} by grouping the sequence
of A;’s in the appropriate manner. For example by grouping the intersection as
AiNAyN-NA NA=(ANAN-- N A1) N A,
we can apply the two set result to obtain
P{ATNAsN--NA_1NA} = P{AJAINA N NA 1} P{AINA N -NA1}.

Continuing now to peal A;_; from the set A;NA;N---NA,_; we have the second probability
above equal to

P{ATNAN-- NAr oNA, 1} =P{A, 1]AiN AN NA o }P{AT N A NN Ao}

Continuing to peal off terms from the back we eventually obtain the requested expression
ie.

P{ATNAyN - NA 1N A}

P{AAin AN Ag_1}
P{A, 1|A1N AN N Ap o}
P{A,olA1N AN N A3}

X X

P{Ag‘Al ﬂAQ}
P{A|Ar}
P{A}.

If some subset of the intersection has zero probability. Then to show that the entire inter-
section will have zero probability condition on the intersection that has zero probability. For
example, assuming that P{N/_;A;} = 0, then grouping the entire intersection as follows

M A = (N A) N (N A))
We can condition the probability of the entire intersection on the zero intersection set N?_, A,

as follows '
P{ﬂleAi} = P{ﬂ§:j+1Ai’ ﬂg:l Ai}P{mf:jHAi}-

This equals zero because P{N}_; ;A;} = 0.

Problem 10 (gambling with a fair coin)

Let F' denote the event that the gambler is observing results from a fair coin. Also let Oy,
0,, and O3 denote the three observations made during our experiment. We will assume that
before any observations are made the probability that we have selected the fair coin is 1/2.



Part (a): We desire to compute P(F|O;) or the probability we are looking at a fair coin
given the first observation. This can be computed using Bayes’ theorem. We have

P(OAF)P(F)
P(OL[F)P(F) + P(Oy|F) P(F*)
36 1
2 () +1G) 3

P(F|0y) =

Part (b): With the second observation and using the “posteriori’s become priors” during a
recursive update we now have

P(O,|F,0,)P(F|Oy)
P(O,|F, 0,)P(F|Oy) + P(Os]Fe, 0,)P(Fe|Oy)

2(6) 1

25 +HLGE) o

P(F|04,0,) =

Part (c): In this case because the two-headed coin cannot land tails we can immediately
conclude that we have selected the fair coin. This result can also be obtained using Bayes’
theorem as we have in the other two parts of this problem. Specifically we have

P(Os|F,O4,01)P(F|04,0)
P(O3|F,04,01)P(F|03,041) + P(Os]F¢,04,01)P(F¢|O2, Oy)

P(F|03,04,0)

Verifying what we know must be true.

Problem 11 (three different machines)

Let A, B, and C be the events that our items are produced by machine A, B, and C
respectively. Then we are told that P(A) = 0.2, P(B) = 0.3, and P(C) = 0.5. Let D be the
event that the selected item is defective. Then in the problem formulation we are told that
P(D|A) = 0.04, P(D|B) = 0.03, and P(D|C) = 0.01.

Part (a): We are asked to compute P(A|D), P(B|D), and P(C|D). Using Bayes’ rule we
find that

P(D) = P(D|A)P(A)+ P(D|B)P(B)+ P(D|C)P(C)
= (0.04)(0.2) + (0.03)(0.3) + (0.01)(0.5) = 0.022.

P(A|D) = P(D]‘Jﬁgjm) = (0'8%0)2((2)'2) =0.363.

In the same way we find that P(B|D) = 0.409 and P(C|D) = 0.227. Thus the machine from
which this defective item most likely came from is B.




Problem 12 (three coins in a box)

Let C;, (5, C3 be the event that the first, second, and third coin is chosen and flipped.
Here “first” means the coin is two-headed, “second” means that the coin in two-tailed, and
“third” means that the coin is fair. Then let H be the event that the flipped coin showed
heads. Then we would like to evaluate P(Cy|H). Using Bayes’ rule we have

H|C1)P(Ch)
P(H)
We compute P(H) first. We find conditioning on the the coin selected that

P(HIC)P(C) = 5 3 P(HIC)

1 =1
1\ 1

14+0+=)==.

(+ +2) 2

1(1/3) 2

(1/2) 3

p(cym) =

]

P(H) =

Wl 5

Then P(C,|H) is given by

P(01|H) =

Problem 15 (sums of binomial coefficients)

For both of these problems we recall the binomial theorem which is
n o__ - n k, n—k
(x—l—y)—Z(k)xy :
k=0
Then for the first result if we let x = 1 and y = 1 then £ +y = 2 and the sum above becomes
n __ - n
r =3 (1)
k=0

which is the first identity. To prove the second identity if we let x = —1 and y = 1 then
x +y = 0 and the sum above then becomes

=3 (1)

k=0

which is the second identity.

Problem 16 (choosing r from x + 1 by drawing subsets of size r — 1)

Part (a): To show that



we consider the left hand side of this expression which represents the number of ways we can
choose a subset of size r from x + 1 objects. Consider this group of x + 1 objects with one
object specified as distinguished or “special”. Then the number of ways to select r objects
from x + 1 can be decomposed into two mutually distinct occurrences. The times when this
“special” object is selected in the subset of size r and the times when its not. When it is not
selected in the subset of size r we are specifying our r subset elements from the x remaining

elements giving ( f ) total subsets in this case. When it is selected into the subset of size

r we have to select r — 1 other elements from the x remaining elements, giving < . f 1 >
additional subsets in this case. Summing the counts from these two occurrences we have

that < v j: L ) can be written as the following

(1) =)0

We now present an analytic proof of the above. Considering the right hand side of our
original expression, we have

(f)jL(rfl) = (:Jc—xi“)!r!—i_(a:—r—i—:i!)!(r—l)!

(x4 1)! (x 4+ 1)!
(x=r)rl(z+1) (x—r+DI(r—D(z+1)

e f;r—l?“!)!r! (xiiir) e EETT?)!?‘! (wil)

_ (x+1)! <x+1—r+ r)

(x —r+ 1)lr! r+1 x+1
. r+1
= . ,

Part (b): To show the given sum consider the identity given above which can be written
(with the variable r replaced with k)

G R
£ - (D) ()
(D) () (1)
()8
(1)

and the result is proven.



where we have used the convention that ( k ; 1 ) = 0.



Chapter 3 (Random variables and distribution functions)

Problem Solutions
Problem 11 (the probability density function for Y = aX +b)

We begin by computing the cumulative distribution function of the random variable Y as
Fy(y) = P{Y <y}
= P{laX+b<y}
—b
- pix<Z1%
a
y—2>b
).

a

= FX(

Taking the derivative to obtain the distribution function for ¥ we find that

dFy y—>b.1 —b

Frin) = G = By = ol

)-

Problem 12 (the probability density function for ¥ = X?)

Assume that X is distributed with a density function fx(x). Define the random variable
Y = X2, then this problem asks to find the distribution function for Y. We can calculate
this by first calculating the cumulative distribution function for Y, i.e.

Fy(a) = Pr{Y <a}
= Pr{X*<a}
= Pr{-vVa< X < +Va}

Ja
- / Fx(€)de
~Va

Thus the distribution function for Y is given by the derivative of the above expression. This
derivative can be computed as follows

fria) = %:fﬁﬁ)“ﬁ <(—va) VY
= W)y + (Vg

fx(va) + fx(—=+/a)
NG '




Problem 13 (some univariate distribution function from the joint)

We are given that X; and X, are jointly distributed with a distribution function fx, x,(x1, x2)
and we first desire to compute the univariate distribution for the sum of X; and X,. To
find this lets consider the cumulative distribution function for the random variable X; + X5,
specifically we have (defining Z = X; + X3)

Fyz(a) = Pr{Z <a}
= Pr{X;+ X, <a}

a—x1
= / / le Xo 1’1,352) dzodxy .
r1=—00 J Tg=—00

This integral can be derived by assuming that a is positive and drawing the line 1 + x5 = a,
in the (X7, X5) plane. The desired probability is the “area” beneath this line. Once this
integral is evaluated (its evaluation depends on the specific functional form of fx, x,(z1,x2))
the density function for fz(a) is given by taking the derivative of the above cumulative
density function

dF.(a)

fala) = da

Problem 17 (the probability integral transformation)

Part (a): If Y = F(X) then the distribution function of Y is given by

Fy(a) = P{Y <a}
= P{F(X)<a}
= P{X < Fa)}
= F(F'a)=a.

Thus fy(a) = dc% = 1, showing that Y is a uniform random variable.



Chapter 4 (Some special univariate distributions)

Notes on sections in the text
Notes on the hypergeometric distribution

When X is given by a hypergeometric distribution it has a p.d.f. given by

A B
FlxlA, B,n) = ( ()AET;)”’ ) , 1)

which represents the probability of getting x type A objects from a total of A + B objects,
when we draw n objects. Note that the range of the values possible for the random variable
X is determined by the values of A, B, and n. Since we only have A total objects of type
A the largest X value can be is min(A,n). At the same time we have B objects of type B
and if we happen to draw all of them we will have used up B of our total n draws on B
objects. Thus the remaining n — B object that we draw must all be objects of type A. Thus
the minimum value of our random variable X must be larger than max(0,n — B). In total

then we have bounds on X when X is a hypergeometric random variable with parameters
A, B, and n of the form

min(0,n — B) < X < max(A,n). (2)

Notes on the Gamma distribution

The book makes the claim (but provides no proof) that when X, ..., X,, are random samples
from a normal distribution with mean p and variance o, and when

I 1 & _

X=-) X, and S*=-=) (X;-X)?,
then S? has a x? distribution with n — 1 degrees of freedom. A relatively simple proof of
this fact can be found in Appendix A (chi-squared distribution) of [4].

Notes on the t-distribution

If X; are normal random variables with mean ; and variance o then X = % >or X has a
mean 4 and a variance %2 Thus the variable W is standard normal. We are also told
in the section on the gamma distribution that the normalized sample standard deviation or

1 n
S2 = ;Z(wz _'f)27
=1



is ¥2 with n — 1 degrees of freedom. Then to compute a ¢ distributed random variable using
the “normal over a y? rule we can construct

n'/2(X—p) 77,1/2(X — 1) B nl/Q(X- — )

(52/(71 — 1))1/2 - %Z?:KXZ —X)ﬂ /2 [ 1 Z?:l(Xi _X)Q

o2(n—1 (n—1)

12

is a t distributed random variable with n — 1 degrees of freedom as stated in the books
equation 3.

If we take X = 7/2(Y — p) where X is a ¢ distributed random variable with a p.d.f. given
by

(=) AR
= 14+ — .
9x00) = Gt (1)
Then from X we can compute Y to get Y = T{{T + p and the p.d.f. of Y would be given by
d_a: r (aTH) 1+ T(y — p)? -(3) 172
dy| (am)'/2T(a/2) a
which is the p.d.f. given by the books equation 5.

gy (y) = gx(z(y))

Notes on the F-distribution

Since 5% = 5 Y7 (X; —X)?is x* with m—1 degrees of freedom and S3 = 5 37" | (V;—Y)?
is x? with m — 1 degrees of freedom the ratio

S%/(m—1) g i (X = X)?

Sy/in—1) 3L (Yi-Y)?

is the ratio of two x? random variables divided by their degrees of freedom and therefore is
given by a F-distribution with parameters m — 1 and n — 1.

Exercise Solutions

Exercise 1 (properties of a Bernoulli random variable)

We find
E(X)=1p+0(1—p) =p,
and
E(X*)=1p+0*(1—p)=p.
Thus

Var(X) = E(X?) = E(X)* =p—p" =p(1 —p) = pq.
The characteristic function ((t) is given by

C(t) — E(eitX) :peitl + qeito :peit + q.



Exercise 2 (some properties of the binomial random variable)

For a binomial random variable we find its expectation given by F(X)

E(X) = iﬁr ( Z )p‘”q”"”

=0

= Zxxu qu Z(x_l)v(n_x)qui

r=1 z=1

r=1
n—1 n—

= npy ( . )pxq(” e
=0

= np-1=mnp

E(X?) = ixQ(Z)pxq”“’”

=0
_ iJU n(n —1)! pr 1+ (=D =(=1)
—~ (z—1Dl(n—=z)
_ - n—1Y\ 21 m-1)-(z-1)
= npz;(a:—l—l—l)(gc_l )p q
r=
n
_ an(ZL’ . 1) n—1 px (n 1)—(z—1) +npz x 1q(n71)7(x71)
— r—1 T — 1
= n—1 _ ) (e n—1 ne1)—
_ an(x_1)<x_1)pw lq(n 1)—(x 1)+npz< ) )pa:q( 1)—=z
=2 =0
n
(n — 1)(” — 2)' r—2+1_(n—2)—(z—2)
= np p q +np
; (z =2)i((n—1) = (z —1))!

SR D GO P e R

n—2 r (n—2)—=x
= n(n—l)PQZ( . )pq( 277 4 np

z=0
= nn—1p*+np.

Thus the variance of a binomial random variable is given by combining these two results as
Var(X) = E(X?) - E(X)*=n(n—1)p*+np — np?
= np(l —p)=npq. (3)



To show that the characteristic function for a binomial random variable is given by ((t) =
(pe' + q)™, it suffices to observe that a binomial random variable can be written as the sum
of n independent Bernoulli random variables. Because of this the characteristic function
for a binomial random variable is the product of n Bernoulli random variables characteristic
functions. From Exercise 1 above, the characteristic function for a Bernoulli random variable
is given by pe + ¢. Thus the characteristic function for our binomial random variable is
given by this to the nth power or

C(t) = (pe +q)™. (4)

Another way to derive this result is to compute it directly. We have

(0 = B =3 (1) e

z=0
- n 7 T n—x
= X (1) e
=0
= (pe" +q)",

using the binomial expression.

Exercise 3 (summing binomial random variables)

If each X is a binomial random variable with parameters p and n; then it can be represented
as the sum of n; Bernoulli random variables as

Xi=Vit Vb 4V,
With this decomposition, the sum X; + X5 4 - - - X}, can then be written as a larger sum
Vi+Vodt - Vm + Vn1+1 +eeet Vn1+n2 +-+ an+n2+"'+nk—1+1 +eet Vn1+n2+~~~+nk—1+nk )

or the sum of ny +ny+- - - +n; Bernoulli random variables each with the same probability of
success p. Thus we recognize this sum as another binomial random variable with parameters
ni+ns + - -+ ng and p as claimed.

Alternatively, as the X, random variables are independent the characteristic function for
their sum is given by the product of the characteristic function for each individual random
variable X;. Thus we have

k

2 i i ko
CXl-f-Xri—”-—I—X;C (t) = H(pe” + q)nl = (pe t + q)zz:1 ng ,
=1

which we see is the characteristic function for a binomial random variable with parameters
k .
> iy n; and p as claimed.



Exercise 4 (the limit of the binomial p.d.f is a Poisson p.d.f)

Lets begin by writing the density of a binomial random variable f(z|n,p) as

f(@ln,p) = (R_Liwp’”(l —p)""
1 n-(n—1)-(n—-2)---3-2-1

QI gy ) ) O PE P L L

To let n — oo and p — 0 in such a way that np — X we will take p = % Then f(z|n,p)
becomes

f(zln,p) = = n-n—1-(n-2)---3-2-1 \o (1_5),”5

1
ln—z)n—z—1)n—x—2)---3-2-1n* n

t'n—z)n—z—1)(n—x—2)---3-2-1n7 pr=

A n-n—1)-(n—2)---3-2-1 AT (n— )" y)-=

T o d(n—z)n—z—-D)n-x-2)---3-2-1n* " (n=2)
A* n-(n—1)-(n—2)---3-2-1

2 n=Nn-Nn=-XN---n=Nn—-2)n—z—)n—-a—-2)---3-2-1
X (1—%) : (5)

Note that the factorial fraction above can be written (after canceling some terms) as the
product

n n—1 n—2 n—xr+2 n—x+1
n—\A n—X\A n—2»\ n—\ n—\A
or dividing by n on the “top and bottom” we get

Each of the factors in this product goes to % — 1 as n — oo. Also recall that right-most

factor in Equation 5 has the following limit

-2y -
n

as n — o0o. Using both of these results we have that

|

n: T n—x 1 T —
mﬁ (1-p) - EA e =g(x|\), (6)

f(x|n,p) =

with A = np as we were to show.



Exercise 5 (properties of a Poisson random variable)
If X is a Poisson random variable then from the definition of expectation we have that

E[Xn]:in_)\ AZZ)\ )\_ZZT;:\Z7

=0 =1

since (assuming n # 0) when ¢ = 0 the first term vanishes. Continuing our calculation we
can cancel a factor of 7 and find that

X n—11yi - n—1yi+1
a1 TNy (t+1)" A
D B e D D

(i 1) le AN
= /\Z f .

Now this sum can be recognized as the expectation of the variable (X +1)""! so we see that
E[X"] = AE[(X +1)"1]. (7)
From the result we have
E[X]=ME[1]]=)X and E[X?|=ME[X+1]=AXA+1).
Thus the variance of X is given by
Var[X] = E[X? — E[X]* = ).

We find the characteristic function for a Poisson random variable given by

C(t) — E[ itX] _ ieime}\/\x
z!
S Zt)\ —)\ )\e”

- ’\Z
= eXp{A( -1 )}- (8)

Above we explicitly calculated E(X) and Var(X) but we can also use the above characteristic
function to derive them. For example, we find

1 8C(t) . 1 it . it
E(X) T R exp{A(e” — 1)} Aie”| _,
= Xe' exp{A(e" — 1)}’t:0 =\,
for £(X) and
1 9%C(t) 10 ; ;
E X2 _ _ - it it 1
(X?) 7 om | "1 (Ae™ exp{A(e )}) .
1 ) ) ) ) )
= 7 [ exp{A(e" = 1)} + A" (Xie®) eXP{A(en = D}
= Acexp{A(e” — D} + N exp{A(e" — D},
= A+ )2,

for F(X?) the same two results as before.



Exercise 6 (the sums of Poisson random variables)

We will prove this result in the case of two Poisson random variables X and Y (with means
A1 and Ay) and then just state mathematical induction to derive the requested result in the
case of a sum of a finite number of random variables Poisson variables. To begin we note
that we can evaluate the distribution of X + Y by computing the characteristic function of
X 4+Y. Since X and Y are both Poisson random variables the characteristic functions of
X +Y is given by

Oxyv(u) = ox(u)dy(u)
ekl(ei“—l)ekg(em—l)
eAtA2)(e—1)
From the direct connection between characteristic functions to and probability density func-

tions we see that the random variable X + Y is a Poisson random variable with parameter
A1 + Ao, the sum of the Poisson parameters of the random variables X and Y.

Exercise 7 (the distribution of X given X +Y)

Rather than work with X; and X, we will consider Poisson random variables denoted by X
and Y. Then this problem asks for the conditional distribution of X given X + Y. Define
the random variable Z by Z = X 4+ Y. Then from Bayes’ rule we find that

p(Z]1X)p(X)
p(X|Z) = ——FF——
(X12) 2)
We will evaluate each expression in tern. Now p(X) is the probability density function of a
—A T
Poisson random variable with parameter \; so p(X = ) = < ;!/\1 . From problem 6 in this

chapter we have that P(Z = n) = e_(MMQ:Z!()‘lJ”\?)n. Finally to evaluate p(Z = n|X = z) we

recognize that this is equivalent to p(Y = n — ), which we can evaluate easily. We have
that

e~ N2 Ay Y

p(Z:n\X:x):p(Y:n—x):m.

Putting all of these pieces together we find that

—A2 \n—Z —A1)\T |
wor=az=n = (Go) (5) (Fomoin )
B ( n! ) AFAGTT
zln—2z)) (A1 + X))
n YRR A\
- ()G )

A2
A1+

A1
A1+A2

Defining p = andg=1—p= our density above becomes

pX =alZ=n)= ( Z )Px(l -p)" 7,

or in words p(X = z|Z = n) is a Binomial random variable with parameters (n, /\1’11/\2).



Exercise 8 (an alternative representation for the negative binomial distribution)

Using the definition of ( Z ) given by
z—1 .
a i= (CL - Z)
x!

. -1 . .
we see that we can write ( " +§ ) that appears in the expression for the p.f. of a

negative binomial random variable as

r+x—1 1 .
. = ;H(r—x—l—z)
T i=0

= %(r—x—1)(r—x—2).-.(r—x—1—(x—2))(r—x_1_(x_1))
= %(r—x—1)(r—x—2)---(r+1)r.

While we can also consider the expression ( ; ) presented in this problem. Here we see

that it is equal to

(7)) - e
1

- a(—1)’%(7“4—1)(7"%—2)---(7“—i-x—2)(7‘+az:—1).

Thus the suggested p.f. of ( ;7‘ ) p"(—q)* given by

T i

(—r )pr(_q>x:%r(r+1)(7‘+2)--~(r+a¢—2)(7“+x—1): ( e )P’"qw’

the same as the expression for the p.f. for a negative binomial random variable proving the
equivalence.

Exercise 9 (the characteristic function for the negative binomial distribution)

We can evaluate this using

_ itX _OO T—i—.T—l r _x _itr

=) =3 (" e,
=0

or by using the result from Exercise 8 we can write this as

=5 =3 () oy

=0



This later sum is the Taylor expansion of the expression (1 — ge™)™ see [1]. Thus we find

‘A

p

gy 1o

¢(t) =

To calculate E(X) we have

_ 10 I

200 = ¢ g ()
= <P ()1 = ge") N (—qie")]
— rprqeit(l . qeit)frfl‘tzo

A
(1 _ q)?“+1 p?“+1 P ’

[ =

RS

For E(X?) we have

1 82 pr
E(X?) = <5 5|+
(X%) 12 Ot2 ((1 —qe”)’")
10 , i\
_ ;a (rprqezt(l o qezt) 1)’,5:0
rp” . g it\—r— i o y—r=
- % [ie" (1 = ge™) 7 e (=1 = 1)(—qie”) (1 = ¢e") %]
1 (r+1)q
1—q)+t " (1= q)+2

ol p g g
= qu[pmﬂt s —?(P+7“Q+Q)

t=0

rq(1+rq)
= T (11)
Thus the variance for a negative binomial random variable is given by

Var(X) = E(X?) - E(X)?
_rq(L+7rq)  ¢* g 19
- P2 o P2 - ]? : (12)

Exercise 10 (summing negative binomial random variables)

We can use the fact that a random variable that is defined as the sum of independent random
variables has a characteristic function that is the product of the individual characteristic
functions. Since the characteristic function of each X; is given by

CXz(t) = (1 _pqeit) Z )

The characteristic function of the the sum Zle X, is given by

D=1 Ti
Cxy 4 X+t () = F ; ’
1 2 k 1 o qezt



which is the characteristic function of a negative binomial random with parameters Zle T
and p as we were to show.

Exercise 11 (the limiting p.d.f of a negative binomial is Poisson)

If we want r — oo and ¢ — 0 in such a way that rqg — A, then one way this can be guaranteed
to happen is to define ¢ in terms of r as ¢ = % Thus in this case we see that as r — oo then
r+z—1

q — 0. Now consider f(z|r,p) = ( - ) p"¢* the probability density for the negative

binomial random variable. For ¢ defined as above we have

falr = (") ()

(r+z-1)0r+z-2)r+z-3)---(r+2)r+r@r-1)r—-2)---3-2-1 ,
a2l (r—=1)(r—-2)(r—-3)---3-2-1
A* {(r—l—x—1)(7“+a:—2)(r+95—3)---(r+2)(r+1)r} (1— g

AT [r—i—x—l r+z—2 r+x—-3 r+2 7‘+1] <1 )\)T

T r T r r T

As r — oo each factor in the brackets goes to +1 and using the fact that

(1+é) —>e’\,
n

we see that our density f(z|r,p) has the limit given limit

e M\

z!

f (|, p) —

Y

as we were to show.

Exercise 12 (X; has a negative binomial p.d.f)

Warning: I was not able to solve this problem. What follows are some notes on a few things
that I tried and where I got stuck. If anyone sees anything wrong with these notes or knows
of a different way to work this problem please email me.

Note that if Y is a Poisson random variable with a mean rIn(1/p) then it has a form like

Py —ny = (;"!ln(l/p))” _ pr(—ré?(p))” |

From the given description of the problem we can compute some values for P{Z = z} for
some simple values of z, and then verify that the values computed equal the same thing that



one gets from the p.d.f of a negative binomial distribution ( —nr ) p"(—q)". For example,

P{Z=0 =P{Yy =0}=yp",

which does equal ( 0

) p"(—q)°. Another simple probability to calculate is P{Z = 1}

where we find

PZ=1) = PY = LX\ = 1} = P{Y = JP{X, = 1} =/ (~r ) s = 1070,

which again does equal ( 17" ) p"(—q)! because

and so

We could evaluate P{Z = 2} in the same way as
P{Z=2)=P{Y =1,X, =2} + P{Y =2,X; =1, X, = 1},

but we stop here.

This discussion motivated attempting to evaluate P{Z = k} by conditioning on the value of
Xi. We have

P{ZXi:k} = ZP{ZXi:k\xlzj}P{Xlzj}
B k Y e 1 g

- ZP{ZX"“‘ 1-]}1n<1/p)j

1l ¢, < |

_ m;%P{ZXi:k|X1:j}

i=1

Y
—P{inzk—ﬂxlzj}
=2

; Yy—1
= - {in:k—]}.
=1 ‘7 =1

Thus if we define the function f(n,k) as f(n,k) = P{> ., X; =k}, we have a recursive
relationship for f(n, k) given by

fln k) = fln—1,k—7j).

. I%.

oS



This later summation looks like a convolution type sum and maybe there are identities for it.
One might be able to solve this equation directly or show by substitution that one solution

for f(n,k) is ( _nk ) p*(—q)™, which would solve the given problem. When I put in the

expression ( ) p"(—q)™ into the right-hand-side of the above we obtain

n—1

_ koo .
(=)'~ p ( —(k—7) )
Consider just the sum

2 () -n () ().

J

Now if we let r = £ and define a function F(r) as

the derivative of this expression with respect to r is
k

F,(T):er1(_T(Ln_—1j>):z’“:rj1< ~(n=1-G-1) ) :r]( n—l—]))

j=1 j=1

.

This is were I stopped. I was not able to perform the summation of this sum and show the
equivalence. Again, if anyone knows of a way to complete this problem or an alternative
method please email me.

Exercise 13 (statistical properties of a hypergeometric random variable)

If X is a hypergeometric random variable then X has a p.d.f. given by Equation 1 and
the valid range of values for X given by Equation 2 and zero otherwise. Then using this
expression for the p.d.f of X we can compute E(X). We find

B(X) = Y af(alA B.n) = M;(A) (.2.)

X
n

where the X’ notation in the sum means that we don’t include the point z = 0 in the above
sum since it does not affect the expectation any. To simplify this remaining sum recall that

(2)-2(550),

so that



Thus the expression for the expectation of X can be written as

E(X)wjég);(fi)((nl)jg(wl))’

n

Note that we can “add back in” the value of x = 0 if we allow the value x = 0 in the
summation limits by shifting the indexes “up by one” as

2 ConZemn )2 () (0

To simplify this remaining sum we recall Vandermonde’s identity given by

(1) () ()

From this we see that the combinatorial sum in £(X) can be simplified to give ( 4 :; f 1_ 1 )

and the expression we subsequently get for £(X) is the following

E(X) = (AJFAB)(A;;Bll)
o ' (A+B-1)! nl(A+B—n)!
m—DI(A+B—-1-n+1)! (A+ B)!

_ _An (14)
as we xtzvere to show. Next jv: efaluate FE(X?). Using the same manipulations as above we
compute
) = (AjB)z;ﬁ(f)(an)

- (14;3)2”7(?11)(71395)

-y e e () 2 ) ()
-yl Ga) () (5

: (ﬁL;))Z(AxQ)(”Z;x)JFAinB



AA-1) (A+B-2 N An
A+ B n—2 A+ B
n
n!(A+ B —n)! (A+ B —2)! An
= A(A-1)- :
A-D =TT -0 B-2-(n-2) A+B
A(A—1)n(n—1) An
(A+B)(A+B-1) A+ B’
We can now compute Var(X) since we have F(X?) and F(X). We find

Var(X) = E(X?) - E(X)?
A(A—=1)n(n—1) An A%n?
(A+B)(A+B—-1) A+B (A+ B)?
nAB A+B—n
(A+B? A+B-1’

when we simplify. This is the result we wanted tho show.

Exercise 15 (the characteristic function of a normal random variable)

For a p.d.f given by f(z|y,0?) = (2ma?)~1/2 exp{—M}, we will try to evaluate ((t)

202
directly. We have

; 1 0y _@mw?
C(t)ZE(etX):W/ e 202 dx.

The argument of the exponential in the above expression is given by

1 .
52 [a:2 —2ux 4+ p? — 2202tx]
1 .
= —5.3 (2% = 2(p +io*t)x + 1]
1 .
=~ (27 = 2(p +io”t)x + (p +i0°t)* — (p+ i0”t)? + 12
1 oo (pFdctt)?
= gl ) T T o
1 , p? + 2p0?ti — o*t? — p?
= ———(v— (u+ioc’t))* +
202 202
1 Covg  2potti — ott?
= —ﬁ(x—(u%—w t)) +T

Thus the integral expression we seek to evaluate looks like

o t?

1 > 1 ;2 2
— ; — 5,2 (@=(ptio®t))
C(t) = (2m) %0 exp {zt,u ~ }/Ooe 202 T dz .
To evaluate this let v = x — (u + i0?t) so that dz = dv and the integral above becomes

/ e 32" dy = (2m)%0 .

—00



Thus the characteristic function for a Gaussian random variable is given by

2t2
(t) = exp {z'm - “7} | (16)
as we were to show. We can use this result to compute the expectation of X as follows
1 0C(t
E(X) - —C( )
i Ot |,
1 t2 2
= —exp {itu - —U} (ip — to?)
1 2 =0
The value of E(X?) can be computed in the same way
1 0%¢(t)
E(X?*) = =
(X%) 20t |,

_12 ( —t2) it _ﬁ
= 25\ o) exp < ity 5

t=0

1 t2 2 t2 2
= — |—cexp ity — S (ip — to?) (ip — to?) exp < ity — 7

12 2 2 0
= —[-0® + (in)?]
= o’ + ,u2 .

Using this we can compute the variance of X. We find
Var(X) = B(X?) — BE(X)? =02,

as we were to show.

Exercise 16 (the distribution of >  a;X; 4 b)

Lets first derive the p.d.f of the random variable a; X; when X, is a normal random variable
with a mean given by p; and a variance given by o?. To do this let Y; = ;X; then we find
that the expression for gy (y) is given by

() = axlolo) 5] = o enp { L

1 1 (y; — ai,Ui)Q
o Py TS 3 (o
V27|a;|o; 2 ajo;

which is the p.d.f of a normal random variable with a mean given by a;u; and a variance
given by a?o?. This random variable has a characteristic function given by

20252
Cvi(t) = exp {ituiai - Ta} :



so the sum of k independent random variables has a characteristic function that is the
product of these individual characteristic functions as

k k
. t?
ritve+etyy (E) = exp {lt 51 fii = § G?UE} ;

=1

which is the characteristic function of a Gaussian random variable with a mean ) 7, y1;a; and

a variance Y.F_, a?0?. Lets now define the random variables L and Z to be Z = 3% 4, X;
and L = Z + b. From the discussion above we know that Z is a Gaussian random variable
with a mean given by S | y;a; and a variance S | a?0?. To finish this problem we want
to know what the distribution of L is. Consider the distribution function for L. We have

Fo()=Pr{Z+b<} =Pr{Z <1—0b} = F5(1—b),

so fr(1) (the p.d.f. of the random variable L is given by) is obtained by taking the derivative
of Fz(l — b) with respect to [ where we find

1 1I—b—SF a;p)?

Full) = Fy—8) = 21— b) = exp{ US> 07 }
(2m)1/2 Zf, aio? > i1 030,

This later expression is a Gaussian density with mean b+ Zle a;t; and variance Zk alo?

=1 "1 71
as we were to show.

Exercise 17 (X; + X, and X; — X, are independent)

Let Y7 = X1+ X5 and Y5 = X — X5 so to work this problem we want to show independence

of the two random variables Y; and Y,. Introduce the vectors X = { §1 } and Y = { 1{1 }
2 2

1

and the matrix A = [ 1

1 . L
1 } , so that the vector Y in terms of the vector X is given by

= [ " } = AX. As X; and X, are independent random draws from the same normal

o 0
0 o?
transformation of X the covariance matrix for the vector Y is thus given by

N r_[1 1 ][> 01 1
2y _AZXA_L —1“0 or |1 -1

L1 [ 1) L[20) L,
_“{1—1 1 1] o 2|2

From this expression we see that the determinant of ¥y is given by [Zy| = (20%)2. The

24
0

distribution their covariance matrix Xy is given by Xy = } . Because Y is a linear

mean of the vector Y is given by { } where p is the mean value of X;. Given this mean



vector and covariance matrix the p.d.f. of the vector random variable Y then takes the form
given by

gv(y) = Wexp{—% (y_ { 261 DT(2021)1 (y— { 261 D} :

The inner product in the argument to the exponential simplifies

(y— { Q(f DT(2021)1 (y— { 2(5 D -~ 2%2 (1 —21)* + w3]

so gy (y) becomes

¥) 1 { 1(y1—2u)2} 1 { 1y§}

gy(y) = ——exp —= . exXp 4 ———= » .

Y V21V 202 2 207 V21V 202 2202

Since the random variable Y; has a mean of 2y and a variance of 202 and the random variable

Y, has a mean of 0 and a variance of 26% the above show the joint distribution of (Y7, Y3) is
the product of two marginal densities showing the independence of Y] and Y5.

Exercise 18 (the gamma function at 1/2 and other miscellanea)

The second part of this problem is to evaluate I'(1/2). This expression is defined as

F(1/2):/0 2y

Since the argument of the exponential is the square of the term 2'/? this observation might

motivate the substitution y = y/x. Following the hint let y = v/2z, so that

1
dy = —dzx .
4 V2%

So that with this substitution I'(1/2) becomes
r(1/2) = / V2dye V% = f2/ eV dy .
0 0
Now from the normalization of the standard Gaussian we know that

o0 1 y2
——exp{-L}dy =1
| ewl-Liay-1,

fe'e) m

which easily transforms (by integrating only over the positive real numbers) into

2/0o L o y2}d 1
X —_— = 1.
| e{=Fdy

Finally manipulating this into the specific integral required to evaluate I'(1/2) we find that

va " ep(—L )y = V7.

which shows that I'(1/2) = /7 as requested.




Exercise 19 (properties of gamma random variables)

If X is given by a gamma distribution then it has a p.d.f given by

f(zla, ) = %xaleﬁx. (17)

The characteristic function for a gamma random variable is then given by

0o ﬁa 4
xafleztxefﬁxdx
=0 F(O‘)

_ 6 / xaflef(ﬁfit)xdx ]
F(Oé) z=0

) = Be) =

To evaluate this integral let v = (3 — it)x so that x = 525 and dv = (B — it)dx and we get

B 1 L, du
“”‘rmﬂﬁ—mﬂllo“ i

If we recall the definition of the Gamma function

MNa) = /voo v* e dv, (18)

=0

we see that the above integral becomes

B I(a) B2 \“
“”“rmﬂﬁ—MQ‘<ﬂ m)

_ O_%)”, (19)

as requested. Using this expression we could compute E(X) and E(X?) via derivatives.
Alternatively we could compute these expectations directly as follows

< B _ B /°° v* _,dv

E(X) = 2%e P dr = eV

( ) =0 F(Q) F(Oé) v=0 ﬂa ﬁ

1 /°° . Ta+1) a
= vie Vdy = ———= = — | 20
@) o @) 5 2
when we make the substitution v = fz. Next we find E(X?) given by
[e'e] ﬁa B ﬂa 1 1 [e'e] B
E X2 — a+1 ,Gxd — - a+1 v
( ) =0 F(Q)$ ‘ ! F(Oé) ﬁaJrl ﬁ v=0 ! ‘ !
1 (a+1)a

- T(at2) =T 21
7 T 2y

Thus the variance is given by

(a+1)a o «

Var(X) = 7 —@:@,

(22)

as we were to show.



Exercise 20 (when X; is a gamma random variable what is ¢(X; + Xo + -+ X}) )

If the independent variables X; have a gamma distribution with parameters «; and 3 we
want to show that
C(X1+X2+"'+Xk),

has a gamma distribution with parameters oy +ag+- - -+ and 3/¢. To do this note that if
the random variable X; are independent gamma distributed with parameters a; and § then
the random variable Y; defined by Y; = c¢X; has a p.d.f given by

W) = Ixew) [T = g (B e (1)

Myarlef(ﬁ/dy 7
['(ev)

which is a gamma p.d.f. with parameters «; and 3/c. Thus using Equation 19 the charac-
teristic function for this random variable Y; is given by

e (1 : w/t)) -

Since we want the random variable that is the sum of these Y; the characteristic function for
this sum is the product of these individual characteristic functions. Thus

it " Eem
(Vi Yattyi (B) = CC(XlJrXQJr"'Jer)(t) - (1 - W) 7

which is the characteristic function for a gamma random variable with parameters Zle «
and [3/c as we were to show.

Exercise 21 (the p.d.f. of the distribution >  X? when X; is Gaussian)

For this problem lets define the random variable Z = Zle X? and attempt to compute the
distribution function for the random variable Z. We have

Fz(2) = PT{ZSZ}ZPT{Xk:XESZ}

=1

- / p(xlu‘er 7xk)dx
x2<z

117,

Z)dX

2
z 1 7,<Zi:

L o
= e ——x; pdx
/ 2<Zi: 27( Xp{ 2 Z}

k
1 2
k/QeXp{—§ E xi}dx.

2<z

117,



To evaluate this last integral we will change from Cartesian coordinates to polar coordinates.
To do this we recognize that the above integral is an integral over all points x € R¥ such
that 27z < 1. Let 7> = 3% 22 and we get that our differential of volume dx, written in
terms of spherical coordinates is given by

dx = kCyr*tdr, (23)

where CY is the volume of the unit k-sphere and is given by
(24)

We require this general expression for dx since we are working with x € R* but we can easily
verify its correctness by computing dx in lower dimensions say k = 2 (the disk) and k = 3
(the sphere). We find

4
dx = 3r?Csdr = 3r? (%) dr = 4mr’dr  when k=3 and
dx = 2rCydr = 2nrdr when k=2.

Using the above general expression for dx in polar we find that

1 vz _1,2 k—1 ka V= k—1_—1r2
FZ(Z)—i(QW)k/2 /Tzoe 2" kCLr™ N dr = e /T:or e 2" dr .

As there is no way to evaluate this last integral explicitly we will take the derivative of F,(z)
to get the p.d.f for Z. We find

) = Yy
fld) = Fy(e) = roineT e (§z 1/2)

which is the p.d.f. of a x? random variable with k degrees of freedom as we were to show.

Exercise 22 (when X; are exponential R.V.s then min(X;) is exponential)

To solve this problem we will use the fact that the random variable that is the minimization
of several random variables can be computed by taking minimizations of pairs of random
variables. For example if Z = min(X;, X3, X3, X4) then the value for Z can be computed as

Z = min(min(min(X;, Xs), X3), X4) .



Figure 1: The integration region € : {min(X;, X5) < z}, in the (X3, X3) plane. Here z = 1
for demonstration.

Thus if we can show that the distribution of the random variable Z = min(X7, X5) when X
and X, are independent exponential random variables with parameters 3; and 35 respectively
is another exponential random variable with parameters 3; + 32, then by the nesting property
above the distribution of the minimization of k such exponential random variables is another
exponential random variable with parameter Zle 0;. Thus for the remainder of this problem
we show that the distribution of Z = min(X7y, X3) is exponential with a parameter /3 + 3.
Consider the distribution function for the random variable Z. We have that

Fz(z) = Pr{min(X;, X5) < z} = / px, (21)px, (22)drdz, .
Q:{min(X1,X2)<z}

To compute this integral we need to integrate the above expression over the domain shown
in Figure 1. This integration region can be represented mathematically as the following two
integrals (be careful not to count the region in the lower left corner twice)

Fy(z) = / / px, (21)px, (22)dxodr, + / / px, (1) px, (x2)dr1des .
x1=0 Jzo=0 x2=0 Jxr1=2

When we put in the expressions for the exponential distributions we get.

z oo 00
Fz(Z) = ﬁlﬂ?/ €7ﬁ1x1 / 67ﬁ2x2d$2d$1 + ﬁlﬂg/ eiﬁzxz / eiﬁlxld[ﬁldiﬂg .
=0 z2=0 T1=2

T1 xro=0

z

Plots of the integration region are performed in the Matlab file chap_4_prob_22.m. We will
evaluate the first integral. We find that

z ) z e~ Paw2 o0
5152/ 6_’81“/ e P drydry = 5152/ e (7 dry
x1:0 xQZO x1:O _/62 172:0
z
= ﬁl/ €7ﬁ1x1dl’1 =1- 67ﬁ1z .
x1=0
Next we evaluate the second integral. We have
z o0 z e—Biz1 |
5152/ 6_’821;2/ e " drydr, = 5152/ e v (7 dxy
z2o=0 T1=2 z2o=0 _61 T1=2




= 526_ﬁlz/ e~ P22
x2=0
— e Pz (1 _ e*ﬁQIQ) )
when we combine these two integrals (by adding we find)

Fy(z)=1-— e~ (Brth2)z

this is the distribution function for an exponential random variable with a parameter (3, + (35
as we were to show.

Exercise 23 (the distribution of the first differences)

For this problem we are told that X; is given by an exponential distribution and thus has a
p.d.f. given by Be % and Y; are the order statistics of n draws of the random variables X;
fori=1,2,---,n. Introduce the random variables Z; defined as

Z1 = nY;
Zy = (n—1)(Ya—11)
Zy = (n—2)(Ys - Y3)

Zp1 = 2(Yvnfl_yran)
Zn = (Yo—Yui).

Then to get the p.d.f. of the vector Z defined in this way we recall that

oY
ng,Zg,---,Zn(Zb 22y Zn) = MiYe,Yn (y1, Y2,y yn) EVAR
From the above specified relationship between Y and Z we have
_ n 0 -
—(n—-1) n-1 0
0 —(n—=2) n-2
07
— = 0 —(n—3) . . 2
o (n-3) (25)
.3 0
-2 2 0
i 0O -1 1 |

Thus the determinant of the above matrix is given by

—|=n(n—-1)(n—2)(n—3)---321 =nl,

SO



Then as we know the distribution of the order statistics as

iye v (1(2),y2(2), - yn(2) = nlf (1) f(y2) - f(yn)

n
= n! H Be Vi = plgre P
i=1

Now we will compute > 1  y; in terms of the elements z;. Consider the following inner
product expression for Y 7 | z

[ n 0
—(n—1) n-1 0
A1 0 —(n—=2) n-—2
BEREETTIE U I I EUE R 0  —(n—3)
. 30
2 2
! 0 -1
Y1 Y1
« | =111 117,
Yn Yn

when we use the relationship between z; and y; and compute the product of the vector
[ 11 -1 } with the lower diagonal matrix given by Equation 25. Thus from this result
we see that " |z = > y;, thus we find that our p.d.f. of Z is given by
- n oz 1 n_— n oz
ng,ZQ,“‘,Zn(Zl7 22y, Zn) = n'ﬁne A2z Zm = ﬂ € Aoz = )
or the p.d.f. of a set of n independent exponential random variables which is the same as
the joint distribution of X7, X», -+ X,, and what we were to show.

Exercise 24 (from the conditional and marginal get the other marginal)

We are told the conditional p.d.f. for the random variables X given Y is a Poisson ran-
dom variable and the marginal p.d.f. for the variable Y is a gamma random variable with
parameters  and 3. Thus they are expressed as

e Yy”®
PX=z|lY =y) = o
B 4l

We can evaluate the marginal distribution of X or P(X = z) by conditioning on the value
of Y as follows

P(X=2x) = /P(X =z|Y =y)P(Y = y)dy




00 e—yyx 604 1 gy
@ d
/0 x! F(a)y ©w

_ B /Oo ya:+a—1€—(1+ﬁ)ydy‘
z!IT(«) J,

To evaluate this integral let v = (1 + 3)y so that dv = (1 + B)dy and dy = 22 and our

148
integral becomes
ﬁa /oo ,Uac—f—a—l B d’U
PX=2) = —— e’
K=0 = @) S T e 148

— /Ba > TT+o— —v
- ﬂF@ﬂLﬂ@”aé vt
pel(x + «)
zll(a) (1 + g)zt+e

If this expression is to equal a negative binomial random variable with parameters r and p
it must have a form given by
r+x—1 "
(T e

To write the above in this form note that since I'(n) = (n —1)! when n is an positive integer
the ratio of gamma functions in the above expression

Nr4+a) (@+a-1)! [(z4+a-1
ﬂmw"ﬂm—n!_< T )'

Thus using this we have P(X = x) given by

x—l—oz—l) o
o) UraEe

mX:m=<

To make this match the negative binomial expression we can take r = o and p = % ), SO

that g=1—p= ﬁ, and showing the desired equivalence.

Exercise 25 (the normalization of the beta p.d.f.)

For this problem we want to show that
P(@r(E) = ot 8) [ 2712y, (26)
0
where the Gamma function is defined by
MNa) = /OO v* e Vdu . (27)
0

With this definition we see that the product of I'(a) and I'(3) can be written as a double
integral as

D(a)T'(B) = /_0 /_0 s P e ) dsdr



Lets change the integration variables from s and r to u and v defined by v = r and v = 2.
The inverse transformation for this is » = u and s = rv = wv. The differential change in
volume then transforms as

d(r,s)
d(u,v)

Using this change of coordinates we get that the product of I'(a)T'(53) is given by

0
u

dvdu = u dvdu .

dsdr = ‘

o or
dvdu = ‘ Qu  gu
du  Ov

dvdu = ‘ 1
v

T(a)T(B) :/ / u P e )y dydu
u=0 Jv=0

) 0
_ / / uaJrﬁflvaflef(lJrv)udvdu
u=0 Jv=0

o) o)
_ / Ua—l / ua+ﬁ—1€—(1+v)ududv )
v=0 u=0

Lets evaluate the inner integral over u. To do this let £ = (1 + v)u so that d§ = (1 + v)du

and we have
o0 B o0 £a+ﬁ71 B dé’
I‘ F — a—1 ¢ d
(a)l(3) /vov /50 1+ U)a—l—,ﬁ’—le T A
a—1

_ 00 v [ bt —fd p
/vzo (1+U)a+ﬂ g:o5 ¢ didy

00 ,Ua—l
= ['(a+ ——dv.
( 2 /U:O (1+wv)oth
Next in the remaining integral let u = ﬁ so that v = % —1= 177“ and du = —mdv =

—u?dv and the above becomes

N(@)(B) = T(a+p) /uol (1;“)a_1 o5 (_Z_Z)

1
= D(a+ ﬂ)/ (1 — u)2 tyatf-(a=b=2qy,
u=0

= T'(a+p) /10(1 — ) P du,

as we were to show.

Exercise 26 (statistics of the beta distribution)

To begin we attempt to evaluate £(X"™(1—X)"), when X is given by a beta random variable.
We find that recalling the normalization of the beta function that

n F(a + ﬁ) xa—l
[(a)T'(5)

1
/ xm—l—a—l(l o x)n-l—,@—ldx
0

BX™(1— X)) = /xmu _ ) (1— 2)"'da

C(a+3)
L(a)I'(3)



Fa+pB) T'(m+a)'(n+pB)

(a)(B) T(m+n+a+p)

_ Tim+a) T(n+8) I'(a+p) (28)
- I(a) r'B) Tm+n+a+pi)’
Now note that we can simplify some of these ratios of gamma functions as follows
Fm+a)  (m—1+a)(m—-1+a)
I'(a) B INY)
_ (m=1+a)(m—-2+a)l'(m—-2+a)
B IN())
 (m=1+a)(m—2+a) --(m—(m—1)+a)(m—m+a)l(a)
- ()
= m=—1+a)(m—-24a) -2+ a)(l+ a)a
= [[m-k+a).
k=1
In the same way
T'(n+p) &
— L = —k )
07 kan +0)
and .
Fm+n+a+83) 1
Tatd) —]I[l(m—l—n—k—l—ajtﬂ).
Using these expressions we find that F(X™(1 — X)") is given by
E(X™1 - X)) = Limy(m ~ i+ o) Hj:l(n_j+ﬂ). (29)

erl"(m%—n—k%—a—i—ﬁ)

Lets now evaluate this expression for some special values of m and n. If m =1 and n =10
then we find that
E(X) = , (30)

If m =2 and n =0 then we find that

(a+1)a

EXY) = oDt

(31)

so that the variance of a beta distributed random variable is given by

B (a+1a . a
VarlX) = G BT D@rh) (@t By
af

(a+B)2(a+pB+1)"




Exercise 27 (show that X;/(X; + X») and X; + X, are independent)

For this problem we are told that X; has a gamma distribution with parameters a; and
0B, while X, also has a gamma distribution with parameters as and (. Introduce the two
random variables R and S defined by

X
R = -t
X1+ X
S - X1+X2,

Since X; and X, are independent the joint p.d.f over X, X, is the product of the two
marginals. Thus

o -1 _—pBz ﬁOQ @ —pBx
p(Xl,X2)($1,.T2) :pX1(x1)pX2(x2) = F(O{l)x?l 16 b F(O{g)xQQ 16 frz :

Lets transform the p.d.f. over the vector (X, Xs) into a p.d.f over the vector (R,S). The
change of variables formula requires that

(X1, X
P (5) = i o9, o)) | S5
To evaluate this lets begin by computing a( . We have
OR  OR 1 X X
78(R’ S) = |: % % :| — |: X1+X2 ()(1-1-}(2)2 _(X1+}(2)2 :| )
O(X1, X») oX: 0Xs 1 1
Thus we find the determinant of the above expression or X e )) given by
’ IR,S) | 1 B X n X1 B 1
0(X1, Xo) (X1 +X2) (Xi+X2)2?2 (Xi+X9)?2 Xi+Xp
so the inverse of this expression or 659)((}1%’?)2) is given by
0(X1, X5)
— =X+ Xy =5.
' oRS) |~

Next we solve for X; and X, in terms of R and S. We find

X1 - RS
X, = S—X,=S5—RS,

Thus using these sub-results into the expression for p(g s(r, s) we find

D (T S) ﬁoq (rs)al—le—,@rs . 60(2 (S . Ts)ag—le—ﬂ(s—rs) s
R T(a) [(as)
ﬁa1+a2

— 6—,6’ssa1+a2—1ra1—1(1 o /’,,)O(Q—l 7

['(o)T(a)



Note that if we write this expression as a product with two factors

F(Oél + Oég) L . ﬁaﬁraz 5 1
— « 1 - (o) s a1+tag
P(ss)(r. ) (r@nnxagr = [la;tas)

we see that it is the product of two densities, one over fr(r) and one over fs(s). The

density over R or fgr(r) = %T““l(l — r)*2~1 s the density of a beta distributed
random variable with parameters «; and ay, while the second density over S or fg(s) =
pe1te2 efﬁssaﬁrazfl
F(a1+a2)

, is the density of a gamma distribution with parameters a; + a5 and 3.

Exercise 28 (statistics of the uniform distribution)

The uniform distribution has a characteristic function that can be computed directly

, LA |
C(t) — E(eti):/ 6mﬂ_a

1 eitﬁ_eita
B 6—a< it ) '

We could compute F(X) using the characteristic function ¢(¢) for a uniform random variable.
Beginning this calculation we have

dx

1 0¢(t)
B = |,
11 1 1 . ,
— - ﬁ — |: (zﬂe”ﬂ aezta) o Z’?(ezt,@ o ezta):| .
B 1 (Zﬂeztﬂ ztoz) _ (eitﬂ _ eitoz)
f—a { t? ] =0

To evaluate this expression requires the use of L’Hopital’s rule, and seems a somewhat
complicated route to compute E(X). The evaluation of F(X?) would probably be even
more work when computed from the characteristic function. For this distribution, it is much
easier to compute the expectations directly. We have
o1 1 227 1
= x dr = —| ==(a+0).
| agtate= 500 5| =5lato)

2

In the same way we find E(X2 to be given by
1 3 _ 3
B(X?) = - p-a
ﬁ — a 0 —« 3
—a)(f*+ af +a?)
3(8 — )
Using these two results we thus have that the variance of a uniform random variable is
Var(X) = E(X?) - E(X)?
1 1
= 5(52 +af+a?) — Z(QQ + 3+ 2a3)

(8 —a)?
12

=%wiuw+@ﬂ-



Exercise 29 (the joint distribution of the min and the max)

To evaluate the density f(y, z) we recognize that this expression means that after n draws of
the variables X; the max is the value z and the minimum is the value y. Since each of these
draws is an independent uniform random variable, unconditionally each X; has a density
given by ﬁ%a Now since once the maximum value of z and the minimum value of y are
specified all the other n — 2 draws must have values that fall between y and z. This later
event happens with a probability of ;:g So for all n draws we would have a probability
density proportional to

(z—y)"? | Gt )

(B—ay? (B—a)? (B—a)"
The above expression does not account for the fact that the draws that result from the
maximum value z (say) can occur on any of the n draws, while once the maximum is
specified the value minimum, z, can occur in any of the n — 1 draws. Multiplying the above
function by these two factors then gives

n(n —1)(z —y)"
(6 —a) ’

fly,2) =

as requested.

Exercise 30 (moments of the univariate Pareto distribution)

Since the p.d.f for a univariate Pareto distribution is given by

oxy
lalro,a) = S8 (33)
when z > zy and is 0 otherwise. Note that E(X*) will only exist the following integral
[e’¢) k [e’¢)
/ a dr = / i
I-a-i—l
xo xo
converges. The convergence of this later integral requires k —a —1 < —1 or
k<a.
We can compute various statistics for this distribution. We find
o a 0 @ —a+1 |%© —a+1
E(X) = / xaxoldx:/ ax0d$:ax3(x = axg (O—i—xo )
v LT v T —a+ 1], a—1
. (34)
a—1
Next assuming a > 2 we compute F(X?). We find that
0 —a+1+1 | —a+2
2 _ axg _ al _ e Lo
E(X) = \/xo xa_ldx—omo (TH IO—OATO (0+a_2)
2
_axg (35)

a—2°



Thus from these two expressions we can compute the variance of X and find

OAIQ a2x2
Var(X) = E(X?) - E(X)*= - _02 "o 5)2

as we were to show.

Exercise 31 (the log(X/xzy) transformation of a Pareto random variable)

Introduce the random variable Y defined as Y = log(X/xg) = log(X) — log(zg), and X is a
Pareto distributed random variable. Then the p.d.f. of Y is given by the standard formula
for transforming random variables

dx
ey €T e s
o (1) = 9x(alu) | T
and thus we need to be able to evaluate Z—Z . Using the above transformation we see that

X = z0e¥ and find derivatives of this transformation given by

d 1 d
&_Z and —x:xoey.

dr  x dy

Using this result and the p.d.f of a Pareto distribution we find gy (y) given by

gv(y) = gx(x(y))|zee?|

(07
oxg ay

— [ — -
= ——2 __q20e¥ = e
$8+16(a+1)y ’

which is the p.d.f. of an exponential random variable as we were to show.

Exercise 32 (showing that the ratio X/(Y/n)'/? is a t random variable)

For this problem we are told that X is a random variable distributed as a standard normal
and Y is a random variable distributed as a x? random variable with n degrees of freedom.
Lets begin by attempting to determine the distribution function for the random variable V'

defined as
X

i

n

From the definition of the distribution function and the p.d.f.’s of the random variables X
and Y we find

n'/2X
Fy(v) = PT{WSU}



Y1/2
= Pr {X< n1/2 }
1/2y
= / / px.y(z,y)dzdy
y=0Jz=

1/2y 22 y%—l
= ez Y2 40d
/y / _ /222"

1/2

v2y

_ Ttz [ -z
= (n/2)7T1/22n/2+1/2 /y:0y2 e /x:oo e 2dxdy.

We can determine the distribution of the random variable V' if we have its p.d.f. Since we
cannot evaluate the x integral in the above in closed form, lets take the derivative with
respect to v and see if we can evaluate the resulting integral for fy (v) = F},(v). We find

1 ony /2w’ 91/2
_ 5—1,-y/2 —5—
fV(U> - F(n/2)7r1/22”/2+1/2 /y:OyQ € e’ (nl/Q) dy
1 adR 1 v?
= F(n/2)7rl/22n/2+1/2n1/2 /y:on exp {—5 (1 + g) y} dy.

To evaluate thislet s =1 (14+ 2 ) ysothat ds =1 (14+ 2 ) dy and y = 25 to get
2 n Y 2 n Yy Yy 1+2= g

1 0 on/2-1/2 gn/2-1/2 - 2ds
fV(U) = F(n/?)ﬂl/QQ”/QH/in/Q/ 2\ 2 (n—1) ¢ 14 ¢
0 (1 + v_) 2 ( + ?)

n

144
n 1
(5 +3) 1
F(n/2)7r1/22n/2+1/2n1/2 (1 L £>§(n+1) )

n

_ 1 1 = 24+1-1 =5
= F(n/2)771/22n/2+1/2n1/2( >%(n+1) 08 e S

which is the p.d.f of a ¢t random variable with n degrees of freedom as we were to show.

Exercise 33 (statistics of ¢ distributed random variables)

When X has a t distribution with o degrees of freedom it has a p.d.f. that looks like
T((a+1)/2 2\ ~(+5)
(tloy = ~UQ D) [y | o .
(am)¥/2T(a/2) a
Then from this expression the k¥ moment E(X*) will exist if the following integral

[e'¢) [Ek
/g;_oo (1+ ﬁ)aT“dx’

[e%

converges. This later integral converges if the limiting form of —=%—+ as x goes to infinity
1422) 2
or i
x k—a—1




has an exponent on x that is smaller than —1, i.e. the function ﬁ must be smaller than
1/z or
1
xaflfk < E '
This translatesto k —a—1 < —1 or k < «.

The expectation of X or E(X) is given by

a+1

D((a+1)/2) [ 22\ ()
E(X) = (onr)l/QF(oz/Q)/ x(l—i-g) dx =0,

since this is the integral of an odd function x over a symmetric range.

[e.o]

Next we compute F(X?). We find the expression for F(X?) is proportional to the following
integral

a+1 a+1

E(X?) oc/ix2 (1+§)(2)dx:2/000x2 (1+"§)(2)dx.

To evaluate this integral lets change variables to y such that

vle o 1 (37)

yzl—i—x?/@ C1+a2/a’

so that with this definition the common expression 1+ %2 in terms of the variable y is given
by
2
1
e
o 1—y

Solving for 22 in the above transformation we find
P=a—2 s z= Va v
Y -y

Finally the differential dy in terms of dz using Equation 37 is

2
w2 (Y
(1+22/a) \a

So dz written in terms of only the variable y is given by

1 2\ ? 1 1

de=2"(1+% dy = @—76@.
a 2 Vy(L—y)3?

Using these expressions we find that E(X?) proportional to

1 o+l
2 1 1
E(X? « 2/ (a—y ) @—70[3/
X5 y=o \ 1—y 2y (1 —y)32

1
e / VI = )5 2dy
y=0

1
_ &3/2/ g2 (1 — )5 ldy
y=0

o®PT(3/2)T (2 — 1)
I'(a/2+1/2)




Putting back in the proportionality constant we see that F(X?) is given by

o T((a+1)/2) o*’T(3/2)L(5—1)
BX7) = (am)'20(a/2) TD(a/2+1/2)

or using the fact that I'(a/2) = (a/2 — 1)I'(a/2 — 1) and ['(3/2) = 1/2I'(1/2) = % we have

E(XQ):Q(%_1>:Q_2. (38)

Thus since F(X) = 0 for a t-distributed random variable the expression for E(X?) also
equals the variance.

Exercise 34 (the P.D.F. of the ratio of normals is a Cauchy distribution)

As stated in the problem, let X; and X, be distributed as standard normal random variables
(i.e. they have mean 0 and variance 1). Then we want the distribution of the variable
X1/X5. To this end define the random variables U and V as U = X,/ X, and V = X,. The
distribution function of U is then what we are after. From the definition of U and V' in terms
of X7 and X, we see that X; = UV and X5 = V. To solve this problem we will derive the
joint distribution function for U and V' and then marginalize out V' giving the distribution
function for U, alone. Now from Theorem 2 — 4 on page 45 of Schaum’s probability and
statistics outline the distribution of the joint random variable (U, V'), in term of the joint
random variable (X7, X3) is given by

- a(l’l,l'g)
g(u,v) = f(x1,22) Duv)
Now
(1, x2) v ou ol
O(u,v) 0 1 ’
so that

g(u,v) = f(z1, 22)|v] = p(z1) p(22)|22]

as f(x1,22) = p(x1)p(xs) since X; and X, are assumed independent. Now using the fact
that the distribution of X; and X, are standard normals we get

1 1

g(u,v) = o exp(—é (uv)?) exp(—% v?) |v.

Marginalizing out the variable V' we get

00 | [ 1
g(u) - / g(ua 'U)d’l} = — / v 675(1+u2)v2dv '
a 0

0o ™

To evaluate this integral let n = 4/ ”—2“2 v, and after performing the integration we then find

that . .
g(u) = P <1+u2) '

Which is the distribution function for a Cauchy random variable.




Exercise 35 (a geometric example with the Cauchy distribution)

From the geometry of the problem we note that tan(f) = ¥ = y. Here f is a uniform random
variable with a domain of (—g, —i—%) and we have a p.d.f. given by gg(f) = =. To transform
this p.d.f from the random variable # to the random variable y recall

From the form y = tan(f) we have % = sec?(f), so d—y = seC%(G)' With this and using the

identity sec?(f) = 1+ tan®(6), we see that the p.d.f gy (y) becomes

go(9) L1
gy (y) = #ﬂ%é’):; (1+y2) ’

which is a Cauchy distribution.

Exercise 36 (the ratio Y—/ﬁ has an F-distribution)

Let X be a x? random variable with o degrees of freedom, and Y be a y? random variable
with § degrees of freedom, then we claim that the expression

X/a
—, 39
v/ )
is a F' distributed random variable with parameters o and 3. To show this introduce the
random variable V' = X)ST/E and lets attempt to derive its distribution function. We have
Fy(l) = Pr{V <I}=Pr{X < 2v1}

&

Fyl
= / / (x)dxdy
y=0

oy ,6’/2 1 a/2
— / /B 1€f%y (2) x%flef%xdxdy
y=0 Jz=0

g ['(a/2)

2 (5/2) (04/2) y=0 z=0 '

Since we cannot evaluate the inner integral in closed form we will take the derivative of Fy/ (1)
with respect to [ and derive the probability density function fy (1). We find

atp

_ = ()T L [T e (2} st oy
foll) = Fv(”‘(z) r<a/2>r<ﬁ/2>/yoy ‘ (5) yrm et gy - dy

a+p3 a
_ (I 12! a\? [T asy —3(1+50)y
- (2) T(a/2T(3/2) (ﬂ) /y e Ty



To evaluate this integral let v = % <1 + %l) y, then dv = % <1 + %l) dy, and we get
1\ 2" [271 a2 1 a8,
w0 = (3) " s (5) — [ e
F(“T“’)aa/%ﬁ/? Jo/2-1
L@/20(B/2) (51 a))F

or an F' distribution with o and (8 degrees of freedom.

Exercise 37 (transformation of F' distributed random variables)

Part (a): Consider the transformation y = 1, then
dy 1 dz 9
=T %0 i —z°.
Thus
dx

dy
1 F(%ﬂ)aaﬂgﬁ/? yfa/2+1

v2 D(@/2)0(3/2) (8 4 a/y)F
F(O‘T’Lﬂ)ao‘ﬂﬂﬁﬂ yﬁ/271

L(a/2T(8/2) (a+ py)* 2"

which is an F' distribution with parameters § and « as we were to show.

gy () = gx(z(y))

= gx(z(y)) |-z (y)?|

Part (b): Next consider the transformation y = z?, then

dy dx 1 1
— =2T S0 —=_—=_—.
dx dy 2z 2\/y
So the p.d.f of y is given by
dx

gv(y) = gx(z(y)) o
)
= 2\@9)( Ty

1 T((a+1)/2) yy ()

27 (am) 2T (a)2) (1+2)

I((a+1)/2)a?  y 12
(am)2T(e/2) (a+y) T

which is an F' distribution with parameters 1 and « degrees of freedom as we were to show.




Exercise 38 (transformation of beta distributed random variables)

Consider the variable Y defined in terms of X by

oz
- Btax’

Y (40)

Then we have the derivative of y with respect to x given by

dy  « a’x B af
dr~ f+ar (B+azx)? (B+ax)?’
and
dr (B + ax)?
dy  af

From Equation 40 we have that x in terms of y is given by

. (g) " (41)

Then since X is distributed as an F' random variable with parameters o and [ its density
function looks like

L(5+5) a2 30/ x>

O Faprop ™ G e "

When X is given by Equation 41 we see that the term in the denominator above looks like

srans(iLy)

ro/2—-1 573/271 ya/zﬂ
(ﬂ —+ ogx)(a-l—ﬂ)/? - ao/2—1 (1 _ y)_g/g_l .

In addition, the derivative is given by

1 Y Q_ﬁ 1 2
—@(ﬁ”m) —a(fy)‘

Thus when we put everything together we get

SO

da
dy

ov(y) = gx<x<y>>fl—j
_ F(a/Z+ﬁ/2)aa/2ﬂﬁ/2ﬁ*5/2*1 yo/21 B 1
C(a/2)T(5/2) ac=l (1 —gy) B2 1o (1 —y)?
_ F(Oz/2+ﬁ/2) a1 NEo
= e 7Y

which is a beta distribution with parameters § and g as we were to show.



Exercise 39 (expectations of F' distributed random variables)

To have E(X*) converge when X is given by a F distribution with parameters a and 3 given
by Equation 42 requires that the integral of an expression like

rkpe/2-1 kB2
(B+ az)*
converge. This requires that as a function of x is has an exponent less than —1, which means

that k& — g — 1 < —1 or solving for 3 that
B> 2k. (43)

Next we compute the expectations E(X) and E(X?) using the functional form for the p.d.f.
of an F' distributed random variable with parameters o and ( given by Equation 42. For
E(X) we have

E(X) dx

r(aTﬂf)aa/%m S 202

I(a/2)T(3/2) fgo(ﬂ-+<xxﬂa+ﬁﬂ2
B I‘(O‘_Jrﬁ) a/2ﬂﬁ/2 (a‘l_a/Qﬂl_ﬁ/QF(l+a/2)F(—1+ﬂ/2))
~ T(e/2)T(8/2) [(a/2+ 3/2)

(14+a/2)T(-1+5/2)
Eﬁ% /204/2 /2) (ﬁP/(Q)l p/2)
(cv (a -1+
o ['(a/2)
@

2 (32— 1T(B2—1)
1 p
2(6/2-1)  p-2
Note that by Equation 43 to have the expectation integral converge requires that 5 > 2. For
E(X?) we have

E(X?) dx

P(E)ag v o
I(a/2)T(3/2) /gc o (B + ax)leth

_ I%%#ywﬂﬁw2(aﬂﬂﬂ%ﬂ%ﬂr@+«wmr«a+wwm)

[(a/2)T(3/2) [((a+ 5)/2)
_ 5_2(1+a/2)(a/2)1“(a/2) ‘ (=24 3/2)

a? T(af2) (—1+ B/2)(~2 + B/2T(~2 + B]2)
_ Ba+2)

a(B-2)(F 1)

Again note that by Equation 43 to have the squared expectation of X integral converge
requires that 3 > 4. To compute the variance we use the standard formula involving F(X?)
and E(X) of

20%(a+ 3 —2)

a(f—4)(B-2)*

when we use the above expressions. The needed integrations for this problem can be found
in the Mathematica notebook chap_4_prob_39.nb.

Var(X) = B(X?) — E(X)? =



Chapter 5 (Some special multivariate distributions)

Notes on the text
Notes on the Dirichlet distribution

Given the result that for a Dirichlet distribution the expectation of powers of the random
variables is simple to compute using

E(X{l . XI:k) _ F(ka1 ai) . Hf: F(ai + Ti) (44)
[Tici Tlew) T (i + 1)

we can compute the simplest statistics for components of the Dirichlet distribution. To
simply the notation in the following we define oy = Zle ai. Then we can compute some
simple statistics of the components of X when X is distributed with a Dirichlet distribution.
For example to evaluate E(X;) we have r; = 1 and r; = 0 for all j # i. Then we find that

p(xy - Deol@+ DIT D) | Tlag)  Dlow+ 1)
Y I Tl (o + 1) T Dlao+1)  Tl(w)

J=1

Since I'(x 4+ 1) = zI'(z) the above becomes

E(X;) ==, (45)

(&%)

which is equation 6 in this section. To compute Var(X;) we need to compute F(X?). Using
the same technique as to compute F(X;) we have

I'(ao) ‘ H?:l;j;éir(aj) T(ai +2)
IT)-: T(ey) T(ao +2)

_ - I'(ao) T(ei+2) e +1)
= (oo + 1)l (ap) I(v) - aolag + 1) (46)

B(X?) =

Using this we can compute Var(X;) as

Var(X)) = B(X?) — B(X,)? = % - Z_g : % , (47)

which is the result quoted in the book. The final result we will derive is Cov(X;, X;) to
compute this we need E(X;X;). We find

I'(a) Hf:l;l;éi,j I'(ag)l(e; + DM (e + 1)

BXX5) = 15, T(a)T(ao + 2)
040(049 + 1) ['(oy) ['(ay)

Oéo(Oéo -+ 1) ’



Thus we find

Cov(X;, Xj) = E(X;X;) — E(X;)E(

(071871

_ag(ao +1)’

the same as claimed in the book.

Notes on the multivariate ¢ distribution

(071871 (071871

ap(ag + 1)

2
Qg

Recall that if we know the p.d.f of the vector (y, z) but want the p.d.f of the vector (x, z) it

is given by

gX,Z(X> Z) = gY,Z(Y> Z)

To use this we need to compute

oy Oy
Oxr1  Oxa
dy2  Oy2
a(y Z) Ox1  Oxa
O(x,2) 8_@'% Ay
Ox1  Oxa
9z 9z
L Oz Oz
. z 1/2
Since Y; = (£)"" (X; — p) we see that

aY; { 0
5 = 1/2

Ox; (%)

oY, 11

0z 2%

0z
= 0V
8&% !
0z
— = 1.
0z
Putting these expressions into ggj we have
r (2)1/2 0
" 1/2
0 z
oy | 0 W
(%, z) :
0 0
. 0 0

From this expression we see that the determinant of this expression is given by (Z)

LF ]

l

(v, 2)
d(x, 2)
Oyi Oy ]
oxy, 0z
Oy2  Oya
oxy, 0z
Oyr  Oyk
oxy, 0z
0z 0z
oxy, 0z

2_1/2(Xi — /LZ) vV 1

1.1
2Vn

3?1 (Xa — po)
% 1 2_1/2(Xk _,Uk)
1

B

Gz (X =) |

k)2

n Y

as

claimed in the book. Thus when we put in the known p.d.f for gy z(y, z) we have

2\ k/2
QX,Z(X,Z) = gY,Z(YaZ) (ﬁ)



— @) P exp {—; (2) e~ wyT(e - u)}

[Qn/zr (E)T L(n/2)-1 _Z/g< )W
2 n

1/2 5
- (27Tn)k‘/‘27;|”/2F (n/2) P {_% <ﬁ) (z =) T(x = “)} ' (50)

or the books equation 6. Since we ultimately want the p.d.f of X by itself we need to integrate
Z out of gx z(x, z). To do this we will use the following integration identity

/OO S tk=2)/2,-Qzq. _ T (n + k) Q- (n+k)/ (51)
0

To prove this equation let £ = )z so that that z = é and dé = Qdz and the left-hand-side
of Equation 51 to get

n+k 2)/2 % _ # &) §(n+k)/27167§d5 _ F n + k Qi(n+k)/2
Q (n+k— 2)/2 Q Q(n+k)/2 0 2 ’

which is the desired expression. Thus using this integral and the books notation for the
constant ¢ we can compute gx(x|n, u,T) as

X

gx(x|n, pn,T) = / 9x,7(x, z)dz
0 o
_ / (nk=2)/2,~ 4 (14 2 () T )z g,
0
n+k)

— T (";Lk) [1+%(x—u)’T($—u)}(2 ;

the same expression as in the book. In summary then, the p.d.f of a k-dimensional multi-
variate t-distribution with n degrees of freedom, a location vector u, and a precision matrix
T is given by

=)

n+tk 1/2 ’(
L (52) 11 [1 - %(a: —w)T(x — u)} : (52)

gx(x|n,,u,T) <Q) TL?T k/2
2

Notes on the bilateral bivariate Pareto distribution

Since the computed marginal distributions for X; and X, derived in Exercise 23 and ex-
pressed by Equations 98 and 99 are univariate Pareto distribution we can use the expecta-
tion for a univariate Pareto distribution given by Equation 34 to derive the expectation of
the marginals of the bivariate Pareto. As such, since ro — X; is a univariate Pareto from
Equation 34 we have that
a(ry —ry)

a—1 7
or since rq is a constant in the expectation this becomes

E(Tg — Xl) =

alre —ry)
a—1

- B(X)) =

Y



so solving for F(X;) we find

B(X)) =1y — afry —ry) _ari—n

53
a—1 a—1 (53)

Using the expression F(X?) for a univariate Pareto distribution given by Equation 35 on
the variable ro — X; means in this case that
a(ry —r)?
E(lry— X)?) = ———~—
(s = X)) = 2=
Expanding the quadratic expression on the left-hand-side of the above gives
a(ry —ry)?

rs —2ryB(X)) + B(X}) = R

Putting in the known value of E(X;) given by Equation 53 above gives the following expres-

sion for F(X?). ,
T3 — 21y (704;1_—17“2) + B(X}) = 704(72 : ;1) .

When we solve this expression for E(X?) we get

ala —1)r? — 2aryry + 2r2

From which we can get that Var(X) is given by
_ 2y 2 _ a(ry —m)?
Var(Xa) = B(X]) = B = 220 s (55)

Next we will perform the same manipulations as above but for the marginal distribution of
X5. Since from Exercise 23 and using Equation 34 we have that

a(ry —ry)

E(XQ—Tl): a—l

or since 7y is a constant we can solve for E(X3) to get

(rg—r1)  arg—rm

B(Xy)=m + 2 (56)

a—1  a-—1

Using E(X?) for a univariate Pareto distribution given by Equation 35 means in this case

that )
B((Xz —1)%) = B(X3) — 2 E(Xy) + 17 = O‘(ij%gl)

Putting in the known value of E(X3) given by Equation 56 gives the following expression we
must solve for E(X3).

2

arg — T a\Tg — T
E(X2) - 2r, (TQ— ; 1) tri= 7(;_21) .



We can solve this for £(X%) to get

ala —1)rE — 2ariry + 2r?

E(X3) =
and then use this value to get Var(X,), where we find
_ 2y _ o a(r— ri)?
Var(Xa) = B(X3) = B(Xa)* = = e (58)

Some of the algebra for these problems is worked in the Mathematica notebook
bilateral Pareto_Derivations.nb.

Exercise Solutions
Exercise 1 (independent Poisson random variables that sum to n)

For this problem we are asked to evaluate P(X| Zle x; = n). To evaluate this recall the
definition of conditional probability

P(X’ Zf:l Li = n)
P(Zf:l T; =n) ‘

Since each component of the vector X is an independent Poisson random variable we can
compute the expression P(X, Zfil x; = n) in terms of products of the densities of the

components z; as

(il ;! (n— 25;11 zj)!
If we introduce the non-random variable x; defined in terms of the earlier variables z; for
1<i<k—lasxzr=n-— 25;11 x;, the above simplifies to

P(X\in:n):

k

k 67)\2‘)\@
P(X,in:n):H a:»'Z .
i=1 v

i=1

Next we need to evaluate P (Zle x; = n). This is greatly simplified if we recall that the sum
of independent individual Poisson random variables with parameters \; is another Poisson
random variable with parameter Zle Ai. Thus

k

k —Z?=1 Ai o)
P(Z T = 77,) _ € (Zz:l l) ‘
=1

n!

Using these two results we find

P(X| Xk: ) f[ A "
xl =N _— .
— ;! e~ XA (SR )

=1 =1

_ n! [T, AT
xplag! - xy! (Zle X))




. k .
Since n =) ,_, x; we can write

Thus using this P(X| Y. | 2; = n) becomes

k ! Ko
P(X| le =n) = — 'n ; : H’:%c ——
=1 T1' Tl T H (Z /\j)xz

i=1\2j=1

k i
ilzyl oyt 1 ((Zfl Aj)> ’

which is the P.D.F. of a multinomial distribution with probability p; given by

as we were to show.

Exercise 2 (the characteristic function for a multinomial distribution)

The characteristic of an n-dimensional random variable X = (X, X, -+, X)" is a complex
valued function of defined at each point ¢ = (t1,ts,- -, tx) given by

Ct)=E (aﬂx) . (59)

In this case this becomes

n n n

n! - iy
_ 1,72 T it' X
() = Z szi'x o Pr P2 Py €
21=0 22=0 =0 1ev2s k-
! i+ " it
— Z Z Z o '(p1621)x1(p2622)x2...( it )T
21=0 22=0 =0 1ev2s k-

Using the multinomial formula this becomes

(1) = (Z pje“f> , (60)

as we were to show.

To compute E(X) lets consider E(X;) the componentwise expectation for i = 1,2,---,p

then
n
E(X;) = E T Tps2 - opik
( Z) (xlax27”'7ajk)p1p2 Pr



We can simplify in this case the coefficient in the above expression as follows

n n!
\ mL, Ty R LRE A RERE A
B n(n —1)!
o oyl (2 — 1)y
—1)!
_ (n—1)!
! (= D)y

Writing pf* = p;pl*~' we can express E(X;) as

n—1 .
PO =3 (T R
X

Where the sum is over the vectors X = (x1,---a; — 1, -+, )" such that

To simplify this, simply rename the x; — 1 variable something like Z; and we now have sum

n—1 z & T
E(Xi):npi2($1 N )p11"‘P2“‘pkk'

< “Tist Tk
The sum above evaluates to one and we get

In vector form this, equation is F(X) = np. We can also argue the correctness of this
expression by defining an event F; to have occurred when we increment our ith counting
random variable X; from X; to X; + 1. Then the event E; happens with probability p;
and does not happen with probability 1 — p;. When dealing with the event E; by itself,
the variable X, representing the number of events F; that happen in n trials is a binomial
random variable, and has the known expectation expression given by Equation 61.

In computing the variance recall that Var(X;) = F(X?) — E(X;)? = E(X?) — (np;)?, thus to

evaluate Var(X;) we need to be able to evaluate F(X?). This later expectation is given by

n )
E(X2) = 2 T1T2 o Ti Tk
( Z) ||Z$Z<x1’x27...xi’...xk>p1p2 b; pk
rl=n

In this sum we have used the notation |z| = n to mean the vector of elements of x must have
components that sum to n or
T+ 2o+ -+ T ="n. (62)

Note that in the above we can separate this sum out into two parts. The first where z; =0
and the second where x; # 0 as

n )
E(X?%) = 2 T1pT2 o Ti Tk
( Z) Z IZ(x1’x27...xi7...xk>p1p2 pz pk

2 n T, T2 T T
-+ E €Ts P Psy ceepSteeep
k
! T1,T2, T, Tk !



But this first sum is zero by definition leaving just the second sum. In this second sum
consider the leading coefficient. Since x; # 0 we have

2 n _ 2 n!
L TR T i el )
X1 ,Tg, Ly s Tk rilxg! x;! X!
(n—1)!
= Nnx; ,

so our expectation expression becomes

2 _ , n—1 T1,T2 L Ti Tk
E(X7)=n Z xl(xl,xQ,"'(xi_]_),"'I'k)p1p2 p; P -

|z[=n; z;#0

Lets write the variable x; as x; — 1 4+ 1 and then split the above single sum into two sums as

E n—1 o i
E(XZQ) = N (xl'_l)(x17x2’...(xi_1)’,.‘xk)p11p22...pf-..pik (63)
|z|=n;z;7#0
77,—1 Tr1,,.T2 x; T
+ n §: ($1>$2,'--(xi—1),---xk)plp? D; PR (64)
|z|=n;z;7#0

For this first sum we can use the same trick as before in that we can break this sum up into
two pieces, in this case sums when x; = 1 and sums when x; # 1. Since all the terms have a
coefficient x; — 1 we see that when we perform this decomposition the sum over the points
where z; = 1 has each term vanish and we can write E(X?) as

2 f— . — n_]_ $1 $2-.- in-.- :Bk
BE(X;) = 7”L||_ E#Ol}(% 1)(%’%27._.(%_1)7.”%%)P1P2 p; Dy
n—1 T1, T2 T Tp
+ n||_ZA;£O<x1’x27...(xi_1)7.,,xk)p1p2 pz pk .

The coefficient of the expression in the first sum (since x; # 1) can be written as

n—1 (n—1)!

(n—2)!
= (n—1
(n )xllxgl---(xi—Q)!---a:k!’
and we get for E(X?) the following
BE(X?) = n(n-1 Y n=2 PEDEE < g (65)
v x17x2’...(xi_2)’...xk 1 £2 e k
|z|=n;z;#{0,1}
n o 1 xl IQ DY $i DY $k
+ n_Z.#O(xbx%”(%_l)’_”xk)p1p2 P mit (66)

We’ll now show how to evaluate these two remaining sums. For the second sum given by 66
above recognize that the constraint that |x| = n and z; # 0 means that none of the other



values of z; (j # i) can equal n, since if they did the sum constraint would require z; = 0,
which is forbidden. Thus the range of the other variables become 0 < z; <n — 1, for j # 1.
Next in writing constraint |z| = n from Equation 62 requires

$1+[E2+"'+(I‘i—1)+"'+xk:Tb—l.
If we introduce a variable T; = x; — 1, this constraint becomes
ri+ao+---+;+--Frp=n—1.

where Z; (since z; # 0) now takes the range 0 < Z; < n — 1 as all the others. Thus we end

with the sum
§ : n—1 T, T T;+1 Ty
n ~ p11p22...p,1 ...pk ,
5 (J;l?x??”'xi?”"rk) !
|Z|=n—1
or
77,—1 xr1 . To T; T
np; Z - pl p2 plpk = np;,
N (xlax27”'xi7"'xk> !
|Z|=n—1

Since the final remaining sum is evaluated as (p; +ps + - -+ p)"~! = 1 by the multinomial
theorem. We can do this same trick with the first term given by 65 above. In this case the
same logic show that since x; # 0 we can introduce &; = x; — 1 and obtain the constraint

x1+x2+---+fi+---+xk:n—1.

where all variables are restricted to the domain [0,n — 1]. Since x; # 1 also this means that
Z; # 0 and thus z; # n — 1 so the above constraint requires that

Tzt (@ -1+ Frp=n—2.
or
Tytrot Tt T =n— 2.

where #; = Z; — 1 and all variables above constraint are now in the domain [0,n — 2]. Thus
our first sum becomes

_ n—2 T1, T2 Zi+2 Ty _ 2
n(n 1)|A_ZQ<CU1,IB2,"'@,“-CE1€)p1p2 D; ppt =n(n—1)p;,
since after we factor our p? the sum above simplifies to (py + pa + -+ pp)" 2 =1""2 =1
by the multinomial theorem. Combining these two expressions we finally arrive at

Var(X;) = B(X}) — BE(X;)? = n(n — 1)pi + np; — n’p? = npi(1 — p;), (67)

(2

as we were to show.

As the final part of this problem we will compute Cov(X;, X;). From its definition we
can show that Cov(X;, X;) = E(X,;X;) — E(X;)E(X;) so that given what we have already
computed we need to now compute E(X;X;) to evaluate this. This second expectation
becomes

n ) T
E(X.X)) = . T m Tk
( v J) ZIZI](x17x2’...7xi7...’xj’...xk)pl pl p] pk

|z|=n



In this last sum we can restrict the values of x; and x; such that they are greater than or
equal to one. We can write the multinomial coefficient in the above as

n

;T =n(n—1) n=2
I L1, Xy 3Ly L5, Tk N Z’l,xg,"',(Ii—l),"',(xj—]_),"'l'k '

As we have done before by introducing the variables z; = x; — 1 and Z; = z; — 1 we find
E(X;X;) is given by

n—2 741
E(X;X;) = n(n—1) Z (961 By i B mxk)p:fl. pfit. ~-p‘;ﬂ+ Cpte

= iy, i,
= =n(n- )png
Using this expectation we can derive the value of Cov(X;, X;) as
Cov(X;, X;) = n(n — )p;p; — n’*pip; = —npip; (68)

as we were to show. Note that since from the expression for the covariance derived above is
valid for ¢ # j if we sum across the ith row we have that

Z Cov(X;, X;) Z npip; = —npi(1 — p;) .

J=Lig#i J=Lig#

when we add this to Equation 67 we see that the row sum of the ¢th row for each i is zero.
Thus since a non-zero combination of the columns of this matrix sums to the zero vector I
would claim that the covariance matrix is singular.

Exercise 3 (adding independent multinomial variables with the same p vector)

Recall that the sum of independent random variables has a characteristic function that is
the product of the characteristic functions for the individual random variables we have that

CX1+"'+X’I‘ (t) - H CXi (t)
i=1
where in this case we have (y,(t) given by Equation 60, with n = n,;. Using this expression

we have
r k ni k 2z
CXipetx, () = H (Z pje’” ) = (Z pje’” ) :
i=1 \j=1 j=1

which is the characteristic function of a multinomial distribution with parameters Y\ n;
and the same probability vector p as all of the component multinomial random variables Xj.



Exercise 4 (the normalization of the Dirichlet distribution)

We will begin by attempting to transform the p.d.f of X € R*~! into one for Y € R*'. To
do this we will use the general transformation between p.d.f’s given by

gy (y) = gx(x(y))

ox
dy

Note that for the given “direct” transformation between z; and y; we can derive the inverse
transformation as

Thus we find g_x
Yy

Thus with this change of variables the integrand of 7 = [[F_, z

€

X2

€3

Xy

Tk—1

(1

ox
Jy

—(1 - y2)y3

k—2
=2

n
(1- 951)92 = (1 - yl)?b
(I—a—2)ys =1 -y — (1 —y1)y2)ys =

(L —y)(L— )1 —ys)ya = wa [ J(1 - w)

(1- yl)(l - y2)(1 - y3) T

3

J=1

(1 — yp—2)yr—1

k—2

=yt [ [ =)

j=1

0
0

a (k—1) x (k—1) lower diagonal matrix given by
1 0
Y2 L=
—(1—y1)ys

(1‘— yj)> Yr-1

A

- <H§;12;j;é2(1 - yj)) Yr—1

(1 —=y1)(1 —52)

2

j=1

- (H;:ij;ég(l - ?/])) Ye—1

The determinant of this matrix is the product of the elements on the diagonal and we find

L-(T=y1) (T —y)(L—y2) - (L —y1)(L —y2)(L —y3) - -~

(1—y)" (1 —y)" (1 — y3)*

k—1
H (1—1y;) Ye=i=L,
7j=1

Jj=1

(1= yr—3)®(1 — Yo

zlz

a—x'dy,

k

2

(1—y;)

= i (=)™ e (=) (L =)™y

k—2 ap-1-1
X (?Jk—l [Ta- yj)) !

L=yt —y)ys = s [ (1 — )

k—2
1=

(69)

our integral becomes

(70)

)

g

- ?/j)




Note that in the above expression we can write the variable x; in terms of the variables y as

vy = l—x —29—23— - — Tp—2 — Ty
= 1-p—0=y)y— 1 —y)d—y)ys — -

(1 - yl)(l — o)+ (1= yk73)yk72 - (1 —y) (1 =)~ (1 — Yk—2)Yk—1
k—1

= JIa -y (71)

J=1

Thus using Equations 69 and 71 in Equation 70 the integrand Z above becomes

k—2 op—1—1
T = g (=)™ s (L= )™ (=)™ g (y’” [Ta- ya'))

j=1

X

k—1 e |
(H(l - yj)) X H(l —y;) !

ar1—1, as—1 Ozgflh ap_1—1

= Y Y2~ Y3 Yp—a
Koo koo koo _ _
x (1— yl)zlﬂ @] — yg)zi:3 i1 — yg)zi:wl R B P e el O B VARS LU

Note that in the product above we have a natural pairing of the factors yf‘i_l and (1 —

yi)2§=i+1°‘j ~! for each value of i in 1 <4 < k — 1. Thus is the multidimensional integral we
are attempting to evaluate decouples into the product of £k — 1 univariate integrals we have
to evaluate k — 1 of the following integrals

1
/ (1 - yi)2?=i+1 @~ dy;
y;=0

=

To do this recall the definition of the Beta function B(a,b) given by

[(a)L(b)

B(a,b) = /0 211 — x)lde = Tath)

Then we see that the integral above is given by
k
[ ()T <Zj:i+1 aj)
- )
r <Zj:i O‘J’)

With the evaluation of these sub integrals the integral of the entire multidimensional integral
thus becomes the product of £ — 1 of these results or

k=1 T(q;)T (Z?:iﬂ aj> - <k1 | ) k=1 T <Z§:H1 ozj>
};[1 r <Zf:i Oéj) B EF( ! ’1;[1 a (Zgzi aj)

This second factor above is like a “telescoping series” in that if we write it out we see that
a great many terms cancel as follows

r <Zf:2 %’) . r <Zf:3 Oéj) . r (Zf:z; %‘) r (Z?:k; %’) _ o Tlw)
r <Z§:1 O‘j) r <Z?:2 aj) r (Z?::s aj) r <Z?=k71 aj) r <Z§:1 O‘j)




In summary then we finally find that

//S (ngi*) day -+ - dap_y = FTE;;(C%))

j=1%
as we were to show.

Warning: I'm not exactly sure how to show that the multidimensional integral above
decouples into £ — 1 univariate integrals. Perhaps this would be revealed if one considers a
point case where we have a small value for k, say £ = 2. One could then generalize the small
value of k procedure to the case of arbitrary k. I have not had time to look into this in more
detail. If anyone knows how to show this please contact me.

Exercise 5 (the ratio of X; to the sum of X;)

Part (a): We are told that X; are independent random variables with a gamma distribution
with parameters «; and the same value for 5. Lets define Y; in terms of X, as
Xi
Y, =
X1+X2+...+Xn

Note that it looks like we have n random variables for Y but if we introduce the random
variable Z defined as .
Z=> X,
i=1

then given (X7, Xs, -+, X,,)" we can determine all of the variables (Y1,Ys,---,Y,, Z)". In ad-

dition, given (Y1, Y, -+, Y, 1, Z)" (note no Y,, variable) we can uniquely determine (X7, Xo,---, X,,)".
Thus we will use the p.d.f. of the vector X to derive the p.d.f of the vector (Y1, Y5, -+, Y, 1, Z)".

We can then integrate out the random variable Z to determine the p.d.f of (Y1, Y5, .-+, Y, )"

Since X;’s are independent Gamma random variables we have that

n o
— /8 ! O(i—l —ﬁ:l,'i

(o)

gx ()

If we define ag = )", ;, the p.d.f above becomes

g S\ TT st
gx(e) = o (e ) [
[T—: T'(e) ZI_II

We will next transform this p.d.f to one over (Y3,Ys, -+, Y, _1)" by using

ox
oy, z)

Fovy(¥:2) = Fx(x(y,2)) ]

/



To evaluate the Jacobian of the above transformation we need the explicit transformation

from (y, z) to x. We have

X, = 2Y; for 1=1,2,---,n—1

n—1 n—1 n—1
X, = Z—ZXZ»:Z—ZZYZ-:Z<1—ZYZ»
i=1 i=1 i=1
Thus we see that
0X; 0 i#j
oy, |\ Z i=j
0X; .
57 = Y, for 1=1,2,--- n—1
0X,
= 7Y,
oY J
aXn n—1
= 1- Y.
o7 2
Thus we find
[ Z 0 0 --- 0 Y:
0 Z 0o --- 0 Yo
ox 0 0 Z - 0 Y
oy, z) : : :
0 0 0o --- VA Y, 1
| —ZYi 2V e =2V 1_22:11

) |

Yi |

We need to estimate the determinant of this expression, which seems complicated at least
I don’t see a way to evaluate it that will result in an a-priori simple expression. Note: if
anyone sees a way to evaluate this determinant simply please let me know. To get around

this problem lets see if the expression for 6%’)’:)

derivative of that expression. To evaluate that derivative note that

o, 0 (X [ £ j=i
oxX;  ox;\Z) L0 j#i

oz
a—)(j = 1 for j:1,2,"‘,n
Thus in this case we have
[1/Z 0 0 0 0]
o 12 o -~ 0 0
oy, 2) 0 0 1/Z -+ 0 0
ox : IEP :
0 0 0o - 1/Z 0
i 1 1 1 1_

is any simpler. Maybe it is easier to take the



This matrix has a simple derivative, since it is lower triangular and is given by (%)n_l. Thus

ox

the determinant we need )m’ is the reciprocal of this value or Z"~1. Using this derivation

we finally find our density function fry z)(y,2) is given by

fxn(y,2) = ﬁ (e777) (H(ZYZ-)O‘il) Zon1 <1 — ZK) Zn1

i=1 =1
n—1 n—1 an—1
s i) (-5
== - Yo 1->Y; .
[Tizi T(ew) i—1 i=1

Next lets integrate out Z to derive the desired p.d.f of just (Y7, Y2, -+, Y,_1). The expression
we have to integrate is given by

/ 20 e PEdy = 37T (),
0
when to evaluate this we make the substitution v = 2. Thus we find
an—1
F(Oéo) n—1 . n—1
o (y) == —~ Y™ 1- Y; 5
[Tz Do) (g zz:;

which is the p.d.f of a Dirichlet random variable as we were to show.

Part (b): Warning: I don’t see that this part is any different than Part a except in that
here we are only considering the first r elements of X. It seems like even in this case the
arguments above will still hold. If someone sees where I am wrong please contact me.

Exercise 6 (order statistics of a uniform random variable are Dirichlet)

One can show [3] that the joint distribution function for the order statistics Y = (Y1), Yi2), -+, Yin))'
when each y; is drawn from a p.d.f given by f(y;) is given by

Iy Yy Yo U1, Y205 yn) = 0l f (1) f(y2) - fyn) for y1 <yo <o <yn.  (72)

Then given the transformation from y; to z; for i = 1,2, - - -, n lets derive the density function
of gz(z), where Z = (Zy, Zs,- -+, Z,)". We have that

1 0
1 1 0
9z _ 0 —1 1 ,
dy
. -
I 0 —1 1




which is a matrix that has +1 on its diagonal and —1 on its subdiagonal. The determinate
of this matrix is 1" = 1. In addition, since the y; are originally drawn from a uniform
distribution where the component densities in Equation 72 are given by f(y) = 1 we find
that

9z (Z) = n! )

Note that this is a Dirichlet process with o = 1, since a Dirichlet process over the expanded
set of points (21, Za, -+, Zy, Zny1) (this last point is a dummy point equal to Z,;; = 1 —
>y Zy,) when o = 1 is given by

F(Oél +oas+- -+, + Oén+1) ar—1_as—1 -Za"_lzanﬂil _ F(n -+ 1) o
F(Oél)F(OéQ) s F(an)r(amrl) ! 2 " ntl 1l ’

9z(z) =

as claimed.

Exercise 7 (what is the mean and covariance of a multidimensional Gaussian)

These two expressions can be derived in a number of ways. One way is by direct integration.
For example

B = [en s o { - fx— mc- ) fao

= G P [ e { -3 S - o

= ) P [ e {50 s x- ) f
+ ptem e [ exp{—§<x—u>'z—1<x—u>}dx
= 0+p=np.

Where the line above last is because of symmetry. An another way to derive this result
is to recall that the mean and the covariance can be obtained by evaluating derivatives of
the characteristic function at the vector point 0. Since the characteristic function for a
multidimensional Gaussian random variable can we written as

C(t) = exp {n'u _ %t’Et} | (73)
Since to expectations in terms of the characteristic function can be computed as
(1) - s [ 0]
ey 1 no | Tt 0 2ty - - - Oy,
We begin by computing E(X;) using this method. We find

1)
=7 o,

(74)

t=0

E(X;)

t=0



Since

C() = exp {Zt,,u — §t/2t} (Z,u] — ie;Zt — étlzej)

1
= exp {it’,u — itlEt} (ip; —t'Se ) .

Evaluating this at t = 0 gives E(X;) = u;. Next to compute Cov(X;, X;) we need to compute
E(XZXJ) We find

1 [0%¢(t)

BX:X5) = 3 [atiatj]
— _i it p—t'St o I

= o, [e (104 tZez)}

= — [eitl“_%tth(iﬂj — t’Ze])(z,uZ - t'Zei) + €it/ﬂ_%tl2t(—€j26i)i|

t=0

t=0

t=0
— [ip;(ips) — e;Xe]
= il + €iE€j .

In the above any ¢ subscript is an index and not the imaginary unit. Now the ijth component
of ¥ is given by E(X;X;) — E(X;)E(X;) which can be computed via

Yij = piph; + eiXe; — pip; = e;e;

or the ijth element of the matrix > as we were to show.

Exercise 8 (the marginal of a multivariate Gaussian is also Gaussian)

To show that the vector X, = (Xj,---,X,) has a multidimensional normal distribution
we use the fact that if X has a multidimensional normal distribution then AX also has a
multinomial normal distribution. To use this theorem we pick A so that it selects only the
first r components of X. We can do this we take A given by

A= [ Iy Orx(kfr) } )

or an 7 X r dimensional identity matrix “prepended” to a r x (k—r) dimensional zero matrix.
Then we see that AX is given by

S X,
Xs v
. 1
. X2
AX = [ Iy Orx(kfr) } X, = . )
XrJrl )
: X,
[ Xk




The random variable AX will have a covariance matrix given by AYX A" which in this case
will look like
Y1 X I
I 0 =21
[ }{221 222][0] H

where X7 is r X r and is composed of the first r rows and the first r» columns of the matrix
> as claimed.

Exercise 9 (relationships between block components of 7" and ¥)

We have the matrices ¥ and ¥~! = T partitioned as

211 212 -1 Tll T12
|i 221 222 :| |: T21 T22 :| ( )

Since we know by definition that ™'Y = I or
{Tn T12} {211 212]:{&1 0 ] ' (76)
Tor Too Yo1 Yo 0 I,
Next we consider the (1,2) element of the product in the left-hand-side expand the left-
hand-side of this product in terms of the blocks above we find
T11%02 + TiaXpe = 0.
Multiplying this equation by T;;* on the left and X, on the right to get
Y1985 + 11T = 0,
T Ty = —X1%5, . (77)
Next consider the (1,1) component of the product in Equation 76 where we have
T Xy + Tiedior = I,
Multiplying this equation by T;;' on the left to get
S+ T Tl =T,
From Equation 77 we can replace T;;'T}, in the above with —Y1,35, and get
Th' =1 — S1235 St (78)

which we were to show. Finally, we will consider ¥, by looking at the (2,2) element in
Equation 76 where we find
T51 209 + Toodiog = Iy, -

Multiplying this equation by X;;" on the left we get
Yoy = Too + T5151255,
From Equation 77 we get that
Yon = Too — Ty T}, Tha (79)

another heavily used expression.



Exercise 10 (uncorrelated Gaussian random variables are independent)

The fact that the correlation between X; and X is zero means that

or that
Eij = 07

for i # j. Thus the p.d.f for the vector (Xy, X, -+, X})" is a multidimensional Gaussian
that has a diagonal matrix for is covariance or

Y = diag(o?, 05, -, 07).

With this representation the p.d.f for this vector of random variables has a term in the
exponential that looks like

M»

(X =S (X —p) =

=1

While the determinant of ¥ has an expression given by |%| = [[i_, 02. With these simplifi-
cations the p.d.f of these random variables looks like

_ 1 1 1 ¢ (X — p)®
gx(x) = (2m)k/2 < k 2>1/2 eXp{—§ZT} '

i=1 93

or splitting this into individual factors gives

gx(x) = ﬁl m exp {—%Li ;2’“)2} .

1

This shows that the joint distribution is written in terms of k£ products of the marginal
distributions and therefore the elements of X are independent.

Exercise 11 (transformations of independent Gaussian variables are independent)

Since X; are independent normal random variables each with a variance given by o?. When
considered as a vector (X, Xo, -+, X}) these are vectors from a multivariate Gaussian dis-
tribution with a covariance matrix given by ¥ = ¢2I. The transformed random variables
will have a mean given by Au and a covariance matrix given by

A A" = Ac?TA = 02 AA = o°1 .

Since this is a diagonal matrix, using the results from Exercise 10 in this chapter the elements
of Y; are independent and they all have the same variances of o2.



Exercise 12 (the random variable (X — )'Y71(X — i) has a x?)

We want to show that when X is given by a k dimensional multivariate Gaussian random
variable with a mean p and a covariance matrix Y that the random variable

(X =)™ HX —p),

has a y? with k degrees of freedom. To see this recall that if we can show that the above
expression is the sum of the squares of k£ independent N (0, 1) Gaussian random variables will
have a y? distribution. If we can show that the above expression is of this form we are done.
To show this, compute the Cholesky decomposition of the covariance matrix ¥ as ¥ = GGT
and then introduce the random variable Y defined by

Y =G HX —p).

Since Y is a linear combination of the vector X it is a Gaussian random vector. In addition,
the vector Y has a mean of zero and a covariance given by

Cov(Y) =G 'Cov(X)G T =G'2G¢ T =G 'GGTG T =1.

For Gaussian random variables the fact that the elements of Y are uncorrelated means that
they are independent. Thus the product Y'Y = Zle Y;? will have a x? distribution with &
degrees of freedom. Note that also

Y'Y = (X —p)GTGHX —p) = (X = p)(GGT)H(X — p)
= (X =S (X —p).

Thus the expression (X — )21 (X — ) is also distributed as a x? random variable with k&
degrees of freedom.

Exercise 13 (the distribution of heights)

If we let X be the random variable representing the husbands height and Y be the random
variable representing the wife’s height. Then we are told that the joint distribution of (X,Y")
is given by

1

2ro,oy/1 —p

. {_2[)(11_ _ [(x ;xux)Q n (y ;yuy)Q  2p(z —(/;:()71(13/ — uy)] } .

We want to determine if a couple is selected at random what is the probability the husbands
height is greater than the wife’s. This is given by

pxy(z,y) >

P{X>Y} = /Q px,y(z,y)dxdy
X>Y

—+o00 [ele]
- / / pxy (&, y)dady
y=—o00 Jz=y



this would be an expression involving the cumulative distribution function of the standard
normal.

If we want to know the probability that given wife’s height is y what is the probability that
the husbands height is greater than y. Thus we want the event P{X > Y|Y = y}. From
the expression for Pxy(x,y) it can be shown [3], that the conditional distribution p{X|Y}
is given by

o8

pXIYY =N (ot 22— ) 21 )
Y

Thus the probability requested is

& 1
/ p{X =z|lY =y}dz =

=y V2ry/o3(1 = p?)

Lol - e}

which again could be written in terms of the cumulative distribution function for the standard
normal.

Exercise 14 (expectations of powers of the determinant)

We would like to evaluate E(|V|") when V is given by a Wishart random variable. From the
p.d.f for a Wishart random variable we find

E(VI) = / VI F(V]n, S)dV

1
clm DIE [ VIV expf = Jex(S 1))
1
= el BIE [V[rE R e (- S (S V)V (s0)

where

c(n, k) = [2"7’%@ ﬁlr (%1_])] 7 (81)

Since we know that the Wishart p.d.f is appropriately normalized we can use the definition
of ¢(n, k) above to evaluate integrals like

n—k— 1
/ V| o exp {—itr(ZlV)} dV = ¢(n, k)’l\E\”/Q ) (82)
s

Thus to evaluate Equation 80 we can use Equation 82 with n replace with n 4 2r. Doing
this we find

n+2r

E(|V|") = ¢(n, k)| 2c(n 4 2r, k) 7HE 5



This simplifies and we find

(nf2r)k  k(k—1) n+2r4+1—j
N c(n, k) . 2+TWTH§=1F(%) r
E(V]) = m\z\ = Wk K= 7k nglj =
, 272 4 Hj:lF(T)

k I (n+2r+1—j)>
— 27’]€ — 2_‘ |E|7’7
it

which is the result we wanted to show.

Exercise 15 (some expectations involving a Wishart distribution)

Part (a): We want to show that £(V) = nX. To show this recall that when V is distributed
as a Wishart distribution then V' has the representation given by

V=> XX]. (83)
i=1

Thus taking the expectation of this we find

E(V) = i E(X;X]) = i Y =ny,

i=1

since X; come from a multivariate normal with a mean of 0 and a covariance matrix of X,
we can conclude that E(X;X]) = X.

Part (b): Since V has a Wishart distribution it has a representation like in Equation 83 so
if we look at AV A" we see that

AVA =) AX XA =) (AX)(AX;) . (84)

i=1 i=1

Since X; is drawn from a multivariate normal with a mean of 0 and a covariance matrix
of 3, then AX; are drawn from a multivariate normal random variable with mean 0 and a
covariance of AXA’. Thus as AX A" has the form given in Equation 84, we see that AV A’
has a Wishart distribution with n degrees of freedom and a parameter matrix AXA’.

Part (c): We will partition V' and ¥ as in Equation 75 with Vi of size k; x kq, V1o of size
k1 X ko and similarly for the others. Now to show that Vj; has a Wishart distribution let

A= [ Iklxkl Oklx(k—k1) ] .

Then we have that

p |2 % 1
AVA = [1 0}{‘/; VHO}

— [ 0}“21}:%1.



Thus as AV A’ is given by a Wishart distribution so must be Vi;. Another way to see this
result is to recall that V' is given by Equation 83 so that the submatrix V4; can be given by
a similar sum over the vectors containing only the first k; elements of X;. Since the first &,
elements of X; is a Gaussian random vector with mean 0 and covariance Y;; then the matrix
Vi1 (since it is the sum of n outer products each of which is given by a Gaussian random
variable) is a Wishart random variable with n degrees of freedom and with a parametric
matrix >qg.

Exercise 16 (summing Wishart random variables

Since each V; are Wishart random variables with n; degrees of freedom and the same param-
eter matrix 3, then V; has a representation given by Equation 83 but with n replaced by n;.
Thus we see that in this case the V' we are given has the representation

T

=1

i=1 j=1

this later sum is the outer product of ny +ng + - - - + n, terms like XjX]’-, where each X is a
multidimensional Gaussian random variable with mean 0 and covariance X. Since this is the
definition of a Wishart random variable with > ;| n; degrees of freedom and a parameter
matrix .

Exercise 17 (deriving the characteristic function for a Wishart random variable)

Equation 6 in Section 5.5 is given by Equation 82 with ¢(n, k) given by Equation 81. Now
the characteristic function for a Wishart distribution is defined as

kK B
exp <7, Z Z ta@Va@)

f=1 a=1

((t)=FE (85)

We next introduce the 7" matriz (denoted by the ¢ matrix in the book and not to be confused
with the precision matrix X! in terms of the elements ¢;;, introduced above in the expression
for the characteristic function, given by

2t11 tiz o g
tig 2t -+ o

T=1| . : (86)
tig  tox - 2t

Then the product of the T' matrix and the V' matrix has an ijth component given by

k
(TV)i; =Y TuVyy,

=1



Thus when ¢ = j we have
k
(TV)i=>_ TaVi,
=1

so the trace of the product T'V is given by

k k k
D IV)i = D> TuVi
=1 z:l =1 l .
= > TaVa+) > TaVi.
i=1 i=1 =13l

Since the iith element of the matrix has a diagonal element of 2t;; and since V and T are
symmetric we can write the above as

k koiel
Z 2t Vi + 2 Z Z Ly Vi -
i—1 i=1 =1

Recalling now the expression in Equation 85 we see that we can write this expression as

1
((t)=FE {exp (iétr(TV))] . (87)
Using the definition of the p.d.f. of V' to evaluate the above expectation we see that ((t) is
given by

n—k—1

() = eln k)| /S V)™ exp{—%tr(ZlV)—l—%tr(TV)}dV

n—k—1

_ c(n,k)\Z\”/Q/S\V\ : exp{—%tr([Zl—iT]V)}dV.

Using Equation 82 this integral becomes

. - - SN ‘Z—l‘nm ‘271‘ n/2
C(TL, ]C)‘Z‘ /QC(nv k) 1‘(2 t— ZT) 1| /2= |E_1 _ ZT|n/2 - |E—1 — ZT| !

as we were to show.

Exercise 18 (the k-dimensional ¢ distribution)

We want to evaluate F[X] for the multidimensional ¢ distribution. Since X; = p; + (9)1/ 2 Y;

z
we have that

E[X] = E[u+ (g)m Y]=p+E {(g)m Y] .

Now since Z and Y are independent we can evaluate this later expectation as

b [(g)m Y] =/(g)l/ng(Z)dz-/ng(y)dy-



The second integral above is zero thus E[X]| = p as we were to show.

We next want to compute E[(x — p)(z — p)’] for the multidimensional ¢ distribution. Since

Xi—pu; =Y, (2)1/2 the above is equivalent to F [(g) YY’]. Since Z and Y are independent
this expectation can be computed as

E[(%)YY] - // YY gy (y)g2(2)dydz
= /z Ygz(2)dz - /YY/gy(y)dy.

We will next evaluate each integral. First we find

/z_lgz(z)dz = [2”/2F(n/2)}1/z L (5) 122,
[2"/2F(n/2)}1/z7526z/2dz.

Let £ = 5 so that z = 2§ and d§ = d—; and the above becomes

[2”/2P(n/2)]‘1/(25)5‘—2@—52615 = 2—”/22”/2—2P(n/2)—1/53—1—1e—fd5
- 2*1r(n/2)*1r(g —1).

Now recall that I'(z + 1) = 2I'(z) so that I'(%) = (£ — 1) I' (2 — 1) and the above becomes
2-10(2 — 1) 1

G-0rG-1) -2

E [(ﬁ) YY’} - /YY’gY(y)dy.
z n—2
From the properties of the multidimensional normal distribution we have that
/YY’gY(y)dy =71

Thus we conclude that when X has a multidimensional ¢ distribution with parameters n, u,
and T that

Thus we have that

n 71
n—2 ’

Cov(X) = (88)

as we were to show.

Exercise 19 (the marginal of a ¢ distribution)

If X is a k-dimensional multidimensional ¢ distribution with parameters n, u, and T if we

partition X as X = { X1 } and T as T = [ Tn T

we want to evaluate
X Toy To }

Ix(z1) Z/fx(x)darg.



To do this recall that the density of X or fx(z) can be written as

fx(x) = / 9x.2(x, 2)dz = /Z g(x]2)g(2)dz .

We want to evaluate the marginal distribution of X; thus we want to evaluate
le (1’1) = fX(X)de = f(Xl,Xg)(XbXZ)d-TZ
X2

X2

_ /X 2 /Z 9((1, x2)|2)g () dzds (89)

Note that g((x1,x2)|2) is a multivariate Gaussian and since X; =Y, (%)71/2 + p; the mean

vector for the random variable (x1,x2)|z is p and the covariance matrix for this random
variable (or T)}‘lz is related to the covariance matrix for Y or 77! as

_ 2\TV2
= ()T

Thus the precision matrices are related as
z
Ty)z = (-) T. (90)
n

Next changing the order of integration in Equation 89 we have

Ix (1) Z/Z [/){29((Xlax2)|z)dxg] g(2)dz.

Now from the discussion in Section 5.4 this inner integral is a k1 multidimensional Gaussian
random variable which has a mean p; and a covariance matrix ¥;; given by the (1,1)
component of the block partition covariance of

> >
-1 _ 11 12
Txiz = [221 222} '

Here 41 is ki X ki, Y19 1S k1 X ko, o1 is ko X ki, and Yoy is ko X ky. Then the integral
expression above becomes

1 1 1
/)(2 9((x1,X2)[2)dzy = (2m)k1/2] 5, [1/2 exp {—5(371 — )Ty (21 — Ml)} :

Now we want to use the results from Section 5.4 to express X} in terms of the partitioned
Ty T
To1 Ty
the matrices X;; above. Note also that Tij are the block elements of the precision matrix T for
the density g((x1,X2)|z). To directly use the books result is a bit confusing since in Section 5.4
the book marginalizes out the variable x; while in this problem we are marginalizing out x,.
Thus we replace 1 «— 2 using equation 14 from Section 5.4 we have

elements of the precision matrix Ty ; = [ } . Where Tij has the same dimensions as

Y= Ty — Tng_ngm .



Using Equation 90 to replace the block elements of Tij with the block elements of T" which

are T;; (without any tildes) we have

_ z _
2111 - E(Tll — T12T221T21) .
Note that since X7} is of size k1 x k; the determinant of this is given by

1 2\ k1
| = <ﬁ) |11 — T12T251T21’ .

Sl =
‘ 11 ’211

When we put in gz(z) the density of a x* random variable with n degrees of freedom we

have fx,(x1) given by
1

/Z {@ﬂ)’“”lmn\vz o {‘5@1 — ) S (o - w}] [2/2D(n/2)] " 25

(2m) 7R\ Ty — Tho Ty T |
2n/21(n /2)nk1/2

ntk 1 1
X / ZTl_l exXp {—5 |:]. -+ g(l’l — ,Ltl)/(Tn — T12T2_21T21)(ZE1 — /Ll):| Z} dz
Z

_ (27T)7k1/2|T11 — T12T2_21T21| (n + ]{31)

2n/21(n /2)nk1/2 2

| | . () 1\ (5)
X [1 + 5(951 — p1) (T — Tho Ty Ton ) (1 — Ml)] (5)

The leading coefficient of this p.d.f above is given by
I () gt ()

(2m)k1/220/2T (n/2)nk1/2 — T'(n/2)(nm)k1/2°
Thus we finally end with

I (%kl) [T, — T12T251T21‘1/2
[ (2) (nm)ki/?

le(.T) =

-(*5%)

1
o [t -]

_Z
e 2dz

(91)

This shows that the marginal distribution of X is a k;-dimensional multivariate ¢ distribution
with n degrees of freedom with a location vector u; and a precision matrix of 77, —T12T2_21T21

as we were to show.

Exercise 20 (the conditional distribution of a multivariate t)

For this problem we want to derive the p.d.f of fx, (X;|X2 = x2). We can do this by recalling

that the conditional distribution is defined as

fxl,XQ (1’17 552)

Pl = o) = )



We know from Problem 19 and Equation 91, above that fx,(z2) is a ko-dimensional multi-
dimensional ¢-distribution with n degrees of freedom, a location vector us, and a precision
matrix given by Thy — Tngﬁle. Note the subscripts here are permuted from those in
Equation 91 which is for fx, (z;) while here we need fx,(x5). Thus this density looks like

F(nzk2)|T22 o T21T1—11T12|1/2
() ()

fx,(22) =

-("3%)

1
X |1+ ﬁ(% — pi2)' (Thy — Ton i1 Tha) (w2 — Mz)] :

Note that one can show that the precision matrix in the above expression can be written as
Toy — Tn T Tho = 555

see Exercise 9 on Page 65 above. While the joint density fx, x,(z1,2) looks like
F(nJrk)’T‘l/Q 1 7(%16)

fXLXQ (xlv $2) = n,ﬂ_)k/Q 1+ E(m - H),T(I — N)

Writing the quadratic form (x — u)'T'(z — p) in the above expression as in Section 5.4 where
it was found that this inner product could be expressed as

(x—p)T(x—p) = (21— 1) (Z11 — B12Xa o) (w1 — 1) + (22 — p2)'Eoy (2 — 12)
= (21— )Tz — 1) + (22 — p12) T (22 — pia)
where v is the conditional mean of the density fx,|x,(21|x2) and is given by
vi =+ S1a¥5y (22 — pi2) = — Tyy Tho(2 — pra) - (92)
Thus putting everything together we have the conditional distribution given by

L8|V () (nm)*2

fxi (21 X2 = 22) n = —
' L(3)(nm)k/2 D(24k)|55,]1/2

_(ntk
[1 + %(% — 112)' S5 (w2 — pia) + %(xl — )T (7 — 1/1)} (")
_(ntko '
[T+ (2 — p12) 555 (3 — p1o)] (5%)
To simply notation a bit lets define )1 and ()5 such that

Q1 = (1751 - Vl)/Tll(-Tl - Vl)
Q2 = (22— p12)' S35 (T2 — o),

and recall that by equation 24 in section 5.4 we can write |T| as
T =571 = S5 [1(B11 = D12855 8) | = [855[[ T

Using these expression and by factoring the expression

1 1 1 20y
1+5Q2+EQ1: {1—1‘5@2] {14‘?%@2] ;



we can write the above expression for fx, (1| Xy = z3) as

B D) [T
(ol Xe =1) = (e ntha ) (ki /2
n+k _(n+k n+ko
1 _(T) lQl ( 2 ) 1 (T)
14— 14+ 1 14— .
S N e R
Combining the first and the third factors in brackets above we have
n+k
D (k) [Ty, 12 1 1% 19, 1)
Xy = 14+ — 1+ —2—=— . 93
S (1] Xz = w2) = (22 (ny)k/2 * nQ2 * 1410, (93)

Now consider just the right most expression in brackets above and note that we can write
the negative of the power as

ntk  (n+k)+h
2 2 ‘
Thus we need the degrees of freedom of this marginal multivariate t-distribution to be n+ ks
not n. With this in mind we get

_((n-‘rkg)-‘rh)

1+ ( - )/ ;ZkQ = ( - )
T 1% T v
n -+ ko ! Yol + %Qg ! !
or (( ik )
n 2 1
1 (TL + k’g)TM h 2
1 — A Vi —
[ n+ ko (@ =) { n+ Qs } (@ Vl)]

Thus recalling the definition of @, and X5, from Equation 91 we have that the location
vector of the above expression is given by 1/1 or Equation 92. The new precision matrix is
given by

n + kQ T n -+ kg T
1 = — 11
n+ Q2 n+ (z2 — p2)' oy (T2 — pi2)

n+k
n+ (z2 — p2)'(Too — Tor Tty Thz)(w2 — p2)
Thus we could have a multidimensional ¢ distribution with n + ko degrees of freedom, a
location vector vy, and a precision matrix given by Equation 94. Then if this is the correct
distribution for fx, (x| Xy = x9) then the leading coefficient would need to be given by

+hotk +k
P (nthyth) 2ty |

T (2852) (n + ky)m)ke/2

Since T7; is of size k1 x kq this equals

r (”—Jrk) Nty b | Ty, |1/ n+k 1/2
2 /) | ntQa 1 _ r <—) T |

[ (552) (04 ka2 ka2 T (252) (nm)t/2(1 4 5Qp)0/2

which is exactly the same as the coefficient in Equation 93 proving the desired result.



Exercise 21 (the distribution of (X — u)'T'(X — u)/k)

For this problem we assume that X is a multidimensional ¢ distribution and want to derive
the distribution of the expression

(X — ) T(X — p)

By equation 1 of section 5.6 we have that X is given in terms of two variables Y and a Z as
7\ 12
n

with Y given by a multidimensional normal with zero mean and a precision matrix 7" and
Z given by a x? distribution with n degrees of freedom. In addition, the random variables
Y and Z are independent. Thus in terms of Y and Z the above inner product is given by

l(X — ) T(X —p) = ! (g)_ Y'TY = %

k kE\n
Thus we need to determine the p.d.f of this expression. From the discussion in the book
when X is a x? random variable with a degrees of freedom and Y is a y? random variable
with (8 degrees of freedom the variable

(X/a)
(Y/6)°

is a F' random variable with degrees of freedom « and 3. From this since Z is a y? random
variable with n degrees of freedom this ratio is given by an F' distribution with degrees of
freedom k and n if we can show that Y'TY is a x? random variable with k degrees of freedom.
Fortunately, in Exercise 36 in Chapter 4 shows that that Y'T'Y is a x? random variable with
k degrees of freedom and the requested result is shown.

Exercise 22 (the distribution of AX when X is a multidimensional t)

If X is a k-dimensional multivariate random variable with n degrees of freedom, a location
vector p and a precision matrix 7' then it is related to a k-dimensional Gaussian random
variable Y with a mean 0 and a precision matrix 7' and a x? random variable Z with n

degrees of freedom as
n\ /2 Y

n

Then the U vector defined as AX is related to AY by multiplying Equation 96 by A on the

left we have
n 1/2
U— Ap=AY <Z> (97)
Thus in this expression we see that as AY and Z are still independent and AY is a m-

dimensional random variable with mean 0 and covariance X given by

Y= AT A",



Since we assume the product matrix on the right-hand-side of the above is nonsingular the
precision matrix of AY is given by (AT'A’)~!. Finally, using Equation 97 we have that U
is a m-dimensional ¢-distribution with a location vector Ay, a precision matrix (AT 1A")~1,
and n degrees of freedom as we were to show.

Exercise 23 (if the joint is a bilateral Pareto so is the marginal)

We are told that the joint p.d.f of X; and X5 is given by a bilateral bivariate Pareto distri-

bution
ala+1)(rg —ry)

($2 _ ml)a+2 ’

where x7 < r; and x5 > ry. Then the marginal distribution of x; is given by integrating out
9. Thus we find

f(x1,$2|T1,T2,0é) =

S
fX1(x1’T1ar2705) = / f(x17x2’7n1ar2704)dx2
x

2=T"2

/OO afa+1)(rg — )"

T2=T2 (1'2 - zl)a+2

ala+1)(re —ry)*(ze — xl)*(a”)“
(—(a+2)+1)

dl‘g

oo

T2

P {;] | (98)

(7“2 — $1)a+1

which is a univariate Pareto distribution over ro — X; with parameters xqg = ro — r; and «a.

The marginal distribution of x5 is given by the integrating out x;. Thus we find

/” ala+1)(ry — Tl)adx
1

(zy — x1)2+2
_04(04 + 1)(T2 — Tl)a(xQ _ xl)—a—l
(—a—1)

fX2(372|7“1,7”27a) =
1=—00
r1

—00

ol {;] , (99)

(.TQ _ 7“1)0‘+1

which is a univariate Pareto distribution over Xy — r; with parameters xqg = ry — 1 and .

Exercise 24 (the expectation of (X, — X1)?)

Part (a): We are told that the joint distribution of X; and X5 is a bilateral bivariate Pareto

distribution ( D o
ala+ 1)(rg —r
f(xbe’TlarQaa) = (xg—xl)a+2

Y



where z; < r; and xy > r9. Then we want to evaluate

T1 [ee]
E[(XQ —X1)2] = / / (1'2 —$1)2f(1'1,I2|T1,T2,Oé)d$2d$1

" (+1)(rg —r)®
= / / 2 1) d.fEQd.fEl
r1=—00 J xo=12 1‘2 - xl)

= ala+1)(rs— 7“1)0‘/ (2 =) ™ dz,

m=—o  (Ta+1) |,
-l [ ot

_ ala+1)(rg —r) /” dx;

a—1 im0 (ra — 1)t
afa+1)(rg =) ( (rg — ay) ot

1

T1

a—1 —a+2

_afa+1)(rg =) 1
- (a=D(a-2) ((7“2—7"1)“2)
ala+1)(ry —ry)?
(a=1)(a—2) ’

r1=—00

as we were to show.

Part (b): To begin consider E(X;X5) when X; and X, are given by a bivariate Pareto
distribution. We find

1 [0
E(X1X,) = / / xlxg ala+D(r; — 1) dxodxy (100)

(xg — x1)*

r1 00 1
= (Oé -+ 1)(T2 — 7"1) / T / (.CEQ — T+ .Tl)iadxgdiﬂl .

r1=—00 o=r1 (xQ - xl)

This last integral could be split into two parts and each part integrated by hand or integrated
using a computer algebra program like Maple or Mathematica designed to help perform these
types of manipulations. However, it may in fact be easier to answer this questions using the
results from Part (a) above. For example, we have that

ala+1)(ry —ry)?

E((Xy — X1)%) = B(X2) = 2E(X,X,) + BE(X?) = @=1)(a=2)

We can use Equations 54 and 57 to evaluate F(X?) for i = 1,2 and then solve for E(X;X5).

Doing this we find
r% —arire + r%

E(X1X,) =

(101)

2—«
Next recall that the correlation between X; and X, that we are attempting to evaluate can
be written in terms of expressions we have evaluated as

COV(Xl, XQ) B E(Xng) - E(Xl)E(XQ)

Cor(1, X2) = /Var(X;)Var(X,) N v/ Var(X1)Var(X2)




When we put all of these expressions together we find this expression equals
1
COI'(Xl, XQ) = -, (102)
Q@

as we were to show. Some of the algebra for these problems is worked in the Mathematica
notebook bilateral Pareto_Derivations.nb.

Exercise 25 (the limiting behavior of the joint bilateral Pareto)

Warning: [ was not able to solve this problem. What follows are some simple notes on the
joint bilateral Pareto distribution when we attempt to take the limit of @« — oco. If anyone
has any suggestions as to how to do this problem please email me.

We are told that the joint distribution of X; and X5 is a bilateral bivariate Pareto distribution

ala+1)(rg —ry)
($2 _ ml)a+2

f(xbe’TlarQaa) =

Since for this distribution we have the two facts

r < n (103)
) > Tra, (104)

by Equation 104 we have that
Ty — X1 >T2— T,

and by Equation 103 we have that the right-hand-side of the above inequality is bounded
below as
To — X1 >T9g—T7.

Combining these two inequalities we have

ro —7

<1.

To — X1 >T9g—T1 SO
T2 — I

Now note that the limit as o« — oo of

ala+1)(rg —r)®
([BQ _ xl)a+2

Y

is a limit of the type 22 and we will need L’Hopital’s rule to evaluate it. Writing this limit

in the form
. ala+1) (Tg—rl)a
lim .

a—00 (ZEQ — ZEl)Z To — I

This is of type oo - 0. We need to take the limit of an expression like

1 o+«

(22 — 21)? Fid S




with ¢ = 2= > 1. To use L’Hopital’s rule we need to be able to evaluate %. To do this

ro—"r

2 1
let y = £ then we see that

In(y) = aIn(¢)
so that taking the derivative of this expression w.r.t. «a gives
1dy
—-—= =1 .
=)

Now solving for g—y we have that
e

Thus we find our limit becomes
1 . 20 + 1
(zg — 1)% a—co In(£)E™

which is still of type 2. Another application of L’Hopital’s rule and the limit of this p.d.f is
ZEro.




Chapter 7 (Utility)

Problem 13 (optimal ordering)

Assume the order is placed for o quarts of drink. Then assuming the demand is for x quarts
the profit function will be

mze —cla—z) <«

Profit(z; ) = { e s (105)
The the expected profit is given by
E[Profit(z; )] = / (mx — c(a — z) f(x)dx + / maf(x)dx (106)
0 a

= /Oa(mxf(x)dx — coz/oa f(x)dx+c/0aa:f(x)d$+ma /:O f(x)qx07)

SO

E[Profit(z; “ o
4E| rc;;(x, o)) =maf(z)— c/ f(x)dx — caf(z) +caf(x)+ m/ f(z)dx +ma(—f(z))

0 a

(108)

Written in terms of the cumulative distribution function F'(z) one has

dE[Profit(x;
Profit(@: o)l _ _ pia) +m(1 — F(a)) (109)
da
Setting this expression to zero and solving for F'(«) gives

Fla) = —2 (110)

c+m



Chapter 8 (decision problems)

Problem 1 (three possible outcomes and three decisions)

In this problem we have four possible outcomes from our experiment w;,ws,ws, and w, and
three possible decisions. For each decision we compute the expected loss (also called the risk)
associated with that decision. From the given table of losses we compute for our specified
probability mass function P and an arbitrary decision d

4

p(P.d) = 3 Liws, d)P(uwy) (111)

i=1

Here P(wj;) is the prior probability distribution on the experimental outcomes w;. Inserting
the given probability mass function for our experimental outcomes we obtain

1 3 1 1

Now for each of the three decisions we can evaluate this expression. For example for d = d;

we obtain . 3 . ] 15
Pd=d)=--0+--14+4--34+--1=—=1.875 113

The risk for the other decision dy and ds is computed in the same way. We obtain
p(P,d=dy) = ~ 1.75 (114)
p(P,d=ds) = ~ 1.125 (115)

Our final decision is selected by choosing the decision which provides the smallest risk. From
the above we see this is decision d = ds with associated risk %.

Problem 2 (two possible outcomes and three decisions)

In this problem we have two experimental outcomes w; and ws and three possible decisions
dy, dy, and dz. The loss function is as specified. Since we have only two possible outcomes
we can parametrize the probability of each as by & = Pr(W = w;) with associated 1 — ¢ =
Pr(W = wy). Then the expected loss associated with each outcome is given by

2

p(&,d) =) L(w;,d)P(w;) = {L(wy, d) + (1 = &) L(ws, d) . (116)

i=1
So for each of the three possible decisions we have that the risk is given by
pl§d=d) = §-04+(1—-¢)-8=8(1-¢) (117)
pled=d) = €10+ (1—€)-0=10¢ (118)
p(§d=d;) = §-4+(1-§-3=£+3 (119)



Now we will have d3 as the Bayes optimal decision against the distribution W if and only if

E+3 <10 (120)
giving £ > % In addition, we must have
E+3<8(1-¢) (121)
giving & < g. In combination the two conditions give
1 5
“<ce< 2 122

and we have the requested expression.

Problem 3 (continuous outcomes and decisions)

In this case, the experimental outcome is a continuous variable and the possible decisions
are also continuous. Thus the expected loss or risk in this case is given by

p(P,d) = / L(w,d)dP(w) = /01 L(w,d) - 2wdw . (123)

Using the given loss we obtain

1

p(P,d) = 200 / (w — d)*wdw (124)
0
1
= 200/ (w? — 2wd + d*)wdw (125)
0
1
= 200/ (w® — 2w*d + wd?)dw (126)
0
w2 5 dPw?\ !
— 200 (Z—gwcﬂ : )‘O (127)
1 2 &
= 200(-—Z2d+— 12
00 (4 Zd+ 2) (128)

The Bayes optimal decision is the one that minimizes the risk p(P,d) with respect to d.
Since d can be any any value in the real line we find this minimum by taking the derivative
of the above expression. Taking this derivative and setting equal to zero gives

dp 2
—— =200 —=+d) =0 129
i =20 (=3 +4) 2
giving
2
d= - 130
- (130)

in which case the Bayes risk is given by

p(P,dz%)z?OO (Z___+__) =— (131)



Problem 4 (the Bayes’ decision under different loss functions)

A new loss function Lo(w,d) will yield the same Bayes decision boundary as L(w,d) if it is
related by

Lo(w,d) = aL(w,d) + M\w) (132)
as discussed on Page 125 of the book. In the discrete case given here we can compute Lg
on an individual experimental outcome level. For instance, for the loss function L(w,d)
and Ly we can see if the two are related by a relation like that given in Eq. 132 easily
by considering the mapped zero cost L(w,d) element. For instance the elements L(w;,d;),
L(ws,ds), L(ws,ds), and L(wy,ds). By doing this procedure we obtain

w=wy MNw)=44 a=1
w=wy AMwg)=-1 a=1
w=ws MNwe)=-3 a=1
w=wy Mwy)=-1 a=1

Since Ly and L are related as discussed in the text they will yield equivalent Bayes’ decision
boundaries.

Problem 5 (a convex combination of probability distributions)

By the convexity of the Bayesian risk p*(P) with respect to the probability distribution P
we have that

p(aPy+ (1 —a)R) > ap™(P) + (1 —a)p*(P). (133)
As discussed on page 126 of the book. If we can show that
p(aP+ (1 —a)P,d") < ap™(P1,d") + (1 — a)p* (P, d") . (134)

we have the desired equality. To show this inequality we assume that it is not true and derive
a contradiction. In that direction, assume that there exists a d’ # d* such that

p(P,d') < p(P,d) (135)

i.e. d* is not the Bayes’ decision against P = aP; + (1 — «)P,. Then from the definition of
the risk function we have

ap(Pr,d) + (L= a)p(Py,d) < ap(Pr,d") + (1 = a)p(P,, d") (136)
or
a(p(Pr,d) = p(Pr,d")) + (1 = a)(p(P2, d') = p(P2, d")) <0 (137)
Since a and 1 — « are both positive at least one of
p(Pr,d") — p(Pr,d") (138)
or
p(Py,d') — p(Py, d") (139)

must be negative. This is a contradiction to the fact that d* is the Bayes’ decision against
both P, and P, and as such each of Eq. 138 and 139 must be positive.



Problem 6 (an incorrect probabilistic specification)

Mathematically this reduces to the following. Compute the difference in the Bayes’ risk
under the experimental PDF given by £4(w) v.s. that of PDF £g(w) or

P — PB (140)

Which is the additional risk that A will occur due to A’s incorrect belief about the experi-

mental distribution of W. In problem 3 (above) we calculated p% to be %, and it remains

to calculate the Bayes’ risk for the PDF £g(w). As in problem 3 we have for a decision d

1
pp(P,d) = 100/ (w — d)*3wdw (141)
0
1
= 300/ (0! — 2w*d + d*w?)dw (142)
0
w® 2, d* w3\ 1
- e 14
300(5 4w—|—3>0 (143)
1 1 d?
= 300( - —=-d+ — 144
(5-24+7) =

The Bayes optimal decision is the one that minimizes the risk pg(P,d) with respect to d.
Since d can be any any value in the real line we find this minimum by taking the derivative
of the above expression. Taking this derivative and setting equal to zero gives

de 1 2
=__4+20=0 145
T E (14)
giving
3
d= - 146
: (146)
in which case the Bayes risk is given by
3 15
Pd=-)=— 14
pp(Pd=") = (147)
so the additional risk incurred by assuming the wrong PDF is given by
50 15 65
= = 148

Problem 7 (a non-unique Bayes’ decision)

Computing the risk for each of the 5 available decisions we have (using the definition that
£ = P(w=w)) we get

)
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Figure 2: Bayes’ risks (for each possible decision d) versus £ = P(w = w;) for Problem 7.

Each of the above risks as a function of ¢ is shown in figure 2. From this figure one can
see that the Bayesian decision is unique except at locations where the lowest of two decision
functions are equal. From the figure we can see that this occurs at two locations for &: ~ 0.5

and = 0.75. The specific risks that intersect are

1
p(& ds) = p&,dy) or 26=1 = §:§

plé.d) = p(E,d) or —4dE+4=1 = &= %
Which are the exact values read from the graph. Thus for the two distributions
Pw=w) = % and P(w = wq) = %
P(w =w,) = Z and  P(w = w,) = i

The Bayes’ decision is not unique.

Problem 8 (all possible Bayes’ decisions)

The definition of Bayes risk for the decision d is given by

o(P.d) = /QL(w, D P(w)dw = EL(w = wy, d) + (1 — €)L(w = wy, d)

(154)

(155)

(156)

(157)

(158)



For each of the given decisions available and the loss specified we have

p(Pd) = €-14+(1—¢)-10=10-9¢
p(Pdy) = €-64+(1—€)-1=5+1
p(Pds) = €04 (1—¢)-13=13—13¢
pPdy) = €-2+4(1—€)-8=8—6¢
p(Pds) = £ T+ (1-¢)-0="T¢
p(Pds) = €-3+(1—€)-5=5-2€
p(Pd;) = €-44+(1—¢)-4=14

(159)
(160)
(161)
(162)
(163)
(164)
(165)

Where we have defined £ = P(w = wy). Each respective loss functions is plotted in figure 3.
For each value of £ the Bayes’ decision is to select the risk that is smallest. For each value
of ¢ this is easily read from the graph. The decision is not unique when two decisions have
the same Bayes’ risk i.e. p(P,d;) = p(P,d;). From the figure above we see that this when

the following risks are equal

ple.ds) = pléds) or TE=5E+1 = E=

p&,dz2) = p(§dg) or 56+1=5-2 = ¢{=

p(&,ds) = p(&,dy) or 5—-26=10—-9¢ = 52%%0.71

p&,dy) = p,ds) or 10—-9¢=13-13 = §:Z%O.75

Problem 9 (a problem with no Bayes’ decision)

From the definition of the Bayes’ risk p, for decision d, we have
=Y L(w,d)P(w
weN
For the decision d = d* this evaluates to
p(P.d=d") =Y L(w,d=d)P Z P(w
weN wEQ

For the decision d = d; we have a Bayes’ risk of

p(P,d=dy) =) Lwd=d)Pw)= >  L(wd=d)P(w).

wen we \{w: }

The above can be simplified to

1 Z P(w) ZP wy)) =1— P(w),

weEN \{w1} weN

(166)
(167)
(168)

(169)

(170)

(171)

(172)

(173)
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Figure 3: Bayes’ risks (for each possible decision d) versus £ = P(w = w;) for Problem 8.

since ), .o P(w) =1 by the normalization condition. By similar reasoning for the decision
dy we have

p(P.d =dy) =1— P(w) — P(w,) . (174)

Thus in general, we have for the Bayes’ risk for decision d,, is
p(P,d=d,) =1-" P(w). (175)
i=1

Note that from the above expression we see that the Bayes’ risk decreases as n increases or
p(P.d = dyy1) < p(P.d = d,) (176)

and its limiting value is given by
nllj{)lo p(P,d=d,)=0. (177)

Thus d* cannot be a Bayes’ decision since

1
p(Pd=d') = 5 > p(P,d = dy) (178)

for some n large enough by equation 177.



Problem 11 (the Bayes’ decision from a measurement)

We begin by assuming that there exists a loss function L(w, d) relating the loss received when
the experimental outcome is w and the decision made is d. In this problem we have two
decisions d; and dy two a-priori unknown experimental outcomes w; and w,. The Bayesian
formulation of this problem instructs us to compute the expected loss (also called risk) for
each possible decision d and select the decision upon which the risk is smallest. The expected
loss for making decision d after receiving measurement z is given by

2 2

p(dl2) = 3 Dl (e, wi) = 3 Llaws, dyplalug) Plwy). (179)

i=1 i=1
So in the two decisions case we select action dy if

pldi]z) < p(da|2) (180)
or expanding the above summation gives

L(wy, dy)P(wy)p(z|wy) + L(we, dy) P(ws)p(z|wy) < (181)
L(wq, d2) P(wq)p(z|wy) + L(ws, d2) P(ws)p(x|ws) (182)

Now dividing by the likelihood of class w; (p(z|w;)) and defined P(w;) = P, and L;; =
L(w;, d;) we obtain

xr|w xr|w
LuPy+ Ly P20 o py o, p PEI2) (183)
p(x|w:) p(x|w:)
Solving for the likelihood ratio
p(z|ws)
p(z|w:)
we obtain the decision region to pick decision d; if
xr|w
% (Lo1 Py — Loa Py) < (Lo Py — L1 P) (184)

Assuming Ls; > Loy which means that it is more costly to make a mistake (the true experi-
mental result is from class 2 while the decision is made assuming the result is from class 1).
We can solve for the likelihood ratio giving

p(x‘U)Q) (L12 - L11)P1
p(x\wl) (L21 - L22)P2

(185)

The expression encapsulated in Eq. 185 is valid for any likelihood distribution (we have not
explicitly required any probabilistic form up to this point) and thus any binary decision
problem can be started based on this equation.

Because decision problems involving optimal boundaries for two, one-dimensional Gaussian
variables are so common we will derive the decision boundaries in generality and then specify
to the specific parameters given in this problem. In the general problem we assume that



the conditional densities for the measured variable z are given by Normal distributions with
means p; and o; in a most general form as

p(zlwr) = N(zm,o7) (186)
p(elws) = N(zpa,02). (187)
Specifically this has the following functional form

1 _% (z—p)?

To continue our derivation specific for this problem we now assume that the given mea-
surement random variable Z is Gaussian distributed. With this assumption we obtain the

likelihood ratio of

p(r|w) oy 2 o3 o}

so Eq. 185 for setting the Bayesian decision boundary becomes

1 ((x—p)?* (x— ,u1)2) oy (L1g — L) Py
—— — <log(——"——~— 190
2 ( o3 af g(Ul (L1 — L) Pz) (190)
. (¢ =) (2= m) (Lo — L) P
T — 2 xr — 1 g2 12 — L4111 1
— > 2log(——"——-—=—). 191
( 03 o1 ) g(01 (Lay — Lao) Pz) (191)
Now expanding out each quadratic and grouping terms with the same powers of  we obtain
L1y M2 i GG 0y (Liz — Li1) Py
-2 = - = == > 2log(——"F——L— 192
(03 U%)x (0’3 O’f)erU% o Og(o’l (L21—L22)P2) (192)

For the special case when o, = 0 is given below. Without loss of generality we can assume
that oo > oy (if this is not true; switch the definition of the classes). This allows us to
determine the sign of the coefficient of 2. We easily conclude that

L I
o5 of

We can divide by the difference above giving a more pure quadratic equation

K2 J251 H% N%
02 o2 P 2 0y (L1 — L11) Py
P22 T %o log(Z2 2212~ 1 21y (193)

2 o2 ol T o7 (U_lg_é) 01 (Lay — Laz) P
Multiplying by o?02 on the top and bottom of each fraction gives

2 2 22 9 9 95252 s (Lo — L) Py
2 | o (H201 ~ [10) K105 — K307 < 192 1,22 1212 n2iy 194
v o3 — o} T o3 — 0% (02 — o2) Og(m (Lgy — Lag) Pg) (194)

To complete the square of the above equation add the square of one half of the coefficient of

the x term to both sides or )
2 2
(,ugaé ,u;aQ) (195)

03 — 03



This gives

2 _ 2 2 2.2 2 2
( +(M2U§ M;%)) _i_(/hag Mgal) < (196)
O3 — 03 0y — 03
20103 Lig — Ly;) P A
201 _jog( 2l ZIn) Ay (—“ = “302) (197)
(03 — of) o1 (La1 — La) P> 05 — 07

or

M2U% —,u10§ ’
03 — 01

2
20702 log(Z2 (Lis — L11) i> L (HEoy — ot | (ot = oy (199)
(03 —0f) " o1 (Lot — Lao) Py 3 — ot 2~ ol |

03 — 0] 03 — 0]

To simplify notation we will define R and M both functions of (p1, 071, o, 02, Pr, P2, L) as

R 20%02 ) (@(Lu —Lu) Py n (U%Jg —,ugaf) n (“20% —ulag)Q (200)
(03 — 0?) 01 (La1 — L) Py 05 — 0} of —of
2 _ 2
M = ok oy
2 1
Thus our decision boundary becomes: decide d; when
(z+M)?<R (202)
or
~VR-M<z<+VR-M (203)

One would make the decision ds if this result did not hold.
We now consider a few special cases of the above general relationship.
Equal variances: 0, =09 =0

In this case equation 192 simplifies and becomes

_ 2_ 2 Lis— 1) P
9 (M) o P2 gtz = L) Py (204)

O'2 O'2 (Lgl —ng) PQ
o (Lis — L) P
Mo + ,Ul) 9 12 — L11) 1
-2 — r—=——] > -20log(—————~ — 205
(:uQ :ul) ( 9 g( (L21 — L22) PQ) ( )
or

Mo + fiq 9 (Lio — L11) P
- - log(~o12 — ~1) 71 206

To simplify further we must assume something about the sign of o — .



Equal means: py = s = p

Then Eq. 192 gives
11 Ly~ L
(_2 _ _2) 2> _2log 2L~ L) (207)

FINISH!!



Chapter 9 (Conjugate Prior Distributions)

Problem 23 (number of samples required for a given confidence)

We know that px(x) is given as N(u,4) and lets assume a mean for our prior of ug. Then
from the information given the prior is expressed as p(u) N(uo,9). From the class notes
after n samples have been received from a PDF px(z) and Bayesian learning is performed
then the posteriori distribution of p is given by

p(p|D) = N(pin, 07) (208)
with
2 2
nog . o
o= . B 209
:U (710'(2] + 0_2 )lu + (TLO'(Q) + 0_2 ):UO ( )
2,2
2 090
= 9 210
Tn nog + o2 (210)

Here ji,, = %ZZ x; is the sample mean. This is also equation number 34 and 35 on page 94
in [2]. In this problem o} =9, 6 = 4, so the above simplifies to

In 4
n = i 211
H (Gr 3 2)im + (G g o (211)
9 x4 36
ot = 7 (212)

n In+4 On+4

A 95 percent confidence interval will lie between 1.96 standard deviations of the mean .
If we desire this interval to be of length 1 (or smaller) then we must have

(tn +1.96 % 0,) — (4, — 1.96 % 0,,) = 2% 1.96 x 0, = 1 (213)

Written in terms of the number of samples this is

, 36 1
O’n = = (
In +4 2% 1.96

Y (214)

Solving this for n gives n &~ 61.02. Since n must be an integer one should take n > 62.
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