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Chapter 2: Linear Dynamic Systems

Notes On The Text

Notes on Example 2.5

We are told that the fundamental solution ®(¢) to the differential equation d;—ty = 0 when

written in companion form as the matrix ‘fl—’t‘ = F'x or in components
i i [0 1 0 1r 1
T sl
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d 3 - 3
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Note here the only nonzero values in the matrix F' are the ones on its first superdiagonal.
We can verify this by showing that the given ®(¢) satisfies the differential equation and has
the correct initial conditions, that is % = F'®(t) and ®(0) = I. That ®(¢) has the correct
initial conditions ®(0) = I is easy to see. For the ¢ derivative of ®(¢) we find

01 ¢t 4t -+ (n_12),t"*2
001 ¢ - ogt"?
000 1 - —Lognt
/ _ (n—4)!
YO=1000 0 - "
(000 0 - 0 |

From the above expressions for ®(¢) and F' by considering the given product F'®(t) we see
that it is equal to ®'(¢) derived above as we wanted to show. As a simple modification of
the above example consider what the fundamental solution would be if we were given the



following companion form for a vector of unknowns x

C T 00 0 ] i
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Note in this example the only nonzero values in F' are the ones on its first subdiagonal. To
determine ®(t) we note that since this coefficient matrix F' in this case is the transpose of
the first system considered above F = FT the system we are asking to solve is %5{ = 7%,
Thus the fundamental solution to this new problem is

O(t) =t = (M = o(t)",

and that this later matrix looks like

_ , . . ; ;
b . ! 1 0 0
t) = 1 1
1 et 1 ne2 1 -3 1 nea o
Bk it gt ot e 1

Verification of the Solution to the Continuous Linear System

We are told that a solution to the continuous linear system with a time dependent companion
matrix F'(t) is given by

z(t) = ®(1)D(to) ta(ty) + @(t)/t (1) C(T)u(r)dr . (1)

To verify this take the derivative of z(t) with respect to time. We find

Z(t) = @
= ¢
= F(t
= F(

showing that the expression given in Equation 1 is indeed a solution. Note that in the above
we have used the fact that for a fundamental solution ®(¢) we have ®'(t) = F(t)®(t).



Problem Solutions

Problem 2.2 (the companion matrix for g—g =0)

We begin by defining the following functions x; ()

z(t) = y(t)
nt) = &)=y

: d"y(t)
Tp(t) = Tpa(t) == 1
as the components of a state vector x. Then the companion form for this system is given by
o) 1 [=®H] [o1o0 o 01 [ =)

p p xo(t) x3(t) 001 0 0 xo(t)
ox)=— | o =] i |=]000 1 0 | = Fa)
dt dt ,

xn71<t) ‘gn(t) i 1 xnfl(t)

y(t
wo(t) | L2 ] o 00| ma(t)

With F' the companion matrix given by

010 O 0
001 O 0
F=1020 1 0
1

| 0 0 0

Which is of dimensions of n X n.

Problem 2.3 (the companion matrix for % =0 and ‘2273 =0)

If n = 1 the above specifies to the differential equation Z—? = 0 and the companion matrix F'

is the zero matrix i.e. F' = [0]. When n = 2 we are solving the differential equation given

by 6573 = 0, and a companion matrix F' given by
01
e-[01].
Problem 2.4 (the fundamental solution matrix for % =0 and %’ =0)

The fundamental solution matrix ®(t) satisfies

dd
= = F()o(),



with an initial condition ®(0) = I. When n = 1, we have F' = [0], so £ = 0 giving that

®(t) is a constant, say C. To have the initial condition hold ®(0) = 1, we must have C' = 1,
so that

O(t)=1. (2)
When n = 2, we have F' = [ 8 (1) } , so that the equation satisfied by & is
dd 01
®_ [ ol } a(1).

If we denote the matrix ®(¢) into its components ®;;(¢) we have that

01 O(t) = 01 Py Pip | _ | Doy Do
00 00 Dy Doy 0o 0 |’
so the differential equations for the components of ®;; satisfy

ad ad
dtll dtlQ _ (I)Ql (I)22
dPa1  dPao 0 0 :

dt dt

Solving the scalar differential equations above for ®5; and ®99 using the known initial con-
ditions for them we have ®5; = 0 and ®95 = 1. With these results the differential equations

for ®;; and ®;5 become

dPqy d®qy
— == 1
7 0 and 7 ,

so that
(I)ll =1 and (I)21<t) =t.

Thus the fundamental solution matrix ®(¢) in the case when n =2 is

@(t):[éﬂ. (3)

Problem 2.5 (the state transition matrix for % = 0 and % =0)

Given the fundamental solution matrix ®(¢) for a linear system % = F(t)z the state transi-

tion matrix ®(7,t) is given by ®(7)®(¢)~!. When n = 1 since ®(¢) = 1 the state transition
1t

matrix in this case is ®(7,¢) =1 also. When n = 2 since ®(t) = [ 0 1

} we have

so that

o[ 1[5 ][4 )



Problem 2.6 (an example in computing the fundamental solution)

We are asked to find the fundamental solution ®(¢) for the system

i85 5[]

To find the fundamental solution for the given system we first consider the homogeneous

system )
il =[5 B [26]

To solve this system we need to find the eigenvalues of [ 1 _02 } . We solve for X in the
following

—-A 0

-1 —-2-=A ’ =0,

or A2 42X\ = 0. This equation has roots given by A = 0 and A = —2. The eigenvector of this
matrix for the eigenvalue A = 0 is given by solving for the vector with components v; and

v5 that satisfies
0 0 U1 o
YR

so —v; — 2v9 = 0 so v;1 = —2v,. Which can be made true if we take v = —1 and v; = 2,
giving the eigenvector of { 2 1 } . When A = —2 we have to find the vector { Zl } such that
— 2
2 0 V1 o
ERIE
is satisfied. If we take v; = 0 and vy = 1 we find an eigenvector of v = { (1] ] Thus with

these eigensystem the general solution for z(t) is then given by

x(t):qli}ﬂz{ﬂe—%:[_21 e%“g}, (4)

for two constants ¢; and ¢y. The initial condition requires that z(0) be related to ¢; and ¢y
by
. I (0) o 2 0 C1
‘”(O)_{@(o)}—[—l 1) e |
Solving for ¢; and ¢y we find
a | [1/20 x1(0) (5)
Co o ]_/2 1 1‘2(0) '

Using Equation 4 and 5 z(t) is given by

z(t) = [_21 69%} “g H [E;E
- [t 2] [29]



From this expression we see that our fundamental solution matrix ®(¢) for this problem is
given by

B(t) = l e 692,5} . (6)

e
2
We can verify this result by checking that this matrix has the required properties that ®(t)

should have. One property is ®(0) = (1] (1] ], which can be seen true from the above

expression. A second property is that ®'(t) = F(¢)®(¢). Taking the derivative of ®(t) we

find
o 0 o 1 [ o 0
o (t) - |: _%(26—215) —26_2t :| - |: _6—2t —26_2t :| ’

while the product F(t)®(t) is given by

8 )t 2[5 2a] o

showing that indeed ®'(t) = F(t)®(t) as required for ®(¢) to be a fundamental solution.
Recall that the full solution for z(t) is given by Equation 1 above. From this we see that we
still need to calculate the second term above involving the fundamental solution ®(t), the
input coupling matrix C'(¢), and the input u(t) given by

d(t) / O (1)C(T)u(r)dr . (8)

to

Now we can compute the inverse of our fundamental solution matrix ®(¢)~! as

L Rty B BTt

Then this term is given by

B _—§+§a—e2w}'

1
Thus the entire solution for z(t) is given by

= yatom S][00 ] esioen ] O

We can verify that this is indeed a solution by showing that it satisfies the original differential
equation. We find 2/(t) given by

w0 = [0 ][04y
[ et S



where we have used the factorization given in Equation 7. Inserting the the needed term to
complete an expression for z(t) (as seen in Equation 9) we find

7)) = [_01 _02] <l—%(11—62t) eoﬂ} {258”+[—%+%(i—62t>]>

B 0 0 t N 1
-1 =2 —L 31— —1 437 |

S N PO RN Y

or

showing that indeed we do have a solution.

Problem 2.7 (solving a dynamic linear system)

Studying the homogeneous problem in this case we have

which has solution by inspection given by x;(t) = x1(0)e™" and z2(t) = x2(0)e~". Thus as a
vector we have z(t) given by

o=l A ]

Thus the fundamental solution matrix ®(¢) for this problem is seen to be

q)(t):et{é ‘” so that <I>1(t):et{é ‘”

Using Equation 8 we can calculate the inhomogeneous solution as

@(t)/t:qw(ﬂC(T)u(T)dT _ et“ (1)]/;6{3 H [i)]dr

Thus the total solution is given by

-4 2] oo 8]



Problem 2.8 (the reverse problem)

Warning: I was not really sure how to answer this question. There seem to be multiple
possible continuous time systems for a given discrete time system and so multiple solutions
are possible. If anyone has an suggestions improvements on this please let me know.

From the discussion in Section 2.4 in the book we can study our continuous system at only
the discrete times t; by considering

x(ty) = P(tg, tp—1)x(te—1) + /ttk O (ty, 0)C(o)u(o)do . (10)

Thus for the discrete time dynamic system given in this problem we could associate

0 1
q)(tkatk—l) - [ -1 92 :| ;

to be the state transition matrix which also happens to be a constant matrix. To complete
our specification of the continuous problem we still need to find functions C'(-) and u(-) such
that they satisfy

/ " Bty 0)C(0)u(o)do / "

th—1 tr—

| l-01 ;}C(O)U(U)daz H] .

There are many way to satisfy this equation. One simple method is to take C(o), the input
coupling matrix, to be the identity matrix which then requires the input u(co) satisfy the

following .
0 1 4§ 0
[ 1 9 ] /tk1U(U)dU: l 1 ] .

On inverting the matrix on the left-hand-side we obtain
ty
2 -1 0 —1
Jomo= [ 18] -1
k—1
If we take u(o) as a constant say { Zl } , then this equation will be satisfied if uy = 0, and
2

Uy = —Ait with At = t;, — t,_; assuming a constant sampling step size At.

Problem 2.9 (conditions for observability and controllability)

Since the dynamic system we are given is continuous, with a dynamic coefficient matrix F'

given by F' = [(1] 1
ment sensitivity matrix H(t) given by H(t) = [ hy hs |, all of which are independent of

time. The condition for observability is that the matrix M defined as

} , an input coupling matrix C(t) given by C' = [ Zl } , and a measure-
2

M=[H" F'H" (FTZH" ... (FTy"'HT], (11)



has rank n = 2. We find with the specific H and F' for this problem that
M . hl 1 0 i hl o hl hl
N hs L 1| ho | he hi+hy |
needs to have rank 2. By reducing M to row reduced echelon form (assuming h; # 0) as

hy hy | hi hy 11
M;‘[o h1+h2—h2_:>[0 hl];‘[o 1}'

Thus we see that M will have rank 2 and our system will be observable as long as hy # 0.
To be controllable we need to consider the matrix S given by

S=[C FC F*C --- F"'C], (12)

or in this case

S — [01 C1+02}

C2 C2

This matrix is the same as that in M except for the rows of S are exchanged from that of
M. Thus for the condition needed for S to have a rank n = 2 requires ¢y # 0.

Problem 2.10 (controllability and observability of a dynamic system)

For this continuous time system the dynamic coefficient matrix F'(¢) is given by F(t) =

{ 1 8 ] , the input coupling matrix C'(t) is given by C(t) = [ (1) —01

sensitivity matrix H(t) is given by H(t) = [ 0 1 } The observability of this system is
determined by the rank of M defined in Equation 11, which in this case is given by

vl Loa] V=1V o)

Since this matrix M is of rank two, this system is observable. The controllability of this
system is determined by the rank of the matrix S defined by Equation 12, which in this case

} 10 1 0 10
smceFC—{l 0}[0 _1}—[1 O}becomes

s=[y o o]

} , and the measurement

0 -1 10

Since this matrix has a rank of two this system is controllable.
Problem 2.11 (the state transition matrix for a time-varying system)

For this problem the dynamic coefficient matrix is given by F(t) = ¢ [ (1) (1) . In terms of

the components of the solution x(t) of we see that each x;(t) satisfies

dt

=tx;(t) for i=1,2.



t2
Then solving this differential equation we have z;(t) = c;ez for i = 1,2. As a vector x(t)

can be written as ,
c | 2 €T 0 x1(0)
t — 2 = .
x0=| o [o efoM

q)(t):etj[(l] (1’]

is the fundamental solution and the state transition matrix ®(7,¢) is given by

Thus we find

B(r, 1) = B(r)B(t) ") = =3 { - ] .

Problem 2.12 (an example at finding the state transformation matrix)

We desire to find the state transition matrix for a continuous time system with a dynamic
coefficient matrix given by
01
e-[01].

We will do this by finding the fundamental solution matrix ®(t) that satisfies ®'(t) = F®(t),
with an initial condition of ®(0) = I. We find the eigenvalues of F' to be given by

-2 1 | 9 B B
‘ 1 _)\‘—O:>)\—1_0:>>\—i1.
The eigenvalue A\; = —1 has an eigenvector given by [ _11 ], while the eigenvalue Ay = 1

has an eigenvalue of { ] . Thus the general solution to this linear time invariant system is

1

x(t):cl[_ll}e‘w@“}et:{_e:t EZ] {2}

To satisfy the required initial conditions x(0) = [ - <8) ], the coefficients ¢; and ¢, must
2

B EHEE R

Thus the entire solution for x(t) in terms of its two components z;(t) and z5(t) is given by

e b TR

given by

equal

a(t) =



From which we see that the fundamental solution matrix ®(¢) for this system is given by

1 [ et 4 et —et+et}

(I)(t):§ —et et et 4 et

The state transition matrix ®(7,¢) = ®(7)®~1(¢). To get this we first compute ®~1. We find

2 et4+e et—¢l
(et +et)2—(et—et)2 | et —e e'+4¢

() =

1 [6t+6t t_t:|

1 e "+e e 7 —¢ e t4el et — ¢t
o e t—el et

Problem 2.13 (recognizing the companion form for %)

1 (t)
Part (a): Writing this system in the vector form with x = | x5(¢) |, we have
3(t)
000 x3(t)
010
so we see the system companion matrix, F', is given by = | 0 0 1
000

Part (b): For the F' given above we recognize it as the companion matrix for the system
% = 0, (see the section on Fundamental solutions of Homogeneous equations), and as such
has a fundamental solution matrix ®(¢) given as in Example 2.5 of the appropriate dimension.

That is

1 t
ot)=]0 1 ¢
0 0



Problem 2.14 (matrix exponentials of antisymmetric matrices are orthogonal)

If M is an antisymmetric matrix then M7 = —M. Consider the matrix A defined as the
matrix exponential of M i.e. A = eM. Then since AT = ¢M" M s the inverse of eM
(equivalently A) we see that AT = A~! so A is orthogonal.

:67

Problem 2.15 (a derivation of the condition for continuous observability)

We wish to derive equation 2.32 which states that the observability of a continuous dynamic
system is given by the singularity of the matrix O where

O=0(H, F tyts) = /tf ST HT (H)H(t)®(t)dt,

to
in that if O is singular the Storm is not observable and if it is non-singular the system is
observable. As in example 1.2 we measure z(t) where z(t) is obtained from z(¢) using the
measurement sensitivity matrix H(t) as z(t) = H(t)x(t). Using our general solution for x(t)
from Equation 1 we have

2(t) = H(t)®(t)D(ty) o (ty) + H(t)(I)(t)/ O (7)C(T)u(r)dr, (13)

to
observability is whether we can compute z(ty) given its inputs u(7) and its outputs z(¢), over
the real interval ¢, < ¢t < ty. Setting up an error criterion to estimate how well we estimate
Zo, assume that we have measured z(t) out instantaneous error will then be
ety = [=(t) = H)x(t)[*
= 2T(OH(O)H ) x(t) — 227 () HT (8)2(t) + |2(0)|*.
Since we are studying a linear continuous time system, the solution x(t¢) in terms of the state

transition matrix ®(¢, 7), the input coupling matrix C'(¢), the input u(¢), and the initial state
x(to) is given by Equation 1 above. Defining ¢ as the vector

;= /t "o () C(ryulr)dr
we then have z(t) given by z(t) = ®(t)® " (to)z(tg) + ®(¢)¢, thus the expression for €(¢)? in
terms of z(ty) is given by
e(t) = (27 (to) 27" (to)@" () + " () H' (t) H(t)(D(t)2 (to)x(to) + ®(t)C)
— 202" (t) 2" (to) " (t) + T (1) H" (t)2(t) + [=(t) [

= " (to)® T (to)®T () HT (1) H (1) D(t) (14)
+ 2T (L)@ T (t)®T () HT (t) H (1) (1) (15)
+ T () HT (1) H (t)D () (to)x(to) (16)
+ T () HT (1) H(t)D(t)é (17)
— 227 (to) @ T (to) DT () HT (1) 2(t) (18)
— 25T T () HT (1) 2(t) (19)

(20)



Since the terms corresponding to Equations 15, 16, and 18 are inner products they are equal
to their transposes so the above is equal to

e(t) = a"(t) 27" (to)®" () H (1) H ()2 ()2 (to)x(to)
+ (2007 () HT ()H()P(H)D (o) — 227 (HH(H)D(1) 2 (t0)) x(to)
+ QT HT () H(H)O(t)e — 28" DT () H (8)=(t) + ()]

Now computing ||e||*> by integrating the above expression with respect to ¢ over the interval
to <t <ty we have

12 = (1)@ (t0) ( Ix @T(t)HT@)H@)@(t)dt) & (to)a(to)

to

4 <25T < /t:f @T(t)HT(t)H(t)(I)(t)dt) O (1) — 2 ( / 7 ZT(t)H(t)cp(t)dt) cp—l(to)) 2(to)

to

b & ( /t:f @T(t)HT(t)H(t)q><t)dt) Y ( /t ! CDT(t)HT(t)z(t)dt) + /t:f 12(8)[2dt
Defining O and 2 as

O=0(H,F,ty,ty) = /tf T HT (H)H (t)®(t)dt (21)

to

s / Y BT HT ()21

to
we see that the above expression for ||e||* becomes

el = 2" (to) 27" (t) O™ (to)x(to)
+ (2¢"027 (ty) — 227 (1)) x(to)
_|_

Ly
croe -2z + / |2(t)dt .

to

Then by taking the derivative of ||¢||* with respect to the components of z(ty) and equating
these to zero as done in Example 1.2, we can obtain an estimate for z(¢y) by minimizing the
above functional with respect to it. We find

#(to) = [T ()00 (1)) " [0 T(te)OTE— & T(ty)2] = @ T (t)O " (OTE—2) .

We can estimate z(tg) in this way using the equation above provided that O, defined as
Equation 21 is invertible, which was the condition we were to show.

Problem 2.16 (a derivation of the condition for discrete observability)

For this problem we assume that we are given the discrete time linear system and measure-
ment equations in the standard form
vy = Ppixp + Doup (22)
2L = Hkﬂfk + Dkuk for k > 1, (23)



and that we wish to estimate the initial state xy from the received measurements z; for a
range of k say 1 < k < ky. To do this we will solve Equation 22 and 23 for x;, directly in
terms of zy by induction. To get an idea of what the solution for x; and z; should look like
a a function of k£ we begin by computing x; and z; for a few values of k. To begin with lets
take k£ = 1 in Equation 22 and Equation 23 to find

ry = (I)O{L'Q + FolLO
VAR Hlxl + D1u1 = qu)ol'o + H1F0u0 + D1u1 .

Where we have substituted x; into the second equation for z;. Letting k = 2 in Equation 22
and Equation 23 we obtain

ry = Pyxy 4+ Tug = O(Pozo + Toug) + Ty
= (I)lq)ol‘o + (I)1F0U0 + F1u1
29 = HQq)l(I)().TO + HQq)lF(]U,O + H2F1U,1 .

Observing one more value of z; and z; let £ = 3 in Equation 22 and Equation 23 to obtain

r3 = (I)Qq)lq)ol’o + <I>2<I>1F0uo + <I>2F1u1 + FQUQ
zZ3 = H3(I>2<I)1(I>0;1:0 + ng)Q(I)lr(]U,O + H3<I>2F1u1 + H3F2U2 .

From these specific cases we hypothesis that that the general expression for x; in terms of
Zo is be given by the following specific expression

k—1 k—1 [k—1-1
T = (H <1>i> To+ Y ( 1T (I)Z) I (24)
=0 =0 =0

Lets define some of these matrices. Define P,_; as
k—1
P = H Q; = P 1Pp_n- - 1Dy, (25)
=0
where since ®, are matrices the order of the factors in the product matters. Our expression
for z;, in terms of x5 becomes

k—1

xp = P11 + Z Py .
1=0

From this expression for x; we see that zj is given by (in terms of x)

k—1
2L = Hkpk,1I0 + Hk Z Pk,l,lflul + Dkuk for k > 1. (26)
=0

We now set up a least squares problem aimed at the estimation of 5. We assume we have
k; measurements of zj, and form the Ly error functional e(x() of all received measurements

as
kg i1

62(370) = Z |H;P,—yxo + H; Z P + Diu; — Zz‘|2

1=1 =0



As in Example 1.1 in the book we can minimize €(x)? as a function of zy by taking the

partial derivatives of the above with respect to xg, setting the resulting expressions equal to
zero and solving for xg. To do this we simply things by writing €(z)? as

where Z; is defined as
i—1

51' = Z; — Hz Z Pl-,l,lFlul — Dlul . (27)
1=0
With this definition the expression for €?(x) can be simplified by expanding the quadratic
to get
kg

i=1

kg kg kg
T § T T T § T Tz § =T =
i=1 i=1 1=1

Taking the derivative of this expression and setting it equal to zero (so that we can solve for
xg) our least squares solution is given by solving

ky
20x -2 | Y P H'% | =0,

i=1

where we have defined the matrix O as

ty ky k—1 T k—1
0= ZPi{lHiTHiPi—l = Z [H (I)i] Hng [H (I)i] . (28)
k=1 k=1 i=0 i=0

Where its important to take the products of the matrices @, as in the order expressed in
Equation 25. An estimate of zy can then be obtain as

kg
~ -1 2 T Tz

i=1

provided that the inverse of O exists, which is the desired discrete condition for observability.



Chapter 3: Random Processes and Stochastic Systems

Problem Solutions
Problem 3.1 (each pile contains one ace)

We can solve this problem by thinking about placing the aces individually ignoring the
placement of the other cards. Then once the first ace is placed on a pile we have a probability
of 3/4 to place the next ace in a untouched pile. Once this second ace is placed we have 2/4
of a probability of placing a new ace in another untouched pile. Finally, after the third ace
is placed we have a probability of 1/4 of placing the final ace on the one pile that does not
yet have an ace on it. Thus the probability that each pile contains an ace to be

Y (2) ()22
4)\4)\4) 32
Problem 3.2 (a combinatorial identity)

n
k

to select k object from n where the order of the k selected objects does not matter. Using this

We can show the requested identity by recalling that ( represents the number of ways

representation we will derive an expression for as follows. We begin by considering

n
k
the group of n objects with one object specified as distinguished or “special”. Then the
number of ways to select k objects from n can be decomposed into two distinct occurrences.
The times when this “special” object is selected in the subset of size k and the times when its

not. When it is not selected in the subset of size k we are specifying our k subset elements

. . -1 . . .
from the n — 1 remaining elements giving " total subsets in this case. When it

k
1s selected into the subset of size k& we have to select k¥ — 1 other elements from the n — 1
—1 .. ) ) )
Z_ 1 additional subsets in this case. Summing the counts

from these two occurrences we have that factorization can be written as the following
ny)y (n-1 i n—1
k) k k-1 )~

Problem 3.3 (dividing the deck into four piles of cards)

remaining elements, giving

13

we have ( 521_313 ) = ( ;12 ) ways to select the second hand of cards. After these first

We have ( 52 ) ways of selecting the first hand of thirteen cards. After this hand is selected



two hands are selected we have ( 52 _1?))* 13 ) = ?g ) ways to select the third hand
after which the fourth hand becomes whatever cards are left. Thus the total number of ways
to divide up a deck of 52 cards into four hands is given by the product of each of these

expressions or
52 48 26
13 13 13 )

Problem 3.4 (exactly three spades in a hand)

We have ( o2

13 ) ways to draw a random hand of cards. To draw a hand of cards with

explicitly three spades, the spades can be drawn in ways, and the remaining nine

13
3
other cards can be drawn in ( o2 5 13 ) = ( 399 ) ways. The probability we have the

hand requested is then

Problem 3.5 (south has three spades when north has three spades)

Since we are told that North has exactly three spades from the thirteen possible spade cards
the players at the West, East, and South locations must have the remaining spade cards.
Since they are assumed to be dealt randomly among these three players the probability South

has exactly three of them is
10 2 7 1 3
3 3 3) 7

This is the same as a binomial distribution with probability of success of 1/3 (i.e. a success
is when a spade goes to the player South) and 10 trials. In general, the probability South
has k spade cards is given by

1 k 9 10—k
(D srum

Problem 3.6 (having 7 hearts)

Part (a): The number of ways we can select thirteen random cards from 52 total cards is

( i)g ) . The number of hands that contain seven hearts can be derived by first selecting the



7
: 52 —13 39 . : .
cards in = ways. Thus the probability for this hand of seven hearts is

() s
(%)

Part (b): Let E; be the event that our hand has i hearts where 0 < ¢ < 13. Then P(Ey) is
given in Part (a) above. Let I’ be the event that we observe a one card from our hand and
it is a heart card. Then we want to calculate P(E7|F'). From Bayes’ rule this is given by

seven hearts to be in that hand in ( 13 ) ways and then selecting the remaining 13 —7 =6

given by

P(F|E7)P(E7)

Now P(F|E;) is the probability one card observed as hearts given that we have i hearts in
the hand. So P(F|E;) = 45 for 0 <4 < 13 and the denominator P(F) can be computed as

13 52 —13
= SN i 13 —i
PF) =Y PEEIPE) =Y (1) -
=0 i=0
(%)
Using this information and Bayes’ rule above we can compute P(E7|F'). Performing the
above summation that P(F') = 0.25, see the MATLAB script prob_3_6.m. After computing
this numerically we recognize that it is the probability we randomly draw a heart card and

given that there are 13 cards from 52 this probability P(F) = é—g = 0.25. Then computing
the desired probability P(E7|F') we find

P(E|F) = 0.0190.
As a sanity check note that P(FE7|F') is greater than P(FE;) as it should be, since once we

have seen a heart in the hand there is a greater chance we will have seven hearts in that
hand.

Problem 3.7 (the correlation coefficient between sums)

The correlation of a vector valued process z(t) has components given by

Blai(t), z(t)) = / . / " ) (ta)p (s (12 (1)) (1) (1)



Figure 1: The integration region for Problem 3.8.

Using this definition lets begin by computing E(Y,_1,Y,). We find

T
A
3

E(Y,.1,Y,) = E{) X, Xy)

= E(X;Xy) .
j=1 k=1
Since the random variables X; are zero mean and independent with individual variance of

0%, we have that E(X;, X)) = o%0k; with 0x; the Kronecker delta and the above double
sum becomes a single sum given by

n—1

> B(X; X;) = (n—1)o%.

J=1

Then the correlation coefficient is obtained by dividing the above expression by

To compute E(Y?), we have
E(Y?) =) ) B(X;Xy) =nok
j=1 k=1

using the same logic as before. Thus our correlation coefficient r is

n

VEVZDEYY)  /(n— Dok nok

Problem 3.8 (the density for Z = | X —Y)

To derive the probability distribution for Z defined as Z = | X — Y|, we begin by considering
the cumulative distribution function for the random variable Z defined as

Fp(z)=Pr{Z <z} =Pr{|X -Y| <:z}.



The region in the X — Y plane where | X — Y| < z is bounded by a strip around the line
X =Y given by
X—-—Y==4z or Y=X=%z2,

see Figure 1. Thus we can evaluate this probability Pr{|X — Y| < z} as follows

£ = [ aasao= [[ e

This later integral can be evaluated by recognizing that the geometric representation of an
integral is equivalent to the area in the X —Y plane. From Figure 1 this is given by the sum
of two trapezoids (the one above and the one below the line X = Y’). Thus we can use the
formula for the area of a trapezoid to evaluate the above integral. The area of a trapezoid
requires knowledge of the lengths of the two trapezoid “bases” and its height. Both of these
trapezoids have a larger base of v/2 units long (the length of the diagonal line X =Y. For
the trapezoid above the line X = Y the other base has a length that can be derived by
computing the distance between its two endpoints of (0, z) and (1 — z,1) or

P=0-1-2)2+(z-12=2z-1)?* for 0<2<1,

where b is this upper base length. Finally, the height of each trapezoid is z. Thus each
trapezoid has an area given by

1 - e — 1) = 2 U
Azaz(\/ﬁ+\/2(z—1))—\/§(1+| ) ="50+1-2)= 2 -2).

Thus we find Pr{Z < z} given by (remembering to double the above expression)

Fz(z) = %2(2 —2) =V2(2z — 2%).

Thus the probability density function for Z is then given by F7(z) or

fz(2) =2v2(1 - 2).

Problem 3.11 (an example autocorrelation functions)

Part (a): To be a valid autocorrelation function, ¢, (7) one must have the following prop-
erties

e it must be even
e it must have its maximum at the origin

e it must have a non-negative Fourier transform



For the given proposed autocorrelation function, v, (7), we see that it is even, has its maxi-
mum at the origin, and has a Fourier transform given by

/ 1o AT =me (29)

which is certainly non-negative. Thus v, (7) is a valid autocorrelation function.

Part (b): We want to calculate the power spectral density (PSD) of y(¢) given that it is
related to the stochastic process z(t) by

y(t) = (1 +ma(t)) cos(Qt + N) .

The direct method of computing the power spectral density of y(t) would be to first compute
the autocorrelation function of y(¢) in terms of the autocorrelation function of z(¢) and then
from this, compute the PSD of y(¢) in terms of the known PSD of z(t). To first evaluate the
autocorrelation of y(t) we have

by(1) = E(y()yt+7))
= FE((14 mz(t)) cos(Q + N)(1 +mzx(t + 7)) cos(Qt + 7) + \))
= E{((1+4+mz(t)(1+maz(t+7)))E{cos(Qt + X) cos(Qt +7) + N)),

since we are told that the random variable A is independent of z(t). Continuing we can
expand the products involving x(t) to find

Py (1) = (1 +mE(x(t)) + mE(z(t + 7)) + m*E{x(t)z(t + T))) E{cos(2t 4+ ) cos(Qt +7) + N))
= (1 +m?Y.(7))E{cos(Qt + \) cos(Qt +7) + \)),

using the fact that E(x(t)) = 0. Continuing to evaluate 1, (7) we use the product of cosigns
identity

1
cos(fy) cos(fy) = §(COS(91 +65) + cos(0, — b)), (30)
to find

E{cos(Qt + N)cos(Qt+ 1)+ N)) = %E(cos(QQt + Q7 + 2X) 4 cos(Q27))
= % cos(§27),

since the expectation of the first term is zero. Thus we find for 1, (7) the following

Py (1) = %(1 + m*, (7)) cos(Qr) = % (1 + 7_277:_ 1) cos(Q27) .

To continue we will now take this expression for w,(7) and compute its PSD function.
Recalling the product of convolution identity for Fourier transforms of

[(D)g(r) & (f ) w),
and the fact that the Fourier Transform (FT) of cos(at) given by

/OO cos(ar)e 7dr = 7(§(w — a) + §(w + a)) . (31)

[e o]



We begin with the Fourier transform of the expression C‘;i(‘j; ). We find

/°° (%) e Tdr = m(3(1 — Q)+ (1 + Q) xme "

[e o]

= 7’ /OO e TS (T — Q) + 0(1 + Q))dr

_ 7T2 (€f|97w| +€f|ﬂ+w|) ’
Thus the total PSD of y() is then given by
2

Wy (1) = g(é(w - +o(w+Q) + 7r2Tm (6—\Q—w\ + 6—\Q+w\) ’

which shows that the combination of a fixed frequency term and an exponential decaying
component.

Problem 3.12 (do PSD functions always decay to zero)

The answer to the proposed question is no and an example where lim, o ¥ (w) # 0 is if
x(t) is the white noise process. This process has an autocorrelation function that is a delta
function

Vo(7) = 0%6(7), (32)

which has a Fourier transform ¥, (w) that is a constant
U, (w) =0?. (33)

This functional form does not have limits that decay to zero as |w| — oco. This assumes that
the white noise process is mean square continuous.

Problem 3.13 (the Dryden turbulence model)

The Dryden turbulence model a type of exponentially correlated autocorrelation model under
which when v, (7) = 62"l has a power spectral density (PSD) given by
202
U, (w)=———7. 34
@) = (34)
From the given functional form for the Dryden turbulence PSD given in the text we can
write it as

U(w) = 2(

AT RS (35)
()



To match this to the exponential decaying model requires o = %, 6% = (;—2, and the continuous

state space formulation of this problem is given by

i(t) = —ax(t) + 6v20uw(t)

() e
_ (%) (1) + 0/ 2.

The different models given in this problem simply specify different constants to use in the
above formulation.

Problem 3.14 (computing ¢,(7) and V,(w) for a product of cosigns)

Part (a): Note that for the given stochastic process z(t) we have E(x(t)) = 0, due to the
randomness of the variables 6; for i = 1,2. To derive the autocorrelation function for x(t)
consider E{x(t)z(t + 7)) as
E{x(t)x(t+ 7)) = E(cos(wot+ 1) cos(wot + 02) cos(wo(t + 7) + 61) cos(wo(t + 7) + 62))

= FE{cos(wot + 01) cos(wo(t + 7) + 01)) E{cos(wot + O2) cos(wo(t + 7) + 62)) ,

by the independence of the random variables #; and 6,. Recalling the product of cosign
identity given in Equation 30 we have that

E{cos(wot + 01) cos(wo(t +7) +61)) = %E(cos(Qwot + wot +264)) + %E(cos(wm’))
1
=3 cos(woT) .

So the autocorrelation function for z(t) (denoted (7)) then becomes, since we have two
products of the above expression for E(z(t)z(t + 7)), the following

U (1) = icos(wm')2 )

Since this is a function of only 7, the stochastic process z(t) is wide-sense stationary.

Part (b): To calculate ¥, (w) we again use the product of cosign identity to write 1, (7) as

uatr) = 1 (leostzan) +1)

Then to take the Fourier transform (FT) of ¢,(7) we need the Fourier transform of cos(-)
and the Fourier transform of the constant 1. The Fourier transform of cos(-) is given in
Equation 31 while the Fourier transform of 1 is given by

/OO le™*Tdr = 2r6(w) . (36)

[e.e]



Thus the power spectral density of z(t) is found to be

U, (w) = g(é(w — 2wp) + 8(w + 2wp) + %5(@) .

Part (c): Ergodicity of x(¢) means that all of this process’s statistical parameters, mean,
variance etc. can be determined from an observation of its historical time series. That is its
time-averaged statistics are equivalent to the ensemble average statistics. For this process
again using the product of cosign identity we can write it as

1 1
z(t) = 3 cos(2wot + 01 + 02) + 5 cos(6y + 6) .

Then for every realization of this process #; and 6 are specified fixed constants. Taking the
time average of z(t) as apposed to the parameter (6, and ) averages we then obtain

Ea(t)) = 5 cos(f + )

which is not zero in general. Averaging over the ensemble of signals z(t) (for all parameters
0, and 63) we do obtain an expectation of zero. The fact that the time average of x(t) does
not equal the parameter average implies that x(t) is not ergodic.

Problem 3.15 (the real part of an autocorrelation function)

From the discussion in the book if x(¢) is assumed to be a real valued stochastic process
then it will have a real autocorrelation function (1), so its real part will the same as itself
and by definition will again be an autocorrelation function. In the case where the stochastic
process z(t) is complex the common definition of the autocorrelation function is

(1) = ECx)z"(t + 7)), (37)

which may or may not be real and depends on the values taken by z(t). To see if the real
part of ¢(7) is an autocorrelation function recall that for any complex number z the real
part of z can be obtained by

Re(z) = %(z 42, (38)
so that if we define the real part of () to be v, (r) we have that
V(1) = E(Re(z(t)z"(t+71)))
_ %E((x(t)x*(t +7) 4 2t (Dt + 7))

= LB (4 7)) + LB (alt + 7))

1

1 *
— SO+ 3.

From which we can see that ,.(7) is a symmetric function since (1) is. Now both ¢(7) and
¥*(7) have their maximum at 7 = 0 so 1,.(7) will have its maximum there also. Finally, the
Fourier transform (FT) of ¢/(7) is nonnegative and thus the FT of ¢)*(7) must be nonnegative
which implies that the FT of ¢,.(7) is nonnegative. Since ), (7) satisfies all of the requirements
on page 21 for an autocorrelation function, ,(7) is an autocorrelation function.



Problem 3.16 (the cross-correlation of a cosign modified signal)

We compute the cross-correlation ., (7) directly

bay(1) = E(z@)y(t+ 7))
= E(z(t)z(t + 7) cos(wt + wt + 0))
= E{x(t)x(t + 7)) E{cos(wt + wr + 0)) ,

assuming that z(¢) and 6 are independent. Now E(x(t)x(t + 7)) = 1,(7) by definition. We
next compute

1 2
E{cos(wt +wr +0)) = Py cos(wt + wt + 0)do
T Jo
1
= %(sin(wt—i-wr—i-@) T=0.

Thus 1, (1) = 0.

Problem 3.17 (the autocorrelation function for the integral)

We are told the autocorrelation function for x(t) is given by v, (7) = e~ and we want to
compute the autocorrelation function for y(t) = fot x(u)du. Computing this directly we have

Byt +7)) = E<< /0 taj(u)du) < /0 HTx(v)dv))

_ /0 t /0 T Bla(u)e(v)) dudu

t o pttr
= / / e vl dudu,
0o Jo

Where we have used the fact that we know the autocorrelation function for z(¢) that is
E{x(u)z(v)) = e~ "=, To perform this double integral in the (u,v) plane to evaluate |u — v|
we need to break the domain of integration up into two regions depending on whether v < u



or v > u. We find (assuming that 7 > 0)

t u t ttr
= / / e””dvdu+/ eIl dudu
u=0 Jv=0 u= O v=u
t U t+7
= / / e~ ) dydu + e~ dudu
u=0 Jv=0 u= v=u
t ttr
= / / — ”dvdqu/ e Ye“dvdu
u=0 Jv=0 =0 Juv=u
= / e (e" — du—/ e (e t+T du
u=0

t
= / (1—e")du —/ e (7 —e™) du
u=0 u=0

t

= t+et—1—e 47 / edu +t
u=0

= 2+et—eT4e 1.

As this is not a function of only 7 the stochastic process y(t) is not wide-sense stationary.
The calculation when 7 < 0 would be similar.

Problem 3.18 (the power spectral density of a cosign modified signal)

When y(t) = z(t) cos(2t + 0) we find its autocorrelation function 1, (7) given by

Py(1) = E(x(t+ 7)z(t) cos(Qt + 7) + 6) cos(Qt + 09))
= . (7)E(cos(2(t + ) + 0) cos(Qxt + 0))

= %i/fx (1) cos(Q27) .

Then using this expression, the power spectral density of the signal y(t) where y’s autocor-
relation function ¢, (7) is a product like above is the convolution of the Fourier transform of
¥,(7) and that of  cos(Qr). The Fourier transform of ¢,(7) is given in the problem. The
Fourier transform of 1 cos(€27) is given by Equation 31 or

g(a(w — Q)+ 5w+ Q).

Thus the power spectral density for y(¢) is given by

W) = 3 [ wle— )0 — )+ o+ g
= SVl =)+ V(-2 w))

= S(We(w = Q) + L(w+Q)).

The first term in the above expression is ¥, (w) shifted to the right by €2, while the second
term is W, (w) shifted to the left by Q. Since we are told that §2 > a we have that these two
shifts move the the functional form of W, (w) to the point where there is no overlap between
the support of the two terms.



Problem 3.19 (definitions of random processes)

Part (a): A stochastic process is wide-sense stationary (WSS) if it has a constant mean
for all time i.e. FE(x(t)) = c and its second order statistics are independent of the time
origin. That is, its autocorrelation function defined by FE(xz(t1)z(t2)") is a function of the
time difference t5 — ¢;, rather than an arbitrary function of two variables ¢; and ¢;. In
equations this is represented as

E(x(t)z(t)") = Q(ts — t1) (39)

where )(+) is a arbitrary function.

Part (b): A stochastic process x(t) is strict-sense stationary (SSS) if it has all of its pointwise
sample statistics independent of the time origin. In terms of the density function of samples
of x(t) this becomes

p<x17x27'“ 7xn7t17t27'“ 7tn) :p<x17x27“' 7xn7t1+67t2+67"' 7tn+€>-

Part (c): A linear system is said to realizable if the time domain representation of the
impulse response of the system h(t) is zero for ¢ < 0. This a representation of the fact that
in the time domain representation of the output signal y(¢) cannot depend on values of the
input signal z(t) occurring after time ¢. That is if h(t) = 0, when ¢ < 0 we see that our
system output y(t) is given by

y(t) = /_OO h(t — 1)x(r)dr = / h(t — 7)x(7)dT,

oo —00

and y(t) can be computed only using values of z(7) “in the past” i.e. when 7 < t.

Part (d): Considering the table of properties required for an autocorrelation function given
on page 21 the only one that is not obviously true for the given expression (1) is that the
Fourier transform of ¢ (7) be nonnegative. Using the fact that the Fourier transform of this
function (called the triangular function) is given by

/ tri(at)e’*"dr = —sinc*( d ), (40)

N |al 2ma

where the functions tri(-) and sinc(-) are defined by

. 1—|7 T <1
tri(7) = max(l —|7[,0) = { O| | ot|h|erwise and (41)
, sin(7)
= ) 42
sinc(7) — (42)

This result is derived when a = 1 in Problem 3.20 below. We see that in fact the above
Fourier transform is nonnegative and the given functional form for ¢(7) is an autocorrelation
function.



Problem 3.20 (the power spectral density of the product with a cosign)

The autocorrelation function for y(¢) is given by

9u(r) = (r) cos(eor),

see Exercise 3.18 above where this expression is derived. Then the power spectral density,
U, (w), is the Fourier transform of the above product, which in tern is the convolution of the
Fourier transforms of the individual terms in the product above. Since the Fourier transform
of cos(wgT) is given by Equation 31 we need to compute the Fourier transform of v, (7).

/Z Uy (T)e T dr

0 1
/ (14 7)e 7dr +/ (1 —7)e 7dr
0

-1

0 0 1 1
/ e_””d7'+/ Te_jwd7'+/ e_]MdT—/ Te YT dr
~1 -1 0 0

e—JwT 0 TeIwT 0 0 e JwT

; + ; —/ —drt
(=)o (=Wl S (=w)
e—Jwt 1 Te—JwT 1 /1 e—Jjwt

. - . + [ ——d7
(—jw) 0 (—jw) 0 o (—jw)
1— ej” ej” 1 . 0

- + — — ; e T
(—jw)  (jw)  (—jw)? -
e —1 eIw 1 o

- — — + - Jr
(—jw)  (—jw)  (—jw)? 0
2 e e 1 — cos(w)
PR

providing a proof of Equation 40 when a = 1. With these two expressions we can compute
the power spectral density of y(t) as the convolution. We find

Uy (w)

Q[wwxé—wmag—w@+é@+w@wm

[e.9]

(U (w—wo) + Va(w + wp))

sinc? W %o + sinc? W+ Wo .
2T 2T

N o N



Problem 3.21 (the autocorrelation function for an integral of cos(-))

When z(t) = cos(t + ) we find 1,(, s) from its definition the following

y(t,s) = Efy(t)y(s))

_ E(/Ot:c(u)du/osx(v)dw
_ /0 t /0 " Bl (u)e(v))dodu.

From the given definition of x(t) (and the product of cosign identity Equation 30) we now
see that the expectation in the integrand becomes

E{x(uw)z(v)) = FE(cos(u+ 0)cos(v+ 6))
= %E(cos(u —v)) + %E(cos(u + v +20))

— Leostu—)+ 5 (o [ eostuto+20)0
= 2COS'LL v o\ o A cos(u (%

1 1
= §COS(U — )+ o sin(u + v + 20) 2

1
= acos(u — ).

Thus we see that 1, (¢, s) is given by

t 51
Py(t,s) = / / — cos(u — v)dvdu
0 Jo 2
1 t
= 3 / —sin(u —v)[;_, du

0

iYL :
= —5/0 (sin(u — s) — sin(u))du

1
= —5 (— cos(u — ) + cos(u)|g
1 1 1 1
=3 cos(t — s) — 3 cos(s) — 3 cos(t) + 5

As an alternative way to work this problem, in addition to the above method, since we
explicitly know the functional form form x(t) we can directly integrate it to obtain the
function y(t). We find

y() = /0 () — /0 " cos(u + 0)du

= sin(u+0)];
= sin(t + 0) — sin(0) .



Note that y(t) is a zero mean sequence when averaging over all possible values of §. Now to
compute ¢, (t, s) we have

by(t,s) = Eyt)y(s))

2w

= QL (sin(t + 0) — sin(0))(sin(s + 0) — sin(0))do
7r
1 027r
+ — / sin(t + ) sin(s + 0)do
2 Jo
1 2 1 2
-, sin(0) sin(t + 0)do — gy /0 sin(0) sin(s + 0)do
1 2
+ o /. sin(6)%d6 .

Using the product of sines identity given by
1
sin(#y) sin(6,) = 5(005(01 —6y) —sin(0; + 6)), (43)
we can evaluate these integrals. Using Mathematical (see prob_3_.21.nb) we find
1 1 1 1
Py(t,s) = ) + 5 cos(s —t) — 3 cos(s) — 5 cos(t) ,

the same expression as before.

Problem 3.22 (possible autocorrelation functions)

To study if the given expressions are autocorrelation functions we will simply consider the
required properties of autocorrelation functions given on page 21. For the proposed auto-
correlation functions given by 111, 91 + 15, and 1) * 1y the answer is yes since each has a
maximum at the origin, is even, and has a nonnegative Fourier transform whenever the indi-
vidual v; functions do. For the expression 1 —)5 it is unclear whether this expression would
have a nonnegative Fourier transform as the sign of the Fourier transform of this expression
would depend on the magnitude of the Fourier transform of each individual autocorrelation
functions.

Problem 3.23 (more possible autocorrelation functions)

Part (a): In a similar way as in Problem 3.22 all of the required autocorrelation properties
hold for f2(t) + g(t) to be an autocorrelation function.

Part (b): In a similar way as in Problem 3.22 Part (c) this expression may or may not be
an autocorrelation function.



Figure 2: A plot of the function w(7) given in Part (d) of Problem 3.23.

Part (c): If z(t) is strictly stationary then all of its statistics are invariant of the time origin.
As in the expression z%(t) + 2x(t — 1) each term is strictly stationary then I would guess the
entire expression is strictly stationary.

Part (d): The function w(7) is symmetrical and has a positive (or zero Fourier transform)
but w(7) has multiple maximum, see Figure 2 and so it cannot be an autocorrelation function.
This figure is plotted using the MATLAB script prob_3.23_d.m.

Part (e): Once the random value of « is drawn the functional form for y(t) is simply a
multiple of that of z(¢) and would also be ergodic.

Problem 3.24 (possible autocorrelation functions)

Part (a), (b): These are valid autocorrelation functions.

Part (c): The given function, I'(¢), is related to the rectangle function defined by

0 |7]>3
rect(t) =4 % |7]=3 (44)
L rl <3
as I'(t) = rect(3t). This rectangle function has a Fourier transform given by
/OO rect(ar)e’d ! sing( ~ ) (45)
T T=— —).
oo |a| 21a

this later expression is non-positive and therefore I'(¢) cannot be an autocorrelation function.

Part (d): This function is not even and therefore cannot be an autocorrelation function.



Part (e): Recall that when the autocorrelation function ¢, (7) = o2¢~"! we have a power
- _ 2% :
spectral density of ¥, (w) = —Zraz» so that the Fourier transform of the proposed autocorre-

lation function in this case is

2(3/2) B 2(1)(2) 3 4
W2+1l w24+4 w241 w244’

This expression is negative when w = 0, thus the proposed function %e"ﬂ — e~ 27l cannot be
an autocorrelation function.

Part (f): From Part (e) above this proposed autocorrelation function would have a Fourier
transform that is given by

2(2)(2) 2<1><1>_2(< ? )

W44 W+l O \(WH 1) (w?+4)

which is nonnegative, so this expression s a valid autocorrelation function.

Problem 3.25 (some definitions)

Part (a): Wide-sense stationary is a less restrictive condition than full stationary in that
it only requires the first two statistics of our process to be time independent (stationary
requires all statistics to be time independent).

Problem 3.29 (the autocorrelation function for a driven differential equation)

Part (a): For the given linear dynamic system a fundamental solution ®(t,ty) is given
explicitly by ®(¢,tg) = e =) so the full solution for the unknown z(¢) in terms of the
random forcing n(t) is given by using Equation 1 to get

t
x(t) = e’(t’tO)x(to) —i—/ e’(t’T)n(T)dT. (46)
to
Letting our initial time be ty = —oo we obtain
t t
x(t) = / e_(t_T)n(T)dT = e_t/ e"n(T)dr.

With this expression, the autocorrelation function 1, (t1,t2) is given by

Valty, t2) = E<<et1 /_tl e“n(u)du) <et2 /_t:O e”n(v)dv)>

t1 to
e(t1+t2)/ / e“*”E(n(u)n(v»dvdu.



Since E(n(u)n(v)) = 2wdé(u — v) if we assume n(t) has a power spectral density of 27. With

this the above becomes
t1 to
ome~(1Ht2) / / "6 (u — v)dvdu .

Without loss of generality assume that t; < t, and the above becomes

t1

t1 €2u
27T€(t1+t2)/ eXdy = 27re’(t1+t2)7

—00

—00
— 7T€_(t1+t2)€2t1 — 7T€_t2+t1 — 7T€_(t2_t1) )

If we had assumed that t; > ts we would have found that ,(t1,ts) = me~(t—t2) - Thus
combining these two we have show that

1/1;,;(151, t2) = 7T€7|t17t2‘ s (47)

and x(t) is wide-sense stationary.

Part (b): If the functional form of the right hand side of our differential equation changes
we will need to recompute the expression for 1, (t1, ). Taking x(tg) = 0 and with the new
right hand side Equation 46 now gives a solution for x(t) of

note the lower limit of the integral of our noise term is now 0. From this expression the
autocorrelation function then becomes

Vo(ty,t2) = E<<6_t1 /tl “n(u )du> ( 2 /;2 e”n(v)dv)>
_ () /0 /O B (n(u)n(v))dudu

= “HQ/ / e" T2 (u — v)dvdu .
o Jo

Assume t; < ty and the above becomes

t1

2u
(0 (tl t2) = 2me” (t1+t2)/ e2ldu = e (titt2) (_
€T ) 2
0
7(t1+t2 2t1 _ )

0
= Te

—(t2— tl)

= (e ( (t2+t1)).

—e
Considering the case when t; > t5 we would find
w:y(tl, t2) = ﬂ'(e*(tl*tQ) _ e*(tgﬁ»tl)) )

When we combine these two results we find

’l/}x<t1,t2) = 7T(€*|t1*t2‘ _ e*(t2+t1)) .



Note that in this case z(t) is not wide-sense stationary. This is a consequent of the fact that
our forcing function (the right hand side) was “switched on” at ¢ = 0 rather than having
been operating from t = —oo until the present time ¢. The algebra for this problem is verified
in the Mathematica file prob_3_29.nb.

Part (c): Note that in general when y(t) = fg x(7)dT we can evaluate the cross-correlation
function 1, (t1, t2) directly from the autocorrelation function, v, (¢, ), for z(t). Specifically
we find

Vay(ti,t2) = E(x(t)y(t2))

_E <:c(t1) (/Ot x(T)dT) >

_ / Bla(t)x(r))dr

ot2
= U (ty, T)dT .
0

Since we have calculated 1, for both of the systems above we can use these results and the
identity above to evaluate 1,,. For the system in Part (a) we have when ¢; < ¢, that

to to
Yuy(t1,t2) = / wm(tl,r)drz/ re Tl dr
0 0

t1 t2
= 7r/ €(t1T)dT+7T/ et dr
0 t1

t1 t1—to

= 2mr—me ' — e

If t5 < t; then we have

t2
—|t1—7
VYay(t1,12) = 7T/ e 1 ldr
0
to
= 7T/ e~ dr = pet2tt _ geh
0

Thus combining these two results we find

b reti—te t1 < 19

— e t1 > 1o

2 — we~
met2—h

Vuy(t1,t2) = {

While in the second case (Part (b)) since 9, (¢, %) has a term of the form el %2l which is
exactly the same as the first case in Part (a) we only need to evaluate

to
_ _ _~|t2
—7T/ e Mt)dr = geh (e T o
0

= gm(e~titta) _tr),
Thus we finally obtain for Part (b)

by o — 2me~t — ettt 4 re—(itta) ¢ <ty
Qﬁacy( 1 2) - —9me "t 4+ etz 4 ﬂ-e—(t1+t2) t1 >ty



Part (d): To predict z(t+ «) using x(t) using an estimate Z(t+«) = ax(t) we will minimize
the mean-square prediction error E{[Z(t + a) — z(t + «)]?) as a function of a. For the given
linear form for Z(¢ + «) the expression we will minimize for a is given by

F(a) = E(lax(t) —z(t + a)]?)
E(a*z*(t) — 2ax(t)z(t + o) + 2%(t + ))
= a®,(t,t) — 2aab, (t,t + @) + Yo (t +a,t +a).

Since we are considering the functional form for v, (¢1,t5) derived for in Part (a) above we
know that 1, (t1,ty) = me~ 1%l 50

Uu(t,t) =m = (t+ ot +a) and Y, (t,t+a)=ne % = 7e7
since & > 0. Thus the function F'(a) then becomes
F(a) = ma*® — 2mae ™ + .

To find the minimum of this expression we take the derivative of F' with respect to a, set
the resulting expression equal to zero and solve for a. We find

F'(a) =2ma—2me™*=0 so a=e .

Thus to optimally predict z(t + «) given z(t) on should use the prediction Z(t + «) given by

T(t+a)=e z(t). (48)

Problem 3.30 (a random initial condition)

Part (a): This equation is similar to Problem 3.29 Part (b) but now z(tg) = z is non-zero
and random rather than deterministic. For this given linear system we have a solution still
given by Equation 46

t
2(t) = e fxg + e_t/ e'n(r)dr = e twg + 1(t),
0

where we have defined the function I(t) =e™* fg e"n(r)dr. To compute the autocorrelation
function 1), (t1, t2) we use its definition to find

Vu(ty, ta) = Elx(t)z(tz))

E{(e™"wo + I(t1)) (e 2o + I(t2)))

= e’(tﬁt?)E(azg) +e M E(xol(t2)) + e P E(I(t))xo) + E(I(t)I(t2))
ole~ Mt L B(I(4)I(ty)),

since the middle two terms are zero and we are told that z is zero mean with a variance o?.
The expression E(I(t1)I(t2)) was computed in Problem 3.29 b. Thus we find

Yoty ty) = o2e”1Ht2) 4 gp(emlimtal _ o=(titta)y



Part (b): If we take 02 = 05 = 7 then the autocorrelation function becomes
oty by) = me 11712

so in this case x(t) is wide-sense stationary (WSS).

Part (c): Now xz(t) will be wise-sense stationary since if the white noise is turned on at
t = —oo because the initial condition zy will have no effect on the solution z(t) at current
times. This is because the effect of the initial condition at the time ¢y from Equation 46 is

given by

xoefttho 7

and if {; — —oo the contribution of this term vanishes no matter what the statistical
properties of z( are.

Problem 3.31 (the mean and covariance for the given dynamical system)

From the given dynamical system
(t) = F(t)z(t) + w(t) with z(a) = z,,

The full solution to this equation can be obtained symbolically given the fundamental solu-
tion matrix ®(¢,y) as

x(t) = ®(t,a)z(a) + /t O(t, T)w(T)dr,
then taking the expectation of this expression giifes an equation for the mean m(t)
m(t) = E{x(t)) = ®(t,a)E{x(a)) + /t O(t, 7)E(w(r))dr =0,
since E(w(1)) =0, and E(x(a)) = E(z,) =0 as we C;bssume that x, is zero mean.

The covariance matrix P(t) for this system is computed as

P(t) = E{(x(t) —m(t)(z(t) —m(t))")

_ E<<¢(t7a>xa+ / tq)@ﬁ)w(T)dT) (CI)(t, a)Zq + / tcb(t,T)w(T)dT>T>

= ®(t,a)E{x,2al)®(t,a)”

a

+ O(t,a)E <x (/t o(t, T)w(T)dT)T> +E < (/t (1, T)w(T)dT) xaT> o(t,a)"
+ B < (/:cp(t,f)wmdf) (/:@(t,f)w(T)dT)T>

= ®(t,a)P,®(t,a)"

+ ®(t,a) /atE<xawT(T)><I>(t,r)Tdr + (/atfb(t, T)E<w(7)xf)dr) ot a)
" /uta /vta O(t, u) E(w(w)w(v)")®(t,v) dvdu .



Now as E(z,w’) = 0 the middle two terms above vanish. Also E{w(u)w(v)") = Q(u)d(u—v)
so the fourth term becomes

/: O(t,u)Q(u)®(t, u) du.

With these two simplifications the covariance P(t) for z(t) is given by

t
P(t) = ®(t,a)P,®(t,a)" +/ O(t,u)Q(u)d(t,u) du.
Part (b): A differential equation for P(t) is given by taking the derivative of the above
expression for P(t) with respect to t. We find
AP d®(t,a)

- = POt a)l + ®(t,a)P
dt g La®ta) + Ot )Py

+ O, H)Q()P(t, 1)
+

/ua WQ(U)CD(L u) du + /ua O (t,u)Q(u)

do(t,a)”
dt

do(t,u)”

du .
aw

Recall that the fundamental solution ®(¢,a) satisfies the following dcpc(li’a) = F(t)®(t,a) and

that ®(t,t) = I with I the identity matrix. With these expressions the right-hand-side of
Cil—]: then becomes

apr
dt

= Ft)®(t,a)P,®(t,a)" + ®(t,a)P,®(t,a)" FT(t) + Q(1)

+ /_ Ft)®(t,u)Q(u)®(t, u)" du +/ O(t, u)Q(u)®(t,u)" F(t) du

=a

= F(t) [Cb(t, a)P,®(t,a)” + / O(t,u)Q(u)d(t, u)Tdu}
+ [CI)(t, a)P,®(t,a)" + /t O(t,u)Q(u)d(t, u)Tdu} FO)T + Q1)
= FO)PE)+POF)" +Q(t),

as a differential equation for P(t).

Problem 3.32 (examples at computing the covariance matrix P(t))

To find the steady state value for P(t) i.e. P(oc) we can either compute the fundamental
solutions, ®(¢, 7), for the given systems and use the “direct formulation” for the time value

of P(t) i.e.
t
P(t) = ®(t,to) P(to)®" (¢, to) +/ (¢, 7)G(T)QGT (1)@ (t,7)dT . (49)
to
or use the “differential equation formulation” for P(t) given by

% =F()P(t)+ P)F' (1) + GH)QG" (1) (50)



Since this later equation involves only the expressions F', G, and ) which we are given
directly from the continuous time state definition repeated here for convenience

i = FO)z() + GOw() (51)
E(w(t)) = 0 (52)
E(w(t)w(ta)) = Q(ty,12)5(tr — t2) . (53)

Part (a): For this specific linear dynamic system we have Equation 50 given by

Pt) — {j 8]P(t)+P(t)[:} 8]1“}1{1 1]

— {j 8]P(t)+P(t)[_Ol _(JI]JF“ ”

In terms of components of the matrix P(¢) we would have the following system
pu(t) par(t) _ | TPu P2 | | TPu TPu | L1
P21 (t) Paalt) —P11 —P12 —P21  —P21 1]

pu(t) pailt) _ —2p11 +1 —p21 —pu +1
P2 (t) paalt) —p11 —pa +1 —2pa1 +1
Note that we have enforced the symmetry of P(t) by explicitly taking p;o = pa;. To solve
the (1,1) component in the matrix above we need to consider the differential equation given
by
which has a solution |
pn(t) = 5(1 + 672t) .

Using this then po; (t) must satisfy

pa(t) = —pa(l) —pn+1
1 1
= —pa(l) + 57 56_%7

with an initial condition of py;(0) = 0. Solving this we find a solution given by

1 _ 1 _
p21(t):§—e t—l—ée 2

Finally the function pso(t) must solve

pgz(t) = —2p21 (t) -+ 1
— 26715 _ 67225

with the initial condition that pss(0) = 1. Solving this we conclude that

) 1
pao(t) = 5 2e " + 56_% :



The time-dependent matrix P(t) is then given by placing all of these function in a matrix
form. All of the functions considered above give

o= [0 2 ] -

N[00 [ =

(YIS
| I

Part (b): For the given linear dynamic system, the differential equations satisfied by the

covariance matrix P(t) become (when we recognized that F' = [ _01 _01 } and G = [ i) ])

P(t) = F({t)P(t)+POF@#)T +Gt)QGT(t)
_ | TPu Pa | | TPu P2 | 25 5
—Pp21 —Da22 —Pp21 —D22 5 1
—2p11 +25 —2py1 +5
—2po1 +5  —2pyp +1
Solving for the (1, 1) element we have the differential equation given by

This has a solution given by
1
pi(t) = 5e—%(—zzz + 25e%) .
Solving for the (2,2) element we have the differential equation

This has a solution given by
1
paa(t) = 56_%(1 + ).

Finally, equation for the (1,2) element (equivalently the (2,1) element) when solved gives

5
por(t) = 56’2'5(—1 + th) )

All of the functions considered above give

re- [ w1 (8

= O

B

for the steady-state covariance matrix. The algebra for solving these differential equation is
given in the Mathematica file prob_3_32.nb.

Problem 3.33 (an example computing the discrete covariance matrix Py)

The discrete covariance propagation equation is given by

P, = (I)kflpkflq)gf1 + Gkﬂ@qugA ) (54)



which for this discrete linear system is given by
_ 0 1/2 0 -1/2 1
pe[ e W e e [0y
Define P, = (k) pia(k) and we obtain the set of matrix equations given by
p12(k)  poa(k)

{pn(kJr 1) pia(k+1) } _ { ipZQ(k:) —ipu(k) + paa(k) ]—l—{ L1 }
pi2(k+1) pao(k+1) —p12(k) + paa(k)  ip11(k) — 2pia(k) + 4paa(k) 1117

As a linear system for the unknown functions py1(k), pi2(k), and peo(k) we can write it as

p(k+1) 0 0 1/4 (k) 1

This is a linear vector difference equation and can be solved by methods discussed in [1].
Using Rather than carry out these calculations by hand in the Mathematica file prob_3_33.nb
their solution is obtained symbolically.

Problem 3.34 (the steady-state covariance matrix for the harmonic oscillator)

Example 3.4 is a linear dynamic system given by

{28 } ) l i —21%} [28 } " l b 2ucu } w(t).

Then the equation for the covariance of these state x(t) or P(t) is given by

% = F)Pt)+PHOFH" +G)QH)GH)T
_ [ 0 1 ] [Pn(t) pr2(t) ] n [pu(t) P12(t)} [0 —wy, }

—w)  —2Cwn pi2(t) paa(t) p12(t) paa(t) 1 —2C¢wy,
+ [b—;ag“wn} [a b—Qann} )

Since we are only looking for the steady-state value of P i.e. P(00) let t — oo in the above
to get a linear system for the limiting values pq1(00), p12(00), and pg(o0). The remaining
portions of this exercise are worked just like Example 3.9 from the book.

Problem 3.35 (a negative solution to the steady-state Ricatti equation)

Consider the scalar case suggested where F' = () = G = 1 and we find that the continuous-
time steady state algebraic equation becomes

0 =1P(+00) + P(4+00) + 1 = P(c0) = —% :

which is a negative solution in contradiction to the definition of P(c0).



Problem 3.36 (no solution to the steady-state Ricatti equation)

Consider the given discrete-time steady-state algebraic equation, specified to the scalar case.
Then assuming a solution for P, exists this equation gives

P, =P, +1,

which after canceling P, on both sides implies given the contradiction 0 = 1. This implies
that no solution exists.

Problem 3.37 (computing the discrete-time covariance matrix)

From the given discrete time process model, by taking expectations of both sides we have
E{xy) = —2E(x},_1), which has a solution given by E(x}) = E{xo)(—2)¥, for some constant
E(xy). If E(x¢) = 0, then the expectation of the state xy, is also zero. The discrete covariance
of the state is given by solving the difference equation

Py =@, 1P @) + Qi1
for P,. For the given discrete-time system this becomes
P, =4P, 1 +1.
The solution to this difference equation is given by (see the Mathematica file prob_3_37.nb),
P, = %(—1 + 4% + 3 Py 4"%).
If we take Py = 1 then this equation becomes
P, = %(—1 4 4k +1y

The steady-state value of this covariance is P, = oc.

Problem 3.38 (computing the time-varying covariance matrix)

For a continuous linear system like this one the differential equation satisfied by the covari-
ance of x(t) or P(t) is given by the solution of the following differential equation

P(t) = F(t)P(t) + P(t)FT(t) + G(t)QG™ (1) .

For this scalar problem we have F(t) = —2, G(t) = 1, and Q(t,t,) = e 127hl§(t; — t5),
becomes

P(t) = —2P—2P+1=—4P +1.



Solving this equation for P(t) gives (see the Mathematica file prob_3.38.nb)

P(t) = =

1 e (=14 4P(0) + e*).

If we assume that P(0) = 1 then the above becomes

1
P(t) = 167415

The steady-state value of the above expression is given by P(00) = 1.

1
(3+e') = 1(367‘“ +1).

Problem 3.39 (linear prediction of (¢ + «) using the values of z(s) for s < t)

Part (a): We assume that our predictor in this case will have a mathematical form given
by
t
T(t+ o) = / a(v)z(v)dv,
for some as yet undetermined function a(v). With this expression we seek to minimize
the prediction error when using this function a(-). That is we seek to minimize F(a) =
E(|z(t + a) — z(t + a)|*) which can be expressed as

2

’/ v — 2t +a)| ),

which when we expand out the arguments inside the expectation becomes

E < (/t_oo /:_OO a(u)a(v)z(uw)z(v)dudv — 2 /_too a(v)z(v)z(t + a)ds + 2*(t + a)) > ,

or passing the expectation inside the integrals above we find F'(a) becomes

/_ / - VE(x(u)z(v))dudv
N / a(v)E{x(v)x(t + a))ds + BE{z*(t + a)) .

Using the given autocorrelation function for z(t) we see that these expectations take the
values

E(z(u)z(v)) = e cul
Elx(v)z(t +a)) = e it
E@*(t+a)) = 1,

so that the above becomes

t
/ / Ye~ vl dudy — 2/ a(v)e ey 41



To optimize F(-) as a function of the unknown function a(-) using the calculus of variations
we compute dF = F(a + da) — F(a), where da is a “small” functional perturbation of the
function a. We find

F(a+da)— F(a) = /_ / ) (a(u) + da(u))(a(v) + da(v))e " dudv

t
_ 2/ (a<v)+5a(,v))efc|t+a7v|dv

tU:—oo . t
- / / a(u)a(v)ec“”dudv—i—Q/ a(v)e~levlgy

V=—00

_ /u t:w /Uiooa(u)éa(v)e_du_v'dudv (55)
n /u t:w /Uiooa(v)cSa(u)e_c'“_”'dudv (56)

t t
+ / / Sa(u)da(v)e " ldudy
:;oo v=—00

- 2 Sa(v)edtteldy

V=—00

Now the two integrals Equation 55 and 56 are equal and using this the above expression for
0F becomes

¢ t t
2/ / a(u)da(v)e” " ldudy — 2/ Sa(v)e~devldy + O(6a?) .

Recalling that ¢ + « > v we can drop the absolute value in the exponential of the second
term and if we assume that O(da?) is much smaller than the other two terms, we can ignore
it. Then by taking the v integration to the outside we obtain

t t
2/ [/ a(u)e v ="ldy — ec(Ha”)} da(v)dv.

Now the calculus of variations assumes that at the optimum value for a, the first variation
vanishes or 0F = 0. This implies that we must have in argument of the above integrand
identically equal to zero or a(-) must satisfy

t
/ a(u)e= v ldy — e=cltte=v) —

Taking the derivative of this expression with respect to ¢ we then obtain (since v < t)

a(t)e—c(t—v) _ e—c(t—l—a—v) )
when we solve this for a(t) we find that a(t) is not actually a function of ¢ but is given by
a(t) =e (57)

so that our estimator becomes
T(t+a) =e “x(t), (58)



as we were to show.

Part (b): To find the mean-square error we want to evaluate F'(a) at the a(-) we calculated

above. We find

F(a) = E(le™x(t) —a(t+a)]?)
= Ele 22%(t) — 2e ““2(t)x(t + a) + 22(t + a))
= e X e e ]

= 1— 6—2004 .



Chapter 4: Linear Optimal Filters and Predictors

Notes On The Text

Estimators in Linear Form

For this chapter we will consider an estimator of the unknown state x at the k-th time step
to be denoted Zj(+), given the k-th measurement z;, and our previous estimate of = before
the measurement (denoted #j(—)) of the following linear form

Tr(+) = Kpn(=) + Kyz (59)

for some as yet undetermined coefficients K} and Kj;. The requiring the orthogonality
condition that this estimate must satisfy is then that

Elloy — 2p(H)])z5) =0 for i=1,2,--- k—1. (60)

Note that this orthogonality condition is stated for the posterior (after measurement) esti-
mate Z;(+) but for a recursive filter we expect it to hold for the a-priori (before measure-
ment) estimate Z;(—) also. These orthogonality conditions can be simplified to determine
conditions on the unknown coefficients K} and Kj. From our chosen form for #4(+) from
Equation 59 the orthogonality conditions imply

Ellxy — Klip(=) — Kpazplzl) = 0.
Since our measurement z; in terms of the true state xj is given by
2y = Hpxp + vy (61)
the above expression becomes
B[z — Kiip(=) — KpHpx, — Kpvplzl) = 0.

Recognizing that the measurement noise vy, is assumed uncorrelated with the measurement
z; we E{vgzl') = 0 so this term drops from the orthogonality conditions and we obtain

By — Kiip(—) — KpHprg)2l) = 0.
From this expression we now adding and subtracting K}z to obtain
E([zy — KpHyry — Kiag — Kiedn(—) + Klaglzl) =0,
so that by grouping the last two terms we find

E<[5L’k — FkaiL’k — K]ixk — K[l( (.TA}]C(—) - SL’k)]ZZT> =0.
This last term E{(Z,(—) — x1)z}) = 0 due to the orthogonality condition satisfied by the
previous estimate Zy(—). Factoring out z; and applying the expectation to each individual

term this becomes o
(I = KyHy, — K)E{z2T) = 0. (62)



For this to be true in general the coefficient of E{x;z!) must vanish, thus we conclude that
K;=1-K.H,, (63)

which is the books equation 4.13.

Using the two orthogonality conditions E{(z — &% (+))2x(—)T) = 0 and E{(z —21(+))2}) =

0 we can subtract these two expressions and introduce the variable z; defined as the error
in our measurement prediction zx(—) or

Ze = 21(—) — 2, (64)

to get E{(x), — 21(+))Z}) = 0. Now using the definition of Z; written in terms of Zj, of
Zy = Hipap(—) — 2, (65)
we find the orthogonality E{(x), — Zx(+))z}) = 0 condition becomes
E[zy — Kyin(—) — Kpa] (Han(=) — 2)") = 0.

using the expression we found for K} in Equation 63 and the measurement Equation 61 this
becomes

E([l‘k — i‘k(—) — Fkafi‘k(—) — FkaZL‘k — Fk’l}k](Hki‘k(—) — HkZL‘k — Uk)T> = O .
Group some terms to introduce the definition of Zx(—)
.i’k =T — i’k<—) y (66)

we have
E([—i’k<—) —F?kai’k(—) — Fkvk](Hkizk(—) - Uk)T> =0.
{

If we define the value of Py(—) to be the prior covariance P.(—) = E{(Zr(—)2x(—)T) the

above becomes six product terms
0 = —BE(@(—)ax(=)" ) Hy + B(in(-)vy)
- FkE<'Uk{i‘k(—)T>H]z + F}CE<’U]€’Ug> .
Since E(Z(—)vl) = 0 several terms cancel and we obtain
—Py(=)HI + K H,Py(—)H! + KR, = 0. (67)

Which is a linear equation for the unknown K. Solving it we find the gain or the multiplier
of the measurement given by solving the above for K or

K, = Py(—)HI (H,.P.(=)HE + Ry)™*. (68)

Using the expressions just derived for K} and K}, we would like to derive an expression for
the posterior covariance error. The posterior covariance error is defined in a similar manner
to the a-priori error Py(—) namely

Bi(+) = E(@(+)k(+)) (69)



Then with the value of K} given by K} = I — K} H;, we have our posterior state estimate
Z(+) using Equation 59 in terms of our prior estimate Z;(—) and our measurement z of

Subtracting the true state x; from this and writing the measurement in terms of the state
as z, = Hyxy, + v, we have

() — 2 = Ip(—) — 2 + KpHpxy + Ko, — K Hpdp(—)

= Ix(—) — Kka(a:k( ) — x1) + Kguy,

= Tp(—) — KpHp3p(—) + Ko, .
Thus the update of Zx(+) from Z;(—) is given by

Te(+) = (I — KpHy)ig(—) + Kpvp . (70)
Using this expression we can derive Py(+) in terms of P.(—) as

P(+) = E(@(+)i))
= B(I - K H)an(-) + Ko [ () — K Hy)T + 0] K, ))
By expanding the terms on the right hand side and remembering that FE{v,zi(—)) = 0 gives
Pu(+) = (I = KiHy) Po(—)(I — KpHy)" + Ky Rp Ky (71)

or the so called Joseph form of the covariance update equation.

Alternative forms for the state covariance update equation can also be obtained. Expanding
the product on the right-hand-side of Equation 71 gives

Pi(+) = Py(=) — Po(—) (K Hy)" — KpHyPy(—) + K Hy Po(—) (K Hy)" + mRka .

Grouping the first and third term and the last two terms together in the expression in the
right-hand-side we find

Pu(+) = (I — Ky Hy)Po(—) — Po(—)HTR,, + Ko(H Po(—)HT + ROE,, .

Recognizing that since the expression iIkPk(—)H,F{ + Ry appears in the definition of the
Kalman gain Equation 68 the product K (HyP.(—)H} + Ry) is really equal to

K (HPo(—)Hy + Ry) = Po(—)Hy
and we find Py(+) takes the form
— —r —T
Pi(+) = (I - KyHy)Pi(=) — Pu(-)H K}, + P(—)H; K,
= (I — KyHy)Pi(—). (72)

This later form is most often used in computation.

Given the estimate of the error covariance at the previous time step or Py_1(+) by using the
discrete state-update equation

T = Pp_1Tp—1 + Wi—1, (73)
the prior error covariance at the next time step k is given by the simple form

Pi(=) = @ 1 P 1 (+)®]_, + Qrs. (74)



Notes on Treating Uncorrelated Measurement Vectors as Scalar Measurements

In this subsection of the book a very useful algorithm for dealing with uncorrelated mea-
surement vectors is presented. The main idea is to treat the totality of vector measurement
z as a sequence of scalar measurements z; for k = 1,2, -, 1. This can have several benefits.
In addition to the two reasons stated in the text: reduced computational time and improved
numerical accuracy, in practice this algorithm can be especially useful in situations where
the individual measurements are known with different uncertainties where some maybe more
informative and useful in predicting an estimate of the total state Zx(+) than others. In an
ideal case one would like to use the information from all of the measurements but time may
require estimates of #;(+) quicker than the computation with all measurements could be
done. If the measurements could be sorted based on some sort of priority (like uncertainty)
then an approximation of ;(+) could be obtained by applying on the most informative mea-
surements z; first and stopping before processing all of the measurements. This algorithm
is also a very interesting way of thinking about how the Kalman filter is in general pro-
cessing vector measurements. There is slight typo in the book’s presented algorithm which
we now ﬁx The al%onthm is to begin with our initial estimate of the state and covariance

Pl£0] —) and 2, = 24(—) and then to iteratively apply the following equations
(3 ]- 1—
K = — R
H'P' H [ZT] + Ry

PIEZ] — P[Z—l] K][C}HMP[Z 1]

~[i i—1 9] z z 1

= o R - B
fori=1,2,---,1. As shown above, a simplification over the normal Kalman update equa-

tions that comes from using this procedure is that now the expression H, MP[Z Upgr iha R,[j]
is a scalar and inverting it is simply division. Once we have processed the l- th scalar mea-
surement {zj};, using this procedure the final state and uncertainty estimates are given
by
P(+) = PP and  dp(+) =2l

On Page 80 of these notes we derive the computational requirements for the normal Kalman
formulation (where the measurements z are treated as a vector) and the above “scalar”
procedure. In addition, we should note that theoretically the order in which we process each
scalar measurement should not matter. In practice, however, it seems that it does matter
and different ordering can give different state estimates. Ordering the measurements from
most informative (the measurement with the smallest uncertainty is first) to least informative
seems to be a good choice. This corresponds to a greedy like algorithm in that if we have
to stop processing measurements at some point we would have processed the measurements
with the largest amount of information.

Notes on the Section Entitled: The Kalman-Bucy filter

Warning: [ was not able to get the algebra in this section to agree with the results
presented in the book. If anyone sees an error in my reasoning or a method by which I
should do these calculations differently please email me.



By putting the covariance update Equation 89 into the error covariance extrapolation Equa-
tion 74 we obtain a recursive equation for P(—) given by

Piu(=) = ®p1(I = Kj—1Hy—1) Poca (=) @4y + GuQiGY, - (75)

Mapping from the discrete space to the continuous space we assume Fj_1 = F(ty_1), G =
G(tr), Qr = Q(tx)At, and Oy ~ I + Fy_1At then the above discrete approximations to
the continuous Kalman-Bucy system becomes

Py(=) = (I + F 1 AO)(I — K1 Hy—1) Poi (=) (I + Fo AT + GRQrGL AL .
On expanding the product in the right hand side (done in two steps) of the above we find

Pi(=) = I+ Al
X (Peo1(=)+ AtP_ (=) FL ) — Ky 1Hy 1 Pio1 (=) — AtK 1 Hy 1 Py (=) FL )
+ GQWGTAL
= Pea(=)+ AtPyy(—)F | — Ky Hyy Poy (=) — AtK 1 Hy 1 Py (—) B
+ AtF Py (=) + APF Py (- FL |, — AtFy 1 Ky 1 Hy 1 Pr1(—)
— APF Ky Hy 1 P (—) B,
+ GLQWGTAL .

Now forming the first difference of Py(—) on the left hand side of the above and rearranging
terms we find to

Pp(=) = Pra(-)
At

1 — _
= P (-)F, - EKk—lHk—lpk—l(_) — K 1Hyx 1Pr1(—)FE

—+ Fk—lpk—l(_) + AtFk—lpk—l(_)Flgll - Fk_lKk_lHk_lPk_l(_)
— AtkalKk—lkaIPk71<_>Flgll
+ GthGZ-

Taking At — 0 and using the fact that lima,_ fg—;l = PHTR™! = K(t) should give the
continuous matrix Riccati equation

P(t) = P)F)T + F(t)P(t) — PO)H(t)"RY(t)H(t)P(t) + G)Q()G(t)T . (76)
Note: As mentioned above, I don’t see how when the limit At — 0 is taken to eliminate

the terms in bold above: —K_1Hy, 1Py 1(—)FL , and —Fy_ Ky 1H},_1Py_1(—). If anyone
can find an error in what I have done please email me.

Notes on the Section Entitled: Solving the Matrix Riccati Differential Equation

Consider a fractional decomposition of the covariance P(t) as P(t) = A(t)B(t)~'. Then the
continuous Riccati differential equation

P(t) = F(t)P(t) + PW)F(1)" — P()H ()R () H(t)P(t) + Q(1),



under this substitution becomes
CP() = S(AWBH ) = ADB@) "~ ADB@) BHB ()
= FOAQBE) ' +AQ)B) ' Ft)" — A)Bt) " H(t)"R(t) " H(t)A(t)B(t) " + Q(t) .
Or multiplying by B(t) on the left the above becomes
A(t) — A®)B(t)'B(t) = F(t)A(t)+ A{t)B(t) ' F(t)'B(t)
AWB)TH)TR() T H(t)A(t) + Q(t)B(t) .
Now factor the expansion A(t)B(t)~! from the second and third terms as
Alt) = ABB®) ' B(t) = F(OHA() +Q(t)B(t)
+ A@MBE) N (F()B() — H(t)"R(t) " H(t)A(t)).
This equation will be satisfied if we can find matrices A(¢) and B(t) such that the coefficients
of A(t)B(t)~! are equal. Equating the zeroth power of A(t)B(t)~! gives an equation for A(t)
of
A(t) = F(t)A(t) + Q(t) B(t) .
Equating the first powers of A(t)B(t)~! requires that B(t) must satisfy

B(t) = Ht)'R(t) " H(t)A(t) — F(t)'B(t).
In matrix form these two equations can be expressed as

41801 Lot 200130

which is the books equation 4.67.

Notes on: General Solution of the Scalar Time-Invariant Riccati Equation

Once we have solved for the scalar functions A(t) and B(t) we can explicitly evaluate the

ggt) If we desire to consider the steady-state

value of this expression we have (using some of the results from this section of the book)
that

time varying scalar covariance P(t) as P(t) =

lim P(t) = oo Ne(t)
t—00 lim; ., Dp(t)

R [P(O) (\/@+ F) + Q}
H2P(O)+R<\/@—F)
. (m N H;Q) P(0 +Q<
B s

H2




Consider the expression in the upper right hand “corner” of the above expression or

Q

VE2+HEL L F
Ve R

by multiplying top and bottom of this fraction by m we get

\/F2+@—F)
Q< 5 R( F2+H_262_F>’

and the terms in the brackets [-] cancel each from the numerator and denominator to give

the expression
R / H2Q)
: — 2
th_)r?oP(t)— 5 <F+ F2 + : ), (77)

which is the books equation 4.72.

Notes on: The Steady-State Riccati equation using the Newton-Raphson Method

In the notation of this section, the identity that

oP

can be reasoned as correct by recognizing that [ lT represents the row vector with a one in

the [-th spot and I represents a column vector with a one in the k-th spot, so the product

of IIT represents a matrix of zeros with a single non-zero element (a 1) in the kl-th spot.

This is the equivalent effect of taking the derivative of P with respect to its kl-th element
oP

or the expression Py

= 1,17, (78)

From the given definition of Z, the product rule, and Equation 78 we have

0Z 0
= FP+ PFT — PHTR'HP
0Py 0Py (EP+ Q)
oP 0P OP OP
= F— + —r" - — H'R'HP - PH'R'H—
0Py 9By’ 9By 9Py

= FLJV + 1T FT — [ IPH'RHP — PH'R'HIIY
= Ful} + [.F] — [ I (PHTRH) — (PHTR'H)I 1] .

In deriving the last line we have used the fact ITFT = (FI;)" = FT. Note that the last

term above is
—~(PHTRH) I, I} = —MI 1T = —MI7,

where we have introduced the matrix M = PHTR™'H, since M1}, selects the kth column
from the matrix M. This is the fourth term in the books equation 4.85. The product in the
second to last term is given by

~ I IYH'RHP = — 1 (PH"R'HI)" = —I,MT |



and is the third term in the books equation 4.85. Taken together we get the books equa-
tion 4.86. Rearranging the resulting terms and defining the matrix S = F — M gives

92 (B = MOIT + L(FF — M)
0Py

= (F— M) I3+ Li((F - M)"),
Silt 4 I(ST)

Sill 4+ (Si1p)T,

this is the books equation 4.87.

Now recall that I, represents a column vector with one in the k-th spot, and I7 is a row
vector with a one in the [-th spot, so the product S;I7 (which is the first term in the above
expression) represents the k-th column of the matrix S times the row vector I7 where only
the [-th column element is non-zero and therefore equals a matrix of all zeros except in the
the [-th column where the elements are equal to the k-th column of §. In the same way
the term in the above expression (S;1%)7 has the [-th column of S in the k-th row of the
resulting matrix.

Now the expression gi}g , represents taking the derivative of the ij-th element of the matrix
Z with respect to the kl-th element of the matrix P. Since we have already calculated the
matriz 8‘972, to calculate
! af, OZ;
Fpg = ==
8.Tq 8Pk:l
we need to extract the ij-th element from this matrix. As discussed above, since S;I7 has
only a nonzero [-th column this derivative will be non-zero if and only if 7 = [, where its value
will be S;;,. Also since I .ka has only a nonzero k-th row, this derivative will be non-zero if

and only if ¢ = k where its value will be §;;. Thus we finally obtain

0Py

= ANjSi + AuSii (79)

which is the books equation 4.80.

Notes on: MacFarlane-Potter-Fath Eigenstructure Method

From the given definition of the continuous-time system Hamiltonian matrix, V., we can
compute the product discussed in Lemma 1

o [4]_ F Q A7l FA+QB [ 4D
' B|T | HTR'H —-FT || B |~ | HTR'HA-F'B |~ | BD |

Looking at the individual equations we have the system of

AD = FA+QB (80)
BD = H'R'HA-F'B (81)



Multiply both equations by B! on the right to get

ADB™' = FAB '+ Q (82)
BDB™' = H'R'HAB'-F" (83)

No multiply Equation 83 on the left by AB™! to get
ADB™' = AB'H'R'HAB™ — AB7'FT. (84)

Setting the expressions for ADB™! in Equations 82 and 84 equal while recalling our fractional
factorization of P = AB~! we obtain

0=FP—-PH'R'HP+ PFT +Q,

the continuous steady-state Riccati equation.

Steady-State Solution of the Time-Invariant Discrete-Time Riccati Equation

For this section we need the following “Riccati” result which is the recursive representation
of the a priori covariance matrix Py(—). Recall that the covariance extrapolation step in
discrete Kalman filtering can be written recursively as

Pisi(=) = ®pPu(+)Pf + Qi
= @I — K1 Hy)Po(—)®] + Qi
= O{I — Pu(—)H} (HyPo(—)H} + Ri) " Hy Y Pu(—)®f + Q. (85)

As discussed in the book this equation has a solution given in the following factorization
Po(—) = ABy 1,
where Aj and B, satisfy the following recursion relationship

] = LS ol s o] 8]

Bi I 0 0 @y I 0 ]| Bk
O+ Qr®, THIR,'Hy, Qix®." | [ Ax
&, "HI'R; ' H), o By |-

We define the coefficient matrix above as ¥, or

(86)

= { O+ Qe THE R Hy Qr®, }

o, "HI'R, ' Hy, o,

If we restrict to the case where everything is a scalar and time-invariant the coefficient matrix
W, in this case becomes

o 1841 00

| =[O
O KA
—_
—
»—t;g|mw
O =
| S
Il

KA
+
O
S
YT
| I |



To solve for A;, and By, for all k we then diagonalize ¥, as M DM ! and begin from the initial
condition on P translated into initial conditions on A and B. That is we want Py = AgB,*
which we can obtain by taking Ag = Fy and By = I.

If we assume that our system is time-invariant to study the steady-state filter performance
we let £ — oo in Equation 85 and get

Py =®{l - P,H' (HP H" + R)'H}P " + Q. (87)

Which is the equation we desire to solve via the eigenvalues of the block matrix ¥ . Specif-
ically the steady state solution to Equation 87 can be represented as P, = AB~! where A

and B satisfy
A A
5] -5]"

for a n x n nonsingular matrix D. In practice A and B are formed from the n characteristic
vectors of ¥, corresponding to the nonzero characteristic values of Wy.

Problem Solutions
Problem 4.1 (the non-recursive Bayes solution)

The way to view this problem is to recognize that since everything is linear and distributed
as a Gaussian random variable the end result (i.e. the posteriori distribution of x; given
20, 21, 22) must also be Gaussian. Thus if we can compute the joint distribution of the vector
x
20
21
Z2
computing the posterior-distribution of x; i.e. p(x1|z9, 21, 22). Since everything is linear and
Gaussian the joint distribution p(x1, 2o, 21, z2) will be Gaussian and the posterior-distribution
p(x1|20, 21, 22) Will also be Gaussian with a mean and a covariance given by classic formulas.
T

, say p(x1, 29, 21, 22), then using this we can compute the optimal estimate of z; by

20
21
z2

Thus as a first step we need to determine the probability density of the vector

From the problem specified system dynamic and measurement equation we can compute the
various sequential measurements and dynamic time steps starting from the first measurement



zp until the third measurement z, as

20 = X+ g
Ty = §!E0+w0
1

2 = $1+U1:§$o+wo+vl

Lo L) L S
Xz = =T w = =< | w wp = =T —W w
2 92 1 1 92 9 0 0 1 4 0 9 0 1
Z9 = .T2+U221.T0+§U}0—|—U}1+’02.

In matrix notation these equations are given by

o
xl 01000 Vg
| |1 10000 w
21_%01100 U1
e 103011 wy
_v2_

Note these are written in such a way that the variables on the right-hand-side of the above
expression: xg, vg, Wy, V1, W1, v are independent and drawn from zero mean unit variance nor-
T

mal distributions. Because of this, the vector on the left-hand-side, jo , has a Gaussian
1

22
distribution with a expectation given by the zero vector and a covariance given by

T

01 000][301000 20 8 20 10

o= |1 10000 110000} 1|8 32 8 4
|01 1000|301 100| 16{20 8 36 10|

103011 103011 10 4 10 37

since the variance of the vector of variables xg, vy, wg, vy, wy,v; is the six-by-six identity
matrix. We will partition this covariance matrix in the following way

b
c_[ b é}.

Here the upper left corner element c? , is the variance of the random variable x; that we want
to compute the expectation of. Thus we have defined

2 1/2 1/4
2 =5/4, v =[1/2 5/4 5/8], and C=|1/2 9/4 5/8
1/4 5/8 37/16

Given the distribution of the joint we would like to compute the distribution of x; given the
values of zy, 21, and z3. To do this we will use the following theorem.



Given X, a multivariate Gaussian random variable of dimension n with vector mean u and
covariance matrix . If we partition X, pu, and ¥ into two parts of sizes ¢ and n — q as

Xy H1 Y11 22
ol l] e =5 S

Then the conditional distribution of the first ¢ random variables in X given the second
n — g of the random variables (say X, = a) is another multivariate normal with mean i and
covariance X given by

o=+ 1Y (@ — o) (88)
Y o= Y- Tl (89)

For this problem we have that >, = 03261, Yo = b, and Ygy = C’, so that we compute the
matrix product $1,35, of

12X = ir) [16 72 18] .

Thus if we are given the values of 2y, z1, and z for the components of X, from the above
theorem the value of E[x1|zy, 21, 22| is given by i which in this case since p; = 0 and ps =0
becomes

1 %0 1
Elx1|2, 21, 22) = T [16 72 18] | =1 | = E5(1620 + 7221 + 182,) .
22

The simple numerics for this problem are worked in the MATLAB script prob_4_1.m.

Problem 4.2 (solving Problem 4.1 using the discrete Kalman filter)

Part (a): For this problem we have ®;_; = 1, Hy, = 1, R, = 1, and @, = 1, then the
discrete Kalman equations become

B(-) = Beadia(H) = giua(+)
Pi-) = B Pa(H)0] 4+ Qi = S A(4) 11
R = R(OHE P + )™ = 5 M
Tp(+) = n(=) + Ki(ze — Hyiin(=)) = @p(—) + Kz — 2x(—)) (90)
Pi(+) = (I—=KpHp)Pu(=) =1 — Kg)Pu(-). (91)

Part (b): If the measurement z, was not received we can skip the equations used to update
the state and covariance after each measurement. Thus Equations 90 and 91 would instead
become (since zo is not available)

To(+) = To(—)
P(+) = R(-),



but this modification happens only for this one step.

Part (c): Now when we compute Z3(—) assuming we had the measurement z, we would
have a contribution

z3(—) = %!132(+) = % (!132(—) + Ko(29 — iQ(—))
= S0) + 5K (2~ ()

The measured 25 is not received the corresponding expression above won’t have the term
1K (22 — #2(—)) which quantifies the loss of information in the estimate Z3(—).

Part (d): The iterative update equations for Py(+4) are obtained as

= (wen) 70 = (e (i 01)

When k — oo our steady state covariance Py(+) = Py (+) which we could then solve. For
P..(—) we have

Pi(—) = iPk—1(+) +1
= i(l — K1) Pima (=) +1
_ 1B _
4 (1 Pk—l(—)+1)Pkl< S

_ % (—Pk_l(l—) - 1) Poy(—)+1.

When k — oo our steady state covariance Pj(—) = Ps(—) which we could then solve.

Part (e): If every other measurement is missing then we replace Equations 90 and 91 with

Top(+) = Zar(—)
Poy(+) = Pou(—),



so that the total discrete filter becomes

Tp(—) = afi"k_1(+)
Pu(—) = ipk1<+) + 1
Ke = 5553
Te(+) = (=) + Kz — 2k(—))
P.(+) = (1-Kp)P(-)
ba(-) = ()
Pii(—) = iPk(+)+1
Tpa1(+) = ZTppa(—)

Poypi(+) = Pea(-).

Problem 4.3 (filtering a continuous problem using discrete measurements)

I was not sure how to do this problem. Please email me if you have suggestions.

Problem 4.4 (filtering a continuous problem using integrated measurements)

I was not sure how to do this problem. Please email me if you have suggestions.

Problem 4.5 (deriving that F(w;z!) = 0)

Consider the expression F <wkziT). By using z; = H;x; + v; we can write this expression as
E(wzl) = Elwy(Hiz; +v;)")
= Elwal)HI + E{wpo])
= Blwya])H]
since wy, and v, are uncorrelated. Using the discrete dynamic equation z; = ®; 2, 1 +w;_;
we can write the above as
Blwpzl) = Elw(® 121 +wi 1)) HE
= E<wkxiT—1>‘I>z‘T—1HiT + E<wkw?—1>H1‘T
= E(wkxinl)éinlHl.T,
since E(wyw! ;) = 0 when ¢ < k as wy is uncorrelated white noise. Continuing to use

dynamic equations to replace x; with an expression in terms of x;_; we eventually get

E{wyz') = E(wirg )@g @1 -+ O, H



If we assume zy is either fixed (deterministic), independent of wy, or uncorrelated with wy,
this last expectation is zero proving the desired conjecture.

Problem 4.6 (a simpler mathematical model for Example 4.4)

In Exercise 4.4 the system state x, was defined with two additional variables U} and U which
are the maneuvering-correlated noise for the range rate  and the bearing rate 6 respectively.
Both are assumed to be given as an AR(1) model with an AR(1) coefficients p and r such
that

Ui = pUpy +wiy

Ul? = TU/?—l + wl%—l )
where w}_, and w? ;| are white noise innovations. Because the noise in this formulation is
autocorrelated better system modeling results if these two terms are explicitly included in
the definition of the state x. In Example 4.4 they are the third and sixth unknowns. If
however we take a simpler model where the noise applied to the range rate 7 and the bearing

rate 6 is in fact not colored then we don’t need to include these two terms as unknowns in
the state and the reduced state becomes simply

XT:[T r 0 0}

The dynamics in this state-space given by

1 T 0 0 0

oo wh

F=lo o1 | o0 |
000 1 Wi,

with a discrete observation equation of

L_[roo0o0] Ty
FTlo o1 0P w2
2

To use the same values of Py, Q, R, 02, 02, 07, and o3 as in Example 4.4 with our new state

definition we would have
2

oo 7 0 0 000 0
b N 0 0= 0 02 0 0 r_lor 0
0 0 0 o2 % ' 0 0 0 0 [~ 0 oF |’
2
0 0 %327%3+a§ 00 0 o3

with T'= 5,10, 15 and parameters given by
o2 = (1000m)?
ol = (100/3)*
o5 = (0.017rad)?
o5 = 1.3107%.
The remaining part of this problem would be to generate plots of Py(—), P.(+), and K}, for

k=1,2,---, which we can do this since the values of these expressions don’t depend on the
received measurements but only on the dynamic and measurement model.



Problem 4.8 (Calculating P.(—) and Py(+))

Given the system and measurement equations presented the discrete Kalman equations in
this case would have &, = 1, H, = 1, Q, = 30, and R, = 20. Now we can simplify our
work by just performing iterations on the equations for just the covariance measurement and
propagation updates. To do this we recognize that we are given Py(+) = Py = 150 and the
iterations for k = 1,2, 3,4 would be done with

Pu(=) = @ 1P ()P |+ Qr1= P i(+)+30

Ky = Po(=)H] (HP(=)H] + Ri) ™ = %

To compute the required values of P.(+), Py(—), and K}, for k = 1,2,3,4 we iterate these
equations. See the MATLAB script prob_4_8.m where this is done.

To compute P (+) we put the equation for Py(—) into the equation for Py (+) to derive a
recursive expression for Py(+). We find

Pu(+) = (1—KpP(-)

B B Pi(—) R 20 B
a (1 Pi(—) +20) (=) = (Pk(—) +20) )
20(Py_1(+) + 30) .

Pye1(+) +50

Taking the limit where & — oo and assuming steady state conditions where Py(+) =
Pi_1(+) = P we can solve

_ 20(P +30)

P +50

for a positive P to determine the value of Py (+).

Problem 4.9 (a parameter estimation problem)

Part (a): We can solve this problem as if there is no dynamic component to the model i.e.
assuming a continuous system model of Z—f = 0 which in discrete form is given by xy = z;_1.
To have x;, truly stationary we have no error in the dynamics i.e. the covariance matrix () in
the dynamic equation is taken to be zero. Thus the state and error covariance extrapolation
equations are given by

(=) = Tp-a(+)
Pi(=) = Pra(+).

Since the system and measurement equations presented in this problem have &, = 1, H, = 1,
Qr = 0, and Ry = R, given &o(+) and Py(+) for k = 1,2,--- the discrete Kalman filter



would iterate

(=) = Zp-a(+)
P(=) = Pa(+)
Ky = Pu(=)H; (HyPo(=)H + Ry)™" = Pe(=)[Pe(—) + R
() = B(=) + Kilzr — ()
Pi(+) = (I—KpHy)Py(—)=(1—K;)Pu(—).

Combining these we get the following iterative equations for Ky, 2x(+), and Py(+)

Ky = Poi(+)[Pes(+)+ R
In(+) = Zp-1(+) + Ki(ze — Ze-1(+))
Pi(+) = (1=Kp)Pea(+).

Part (b): If R = 0 we have no measurement noise and the given measurement should give
all needed information about the state. The Kalman update above would predict

Flzp(](POil):[,
so that
.TA}1<—|—) = To —|—[(21 — .To) =2z1,

thus the first measurement gives the entire estimate of the state and would be exact (since
there is no measurement noise).

Part (c): If R = oo we have infinite measurement noise and the measurement of z; should
give almost no information on the state ;. When R = oo we find the Kalman gain given
by K, = 0 so that

.TAJ1 (-'-) = 2o,

i.e. the measurement does not change our initial estimate of what x is.

Problem 4.10 (calculating K (t))

Part (a): The mean squared estimation error, P(t), satisfies Equation 121 which for this
system since F'(t) = —1, H(t) = 1, the measurement noise covariance R(t) = 20 and the
dynamic noise covariance matrix Q(t) = 30 becomes (with G(t) = 1)

dP(t)
Cdt

P(t)”
20
which we can solve. For this problem since it is a scalar-time invariance problem the solu-

tion to this differential equation can be obtained as in the book by performing a fractional
decomposition. Once we have the solution for P(¢) we can calculate K (t) from

P(t)”

= —P(t)~ P(t) - -

+30 = —2P(t) —

+30,

K(t)=Pt)H'R' = 2—10P(t).



Problem 4.11 (the Riccati equation implies symmetry)

In Equation 71 since Py (—) and Ry, are both symmetric covariance matrices, the matrix Py (+)
will be also. In Equation 121, since P(ty) is symmetric since it represents the initial state
covariance matrix, the right hand side of this expression is symmetric. Thus P(t)" = P(t)
and the continuous matrix P(t) must therefor be symmetric for all times.

Problem 4.12 (observability of a time-invariant system)

The discrete observability matrix M for time-invariant systems is given by
M = [ HT (I)THT ((I)T)2HT . ((I)T)nleT ] ’ (92)

and must have rank n for the given system to be observable. Note that this matrix can some-
times be more easily constructed (i.e. in Mathematica) by first constructing the transpose
of M. We have

H
HP
MT = | HO?

H(I)nfl

Now for Example 4.4 we have the dimension on the state space n = 6, with ® and H given
by

1700 0 O
011000
10 0 p 0O 0 O 1100000
*=looo17o|l ™ H=1g00100
0 000 1 1
00 00 0 r |
From these, the observability matrix M is given by
(101 0 1 0 1 0 1 0 1 0
00T 0 2 O 3T 0 4T 0 5T 0
M= 000 0 T 0 (24pT 0 Ms 0 Ms 14 0
01 0 1 0 1 0 1 0 1 0 1 ’
0O 0 o0 T 0 2T 0 3T 0 4T 0 5T
| 00 0 O 0 T 0 (2+T)T 0 M6710 0 M6712 ]

with components

(B+2p+ )T

Msy = (4+3p+2p*+p°)T
(
(

=
=
o

I

3+2r+1rH)T
4+3r+2r2+r3)T,



which can be shown to have rank of six showing that this system is observable. For Prob-
lem 4.6 we have the dimension on the state space n = 4, with ® and H given by

T

O OO =
O~ O O
— N o o

1
0
0

From these components, the observability matrix M is given by

1010 1 0 1 0
M— 00T 0 2r o0 3 0

0101 0 1 0 1 ’

00 0T 0 2 0 3T

which can be shown to have rank of six showing that this system is observable. The algebra
for these examples was done in the Mathematica file prob_4_12.nb.

Problem 4.13 (a time varying measurement noise variance Ry)

For the given system we have &, ; = [(1) 1}, Qr = [(1] ?],Hk = [1 O], Ry =

2+(—1)*. Then with Py = 100 100 ] to evaluate Py(+), Py(—), and K we take Py(+) = P,
and for k =1,2,--- iterate the following equations

Py(—) = q)kpk—1<+)q)g+Qk

- Lo ]i v 1]
K, = Pu(—=)HF(HP.(—)HI + R;)™!

2 CIHIBECIHECES
Pi(+) = (I —KH)Pu(—)

_ q(l) H—mp O])Pk(—).



Chapter 5: Nonlinear Applications

Notes On The Text

Notes on Table 5.3: The Discrete Linearized Filter Equations

Since I didn’t see this equation derived in the book, in this section of these notes we derive
the “predicted perturbation from the measurement” equation which is given in Table 5.3 in
the book. The normal discrete Kalman state estimate observational update when we Taylor

nom

expand about z;°™ can be written as

Te(+) = (=) + Ki(zr — h(fk(—)))/\
= k(=) + Rilee — h(a™ + da(-)))
~ (=) + Kz — h(zio™) — HMozp(—)) .

But the perturbation definition 6z (+) = 24 (+) — 2™, means that 4 (+) = 22 + 5z (+)
and we have

T 4 () = 2 4 (=) + Kz — h(ap™) — Howi(-)),
or canceling the value of z;°™ from both sides we have
ban(+) = Sw(=) + Kl — hlaf™) — H0m(-)) (93)

which is the predicted perturbation update equation presented in the book.

Notes on Example 5.1: Linearized Kalman and Extended Kalman Filter Equa-
tions

In this section of these notes we provide more explanation and derivations on Example 5.1
from the book which computes the linearized and the extended Kalman filtering equations
for a simple discrete scalar non-linear problem. We first derive the linearized Kalman filter
equations and then the extended Kalman filtering equations.

For z}°™ = 2 the linearized Kalman filtering have their state z(+) determined from the
perturbation dx(+) by

Bu() = E + San(+) = 2+ dra(+).
Linear prediction of the state perturbation becomes
Sap(—) = @Ll}_léxk,l(+) = 40z (+),

since

M — 4.

m _ _
®]€—1 - dl_ - 2xk71‘1k71=2
k-1 Tp_1=zp"

1



The a priori covariance equation is given by

P(-) = olp_ (0o +
16P;_1(+) + 1.

Since K in the linearized Kalman filter is given by Pk(—)HE]T[HE}Pk( )H[1 + Ri] ™!, we
1]

need to evaluate H ,L . For this system we find

dl‘ks

1 _ _ 2 _
Hk - d«rk ;ka:L'zOm a 3xk ‘mk:2 N 12 ’
With this then
—  12P(-)
P l4p(—) + 20

and we can compute the predicted perturbation conditional on the measurement
0 (+) = 8ap(—) + Kian — ha(af™) — H} 5ay(-))
Note that hy(zpo™) = 23 = 8 and we have
Sxr(+) = 0zp(—) + Knl(ze — 8 — 120z5,(—)) .
Finally, the a posteriori covariance matrix is given by

P(+) = (1-EKH")Pu(-)
= (1 -12K.)Pi(—).

The extended Kalman filter equations can be derived from the steps presented in Table 5.4
in the book. For the system given here we first evaluate the needed linear approximations

Of fkfl(') and hk<)

Ofr—1
o, = = 2i1(—)
0r |z ()
Ohy,
H[l] — N — 3A _ 2
k or o xk( )
=21 (—)
Using these approximations, given values for Zo(+) and Py(+) for k = 1,2,--- the discrete

extended Kalman filter equations become

B(=) = fror (@i (1) = B (4)°
P(-) = oL P (1)@l 1+@k L = 4dp1 (=) P (1) + 1
B o= hg(in(=)) = a(-)°

Ke = Pu=)Ba())0d(—) Pu(-) +2)" =

Tp(+) = fi"k(_)_+ Kz — %) B
P(+) = (1= EKi(38:(—)"))Pu(—) = (1 = 3Kd(—)*) Pu(—) -



Since we have an explicit formula for the state propagation dynamics we can simplify the
state update equation to get

Br(+) = dpoa (1) + Kz — an(—)%)
= B (H) 4 Kelan — 21 (H)°) -

These equations agree with the ones given in the book.

Notes on Quadratic Modeling Error

For these notes we assume that A(-) in our measurement equation z = h(z) has the specific
quadratic form given by
h(z) = Hyx + 2" Hyx + 0.

Then with error = defined as £ = & — x so that the state x in terms of our estimate 7 is
given by x = & — T we can compute the expected measurement Z with the following steps

2 = FB{(h(x))
= E(Hx + 2" Hyx)
= E(H (2 —%)+ (2@ —2)"Hy(d — 7))
= Hii— H FE(@) + B2 Hoz) — BE(i" How) — B2 Ho#) + E(3" Hyi) .

Now if we assume that the error Z is zero mean so that E(Z) = 0 and 2 is deterministic the

above simplifies to
2= M3+ 3" Hyt + E(37 Ho7) .

Since 7 H,7 is a scalar it equals its own trace and by the trace product permutation theorem
we have

E(zTHy#) = FE{trace[i” Hyi]) = E(trace[H,33"])
= trace[Ho E(237)].
To simplify this recognize that E(ZZ7) is the covariance of the state error and should equal
P(—) thus
= Hy@+ 27 Hy + trace[Hy P(—)]
= h(z) + trace[Hy P(—)],

N>

the expression presented in the book.

Notes on Example 5.2: Using the Quadratic Error Correction

For a measurement equation given by z = sy + b+ v for a state consisting of the unknowns
s, b, and y we compute the matrix, Hs in its quadratic form representation as
9? 9? 9?
| o7 d s | ([0 01
Hy =~ 02z 0%z 2z | _— | g 0 0
2100

9 | 9sob 9?2 oy | T
9%z 8%z 2z
Os0y  ObOy Oy




therefore the expected measurement h(Z) can be corrected at each Kalman step by adding
the term

0 0 1/2
trace 0 0 0 |P(—)
12 0 0

Problem Solutions
Problem 5.1 (deriving the linearized and the extended Kalman estimator)

For this problem our non-linear dynamical equation is given by
xp = —0.1zp 1 + cos(zp_1) + w1, (94)
and our non-linear measurement equation is given by
2 = T} + Vg . (95)

We will derive the equation for the linearized perturbed trajectory and the equation for
the predicted perturbation given the measurement first and then list the full set of dis-
crete Kalman filter equations that would be iterated in an implementation. If our nominal

trajectory x72°™ = 1, then the linearized Kalman estimator equations becomes
J Y Ty q
— 8]61@71 —
drp(—) =~ B dxp—1(+) + w1
x x:$nom
k—1

= (=0.1 — sin(2"™))0zp_1(+) + w1
= (=0.1 —sin(1))dzp_1(+) + wp_1 ,

with an predicted a priori covariance matrix given by

Pi(=) = o\ Py (H)0T + Qi
= (0.1 +sin(1))?Py_y(+) + 1.

The linear measurement prediction equation becomes

dr(+) = da(—) + Kplaw — hy(aio™) — Hay, ()]
o ) Sin(-)

ox
T,

= Sap(=) + Kulzn — 1 — 2624(—)] .

— g:;k(—) +F;€[Z’k — (12) — <

where the Kalman gain K, is given by

K= P.(—)(2) (4Pk(—) + 1)_1 :



and a posteriori covariance matrix, Py(+), given by
Pi(+) = (1 = 2K1) Pu(-).
With all of these components the iterations needed to perform discrete Kalman filtering
algorithm are then given by
e Pick/specify Zo(+4) and Py(+) say Zo(+) = 0 and Py(+) = 1.

Compute SEO(Jr) =To(+) —2f™=0—-1=—1

Set £ =1 and begin iterating

State/Covariance propagation from step k — 1 to step k

— Szx(=) = (0.1 — sin(1))dzp_1(+)
— Pu(—) = (0.1 +sin(1))2P_1 (+) + 1

e The measurement update:

Re = 2n(-) (1R(-) +3)
@k(+) = gs;k(—) + Kp(z, —1— Q@k(—))
Py(+) = (1—2K;)Pu(-)

Now consider the extended Kalman filter (EKF) for this problem. The only thing that
changes between this and the linearized formulation above is in the state prediction equation
and the innovation update equation. Thus in implementing the extended Kalman filter we
have the following algorithm (changes from the previous algorithm are shown in bold)

Pick/specify Zo(+4) and Py(+) say Zo(+) = 0 and Py(+) = 1.

Set k =1 and begin iterating

State/Covariance propagation from step k — 1 to step k

— Rie(—) = —0.1%5 1 (+) + cos(Za1(+))
— Py(=) = (0.1 + sin(1))2Pp_y (+) + 1

The measurement update:

— Ry = 2Pu(—) (4P(=) + 1)

— R(+) = &) + Kz — K()?)
— Pu(+) = (1 —2K)Pu(—)



Problem 5.2 (continuous linearized and extended Kalman filters)

To compute the continuous linearized Kalman estimator equations we recall that when the
dynamics and measurement equations are given by

w(t) = flat)t) +G(Hw(t)

z(t) = h(x(t),t) +o(t),
that introducing the variables

dx(t) = x(t) —a™™(¢)

0z(t) = z(t) — h(z""(1),1),

representing perturbations from a nominal trajectory the linearized differential equations for
dx and 0z are given by

Slt) = ( <‘U<(tt)) ) ) sa(t) + G(t)w(t)
z(t)=zmom(t)
= FlWsz(t) + Gt)w(t) (96)
h(z(t),1)
0z(t) = ox(t) +v(t
(t) ( 92(0) m(t):mnom(t) (t) +v(t)
= HWYUsz(t) +v(t). (97)

Using these two equations for the system governed by dz(t) and 0z(t) we can compute
an estimate for dz(t), denoted 0z(t), using the continuous Kalman filter equations from
Chapter 4 by solving (these are taken from the summary section from Chapter 4 but specified
to the system above)

Coilt) = FU5a(e) + K(0)[5=(t) — HY5(0)

K@) = POHY (R

d _ —
ZP(t) = FUP@)+ PP — KOROE () +GH)QH)G(®)T.
For this specific problem formulation we have the linearized matrices FI!! and HM given by
ay 0 (—0.52%(t)) = —3""(t) = —1
w(t) 2(t)=amom ()
gl = (z%(t)) =3 x(t)’ vom = 3.
dz(t) w(t)=amom (1) =2
Using R(t) = 1/2, Q(t) =1, G(t) = 1 we thus obtain the Kalman-Bucy equations of
d —
aém( ) = =dz(t) + K(t)[z(t) — h(z™™(t),t) — 302(t)]
= —62(t) + K(t)[2(t) — 1 — 362()]
K(t) = 6P(t)
d 1—
—P() = —Pt)—Plt)—=K({t)*+1
S P(1) (1)~ P(t) —~ SK(0? +1,



which would be solved for dz(t) and P(t) as measurements z(t) come in.

For the extended Kalman filter we only change the dynamic equation in the above. Thus we
are requested to solve the following Kalman-Bucy system (these are taken from Table 5.5 in
this chapter)

Ca) = S0.0)+ F@[0) — ). 1)
Kt = POHY ()R ()

T

%P(t) = FUPH) +PH)FYIT —K®)RMHK (t)+ Gt)Q)G(t)T .
Where now
m = 0 x = -1
F 0 (f(z(1),1)) s
wo_ 9 s — 342
H 0 (h(z(t),1)) s 327(t)

Again with R(t) = 1/2, Q(t) = 1, G(t) = 1 we obtain the Kalman-Bucy equations of

d . L., & #(1)3
i) = i) + KO)[=(t) - 2(t)"
K(t) = 6P(1)#(t)

a N (0
ZP(t) = —a(t)P(t) = P()i(t) - —— +1

Problem 5.4 (deriving the linearized and the extended Kalman estimator)

For this problem we derive the linearized Kalman filter for the state propagation equation

T = f(l‘k_l, k — 1) + ka_l y (98)
and measurement equation
We need the definitions
Ofy_
1 k—1 nom
ol = = = [(@2 k= 1)
=2
1 ahk nom
T=zpo™

Then the linearized Kalman filter algorithm is given by the following steps:

e Pick/specify zo(+) and FPy(+).



Compute SEO(Jr) = Zo(+) — 2™, using these values.

e Set k =1 and begin iterating:

State/Covariance propagation from k — 1 to k

—

dup(—) = f(2% k —1)dz5(+)
P(=) = fl(2 k- 1)?Py 1 (+) + GQra G

The measurement update:

Kp = P(HH P()H" + R)™
W (@i, k) Pe(=) (A (2, R Pe(=) + Ry) !
5{L‘k(+) = 5{L‘k(—)+Fk(Zk—h(fL‘zom,/€) h/( nom k?)(;ZL‘k( ))
Pu(+) = (1= H(a™ k)Ki)Po(—).

Next we compute the extended Kalman filter (EKF) for this system

e Pick/specify z¢(+) and FPy(+).
e Set k =1 and begin iterating

e State propagation from k — 1 to k

we(=) = f@-1(+),k—1)
P(=) = f(@1(+),k—1)"Peoa(+) + GQra G

K, = h/(ﬂ?k( ), k) Pi(=) (W (&(=), k)*Pe(—) + Ry,)
7 = (=) + Ki(ze — h(dn(—). k)
Pu(+) = (1—=h'(@x(=),k)Ki)Pu(—).

8
e
=

|

Problem 5.5 (parameter estimation via a non-linear filtering)

We can use non-linear Kalman filtering to derive an estimate the value for the parameter a in
the plant model in the same way the book estimated the driving parameter ¢ in example 5.3.
To do this we consider introducing an additional state z5(t) = a, which since a is a constant
has a very simple dynamic equation 45(¢) = 0. Then the total linear system when we take
x1(t) = x(t) then becomes

L1282 0]



which is non-linear due to the product x;(t)z2(t). The measurement equation is

2(t) =z (t) +ot)=[1 0] [ () } +o(t).

ZL‘Q(t)

To derive an estimator for a we will use the extended Kalman filter (EKF) equations to
derive estimates of x;(t) and xo(f) and then the limiting value of the estimate of z5(t) will
be the value of a we seek. In extended Kalman filtering we need

wo— 9 _ [ @) @)
" dx(1) (Flatd).£) 2(t)=#(t) { 0 0 }
wo_ 9 [ om om ] _
H 8x(t) <h< <t)’t>> 2(t)=3(0) [ Ox1  Ox2 } [ Lo } '

Then the EKF estimate Z(t) is obtained by recognizing that for this problem R(t) = 2,
10

G(t) = I, and Q = lo 0

table 5.5 from the book)

d {:m(t) } _ {M)W) } +R(0)(=() — 81 (1))

] and solving the following coupled dynamical system (see

dt | #o(t) 0
K(t) = %p@)m
n = [0 50 mo s o 49 ]+ 3 2] -momor

here P(t) is a two by two matrix with three unique elements (recall Pjo(t) = Po(t) since
P(t) is a symmetric matrix).

Problem 5.9 (the linearized Kalman filter for a space vehicle)

To apply the Kalman filtering framework we need to first write the second order differential
equation as a first order system. If we try the state-space representation given by

x1(t) r
B 10O I I
then our dynamical system would then become
T i) i) 0
i) = P _ re? — r% + w,.(t) _ Ti] — m—]% n wy (1)
6 Ty Ta 0
i 2 welt) 2ao wy(t)
il L i - !



This system will not work since it has values of the state x, namely x; in the noise term.
Thus instead consider the state definition given by

To(t T
xXO=\ oy | = o |
x4(t) r

where only the definition of x4 has changed from earlier. Then we have a dynamical system
for this state given by

T T T
" 7 2k 3k
x() _ | TP st | | e
dt 4 o o
d(ré . /) n . L
L (dt) 76+ 76 70 — 270 + wy
i) 0
2
3k
= ET A IR
T4 0
1
_Taxy Wy
L X1

We can apply extended Kalman filtering (EKF) to this system. Our observation equation

:—1(_Re
(in terms of the components of the state x(t) is given by z(t) = [ S (xl(tt))) ] . To linearize
Qo — T3
this system about r,,m = Ry and 0, = wot we have 7., = 0 and énom = Wy SO
Ry
nom o 0
x"M(t) = ot
Rowo
Thus to perform extended Kalman filtering we need F! given by
0 1 0 0
T 2 €T
F_ af (x(t),1) _ | Tz 2 0 0 ?14
x4
dz(t) (t)=zmom (t) T2 0 0 3
TaTy _ T4 _x2
x12 z1 x1 z(t)=zmom (t)
0 1 0 0
B —w% + +}2{§, 0 0 2wg
- w 1 ’
fo 00 %
0 —wy 0 0
and H given by
gl — Oh(x(t),t)
8x<t> {L’(t) —nom (t)
——(-%) 0 0 0
— 1—(Re/z1)2 \ @1
0 0 —1 0

z(t)=zm°om(t)

_Re 1
- [( fr) i 00 0],

0 0 -1 0




These two expressions would then be used in Equations 96 and 97.



Chapter 6: Implementation Methods

Notes On The Text
Example 6.2: The Effects of round off

Consider the given measurement sensitivity matrix H and initial covariance matrix Py sup-
plied in this example. We have in infinite arithmetic and then truncated by dropping the
term 62 since 0% < €roundor the product HPyHT given by

- 1 1
11 1
HPHT = ] 1 1

R X N
[ 3 3446
346 24+ (1+0)
[ 3 3446
340 241425467
| 3 3494
T340 3426 |

If we assume our measurement covariance R is taken to be R = 621 then adding R to H PyH”
(as required in computing the Kalman gain K) does not change the value of HPyH”. The
problem is that due to roundoff error HPyH” + R ~ HP,H", which is numerically singular
which can be seen by computing the determinant of the given expression. We find

|HPH'| =946 —9—65—6>=~0,

when rounded. Thus the inversion of HPyHT + R needed in computing the Kalman gain
will fail even though the problem as stated in infinite precision is non-singular.

Efficient computation of the expression (HPH” + R)"'H

To compute the value of the expression (HPHT + R)™'H as required in the Kalman gain
we will consider a “modified” Cholesky decomposition of HPH” + R where by it is written
as the product of three matrices as

HPH" + R=UDU",
then by construction the matrix product UDUT is the inverse of (HPH” + R)™! we have
UDUT(HPH" + Ry 'H = H.

Defining the expression we desire to evaluate as X so that X = (HPHT + R)™'H then we
have UDUTX = H. Now the stepwise procedure used to compute X comes from grouping

this matrix product as
UDU'X))=H.



Now define Xy as X3 = D(UTX), and we begin by solving UXpy) = H, for Xp;. This
is relatively easy to do since U is upper triangular. Next defining Xy as X = U7X the
equation for Xy is given by DXy = X|j, we we can easily solve for X|y, since D is diagonal.
Finally, recalling how X[ was defined, as U TX =X 2], since we have just computed Xy we
solve this equation for the desired matrix X.

Householder reflections along a single coordinate axis

In this subsection we duplicate some of the algebraic steps derived in the book that show
the process of triangulation using Householder reflections. Here x is a row vector and v a
column vector given by v = 2 + ael so that

vTv = |z* + 20y, + o2,

and the inner product zv is

v =x(z" +ael) = 2> + azy.

so the Householder transformation T'(v) is then given by
2 7 2 T

Tw)=1—— =1—
(v) Ty (|z]? + 20y, + a2)vv

Using this we can compute the Householder reflection of x or 27'(v) as

2zv T
(|| + 20z, + o?)
2()z|? + axy)
(2] + 20 + 02)
B a? — |z|? 20(|z|* + axy,)
B |x\2+2aazk+a2] a [\x|2+2a1’k+a2

2l(v) = x—

(x + aeg)

In triangularization, our goal is to map = (under 7'(v)) so that the product z7'(v) is a multiple
of e;. Thus if we let a = F|z|, then we see that the coefficient in front of x above vanishes
and T (v) becomes a multiple of e; as

(o) — 2l F fole)
72 F 2l + 2P

er = E|zley .

This specific result is used to zero all but one of the elements in a given row of a matrix M.
o . . Z .
For example, if in block matrix form our matrix M has the form M = . |0 that x is

the bottom row and Z represents the rows above x when we pick @« = —|z| and form the
vector v = 27 + ae (and the corresponding Householder transformation matrix 7'(v)) we
find that the product MT'(v) is given by

= 20 =L o0 0" 0 |

showing that the application of T'(v) has been able to achieve the first step at upper trian-
gularizing the matrix M.



Notes on Carlson-Schmidt square-root filtering

We begin with the stated matrix identity in that if W is the Cholesky factor of the rank one
modification of the identity as

T
)

wwlh=75—- —

R+ |v|?
then ‘
J

;U

/;1 R+ Zi:l Ulg

forall 1 <i<m < j <n. Now if we take m = j in this expression we have

Vi,
WiiWjj =Dy — —=— -
R+35 v
If we first consider the case where i = j we have
v? R+ v —v?

W2 _ J —
T R4 w2 R4, v
k=1 "k k=1 "k

W, = R+Ek 1%.
\ R+Zk:1vk

ViV

R+ 22:1 UI%

so that with the value of W;; we found above we find

|14 ( Viv; ) \/m ke
ij — = J 2 j .
R+ v \/m \/<R +> 0 U;%) (R + Ek 1 Ulc)

when ¢ < j. Note that this result is slightly different than what the book has in that the
square root is missing the the books result. Since W' is upper triangular W;; = 0 when 7 > j.
Combining these three cases gives the expression found in equation 6.55 in the book.

or

When ¢ < j then we have
WiiWi; =0 —

Some discussion on Bierman’s UD observational update

In Bierman’s UD observational covariance update algorithm uses the modified Cholesky
decomposition of the a-priori and a-posterori covariance matrices P(—) and P(+) defined as

P(=) = U(-)D(=)U(-)" (101)
P(+) = UH)DHUH)", (102)

to derive a numerically stable way to compute P(+) based on the factors U(—) and D(—)
and the modified Cholesky factorization of an intermediate matrix (defined below). To derive



these observational covariance update equations we assume that [ = 1 i.e. we have only one
measurement and recall the scalar measurement observational update equation
P(-)HTHP(-)
R+ HP(—)HT’

P(+)=P(=) = P(-)H"(HP(-)H" + R)"'HP(~) = P(-)

since in the scalar measurement case the matrix H is really a row vector and R is a scalar.
Now using the definitions in Equations 101 and 102 this becomes
_UE)DU()THTHU (=) D(=)U(=)"

R+ HU(-)D(—-)U(=)THT

If we define a vector v as v = UT(—)H?T then the above expression in terms of this vector
becomes

U(=)D(=)vo" D(=)U" ()

U(H)D(HU(+)" = U=)D(=)U(-)" -

R+ vTD(—)v
- v o) - PO oy

The expression on the right-hand-side can be made to look exactly like a modified Cholesky
factorization if we perform a modified Cholesky factorization on the expression “in the mid-
dle” or write it as

D(=)vvT'D(-)
R+vTD(—)v

When we do this we see that we have written P(+) = U(+)D(+)U(+)T as

D(—) — = BD(+)B". (103)

U(+)D(+)U+)" =U(=)BD(+)BTU(-)T.

From which we see that D(+) in the modified Cholesky factorization of P(+) is obtained
directly from the diagonal matrix in the modified Cholesky factorization of the left-hand-side
of Equation 103 and the matrix U(+) is obtained by computing the product U(—)B. These
steps give the procedure for implementing the Bierman UD observational update given the
a-priori modified Cholesky decomposition P(—) = U(=)D(=)U(—)T, when we have scalar
measurements. In steps they are

compute the vector v = UT(—)HT.

e compute the matrix
D(=)vvT' D(-)

b= = R+ vTD(—)v

e perform the modified Cholesky factorization on this matrix i.e. Equation 103 the
output of which are the matrices D(+) and B.

e compute the non-diagonal factor U(+) in the modified Cholesky factorization of P(+)
using the matrix B as U(+) = U(—)B.



Operation Symmetric Implementation Notes
Flop Count
HP n?l [ X n times n X n
H(HP)"+ R sPn 4 31 adding [ x [ matrix R requires 12
{HHP)" + R} B+ir+ 1 cost for standard matrix inversion
KT ={H(HP)' + R}"Y(HP) nl? [ x [ times [ xn
P— (HP)'KT In?l+ in? subtracting n x n requires in?
Total @I+ 1)n? + 3nl? + 1P highest order terms only

Table 1: A flop count of the operations in the traditional Kalman filter implementation.
Here P stands for the prior state uncertainty covariance matrix P(—).

Earlier Implementation Methods: The Kalman Formulation

Since this is the most commonly implemented version of the Kalman filter it is instructive
to comment some on it in this section. The first comment is that in implementing a Kalman
filter using the direct equations one should always focus on the factor HP(—). This factor
occurs several times in the resulting equations and computing it first and then reusing this
matrix product as a base expression can save computational time. The second observation
follows the discussion on Page 49 where with uncorrelated measurements the vector mea-
surement z is processed a [ sequential scalar measurements. Under the standard assumption
that H is [ x n and P(+£) is a n X n matrix, in Table 1 we present a flop count of the
operations requires to compute P(+) given P(—). This implementation uses the common
factor HP(—) as much as possible and the flop count takes the symmetry of the various
matrices involved into account. This table is very similar to one presented in the book but
uses some simplifying notation and corrects several typos.

Some discussion on Potter’s square-root filter

Potters Square root filter is similar to the Bierman-Thornton UD filtering method but rather
then using the modified Cholesky decomposition to represent the covariance matrices it uses
the direct Cholesky factorization. Thus we introduce the two factorizations

P(-) = C(H)C=)" (104)
P(+) = C(HCH)", (105)

note there is no diagonal terms in these factorizations expressions. Then the Kalman filtering
temporal update expression becomes

P(+) = P(-)— P(-)H"(HP(-)H" + R)"'HP(-)
= C(=)C(=)" = C(-)C(=)"H(HC(=)C(=)"H" + R)T HC(-)C(=)"
= O()C(=)" —o(-) VTV + R)VTo(-)T
C(=)[I-v(VTV+ RV C(-)".



Where in the above we have introduced the n x [ matrix V as V = C(—)TH”. We are able
to write P(+) in the required factored form expressed in Equation 105 when [ = 1 (we have
one measurement) then H is 1 x n so the matrix V = CT(=)HT is actually a n x 1 vector
say v and the “matrix in the middle” or

vl

L—VWV'V+R W=, - ——
( +R) vIv+ R’

is a rank-one update of the n x n identity matrix I,,. To finish the development of Potters
square root filter we have to find the “square root” of this rank one-update. This result is
presented in the book section entitled: “symmetric square root of a symmetric elementary
matrix”, where we found that the square root of the matrix I — svv? is given by the matrix

I — ovvT with
1 1-— 2
= *VWPQM. (106)

In the application we want to use this result for we have s =
expression for ¢ is given by

1 . .
Torr S0 the radicand in the

PP _ R
vTo+ R |2+ R’

L+ VR/(B+ )

[o]?

1—sfv)?=1

and so o then is

o =

Thus we have the factoring

U’UT

WTw+ R

from which we can write the Potter factor of P(+) as C(+) = C(—)W = C(=)(I, — ovv?),
which is equation 6.122 in the book.

=Ww?' = (1, — ovv")(I, — cvv’)T, (107)

n

Some discussion on the Morf-Kailath combined observational /temporal update

In the Morf-Kailath combined observational temporal update we desire to take the Cholesky
factorization of P(—) at timestep k& and produce the Cholesky factorization of P(—) at the
next timestep £+ 1. To do this recall that at timestep k we know directly values for Gy, @,
and Hj. In addition, we can Cholesky factor the measurement covariance, Ry, the model
noise covariance, and the a-priori state covariance matrix Py(—) as

R = CryCh
Qv = CQ(k)Cg(k)
P.(—-) = Cp(k)Cg(k) )
From all of this information we compute the block matrix A, defined as

GrCow) PkCpPry 0

A, =
¥ 0 Hi.Cpxy Cra



Then notice that Az AL is given by

T GrComy PrCpay O gé(k)gg or OHT
ApAp = [ 0 HCpyy Cray Pk YRk
[ GeQGT + 0P ()0 ® Py (—)HT 108
HyPy(—) @7 HyPo(—)HT + Ry |

Using Householder transformations or Givens rotations we will next triangulate this block
matrix Ay triangulate it in the process define the matrices Cpj41y, Wy, and Cg.

v 10 Cpigry Wi
AT =C), = l 0 0 Com |

Here T is the orthogonal matrix that triangulates Ax. At this point the introduced matrices:
Cpk+1), Vi, and Cgy are simply names. To show that they also provide the desired Cholesky
factorization of Py1(—) that we seek consider the product CyCY

CCT = ALAT

= { 8 CP(SCH) C\Pk C};((l)ﬂﬂ) 8
o Ui Chm

B [ CP(k+1)C$(k+1) + U UE ‘I’kCg(k)

- Crn Vi Crw)Ch

Equating these matrix elements to the corresponding ones from Az A% in Equation 108 we
have

Craes)Chuny T WiVE = ®pPu(—)P) + GrQiGL (109)
\I’kcg(k) = ‘I)kpk(—)Hg (110)
CowyCruy = HiPe(—)H] + Ry (111)

These are the books equations 6.133-6.138. Now Equation 110 is equivalent to
Uy = Oy Pu(—)H;, Crlyy
so that when we use this expression Equation 109 becomes
Crik1)Chgesry + CuPre(=)Hy Cily Cpi HuPr(=) @ = @4 Py (=) ) + GrQiGY
or solving for Cp(k+1)C£(k+1)
CrinChus1y = i [Be(=) = Pol=)Hy (Com Chy) ™ HiPu(—)] @i + GruGy, .
Now using Equation 111 we have that the above can be written as
CruinChgry = Pn [Pr(=) = Po(=)Hi (HPy(=)Hi + Ry) ™ HyPo(—)] @ + GrQiGY. -

The right-hand-side of this expression is equivalent to the expression Pjyq(—) showing that
Cp(k41) is indeed the Cholesky factor of P;1(—) and proving correctness of the Morf-Kailath
update procedure.



Problem Solutions
Problem 6.1 (Moler matrices)
The Moler matrix M is defined as

so the three by three Moler matrix is given by

M =

—_ =
DN DN =
W DN =

Using MATLAB and the chol command we find the Cholesky decomposition of M given by

)

1
0
0

O = =

1
1
1

or an upper-triangular matrix of all ones. In fact this makes me wonder if a Moler matrix is
defined as the product CCT where C is an upper-triangular matrix of all ones (see the next
problem).

Problem 6.2 (more Moler matrices)

Note one can use the MATLAB command gallery(’moler’,n,1) to generate this definition
of a Moler matrix. In the MATLAB script prob_6_2.m we call the gallery command and
compute the Cholesky factorization for each resulting matrix. It appears that for the Moler
matrices considered here the hypothesis presented in Problem 6.1 that the Cholesky factor
of a Moler matrix is an upper triangular matrix of all ones is still supported.

Problem 6.8 (the SVD)

For C to be a Cholesky factor for P requires P = CCT. Computing this product for the
given expression for C' = ED'Y?E" we find

cc” = EDV?ET(EDY?ET) = EDET = P.

For C to be a square root of P means that P = C2. Computing this product for the given
expression for C' gives
EDY?ET(EDY?ET)Y = EDET = P.



Problem 6.11 (an orthogonal transformation of a Cholesky factor)

If C'is a Cholesky factor of P then P = CCT. Now consider the matrix C' = CT with T
an orthogonal matrix. We find CCT = CTTTCT = CCT = P, showing that C is also a
Cholesky factor of P.

Problem 6.12 (some matrix squares)

We have for the first product

(I —v")? = I -l —ovl + vl (vo?)
= I—2v" +ov o)’
= I -2 vl

I — ol

T

if vio=1

T

Now if |v|> = vTv = 2 the third equation above becomes

I—2vv" +207 =1,

Problem 6.17 (a block orthogonal matrix)

If A is an orthogonal matrix this means that AT A = I (the same holds true for B). Now
consider the product

showing that [ A

B 0 } is also orthogonal.

Problem 6.18 (the inverse of a Householder reflection)

The inverse of the given Household reflection matrix is the reflection matrix itself. To show
this consider the required product

<[ B QUUT) ([ B 2UUT> _ 7 200" 200" N 4o (vol)

v v v v (vTw)?
4ovT dooT
= I—-—+4+—F—=1,
vy oTy

. T . . .
showing that I — 2U”%’U is its own inverse.




Problem 6.19 (the number of Householder transformations to triangulate)

Assume that n > ¢ the first Householder transformation will zero all elements in A;; for A,
where 1 < k < ¢—1. The second Householder transformation will zero all elements of A,,_1
for 1 <k < g—2. We can continue this n — ¢+ 1 times. Thus we require ¢ — 1 Householder
transformations to triangulate a n x ¢ matrix. This does not change if n = q.

Now assume n < q. We will require n Householder transformations when n < ¢q. If n = ¢
the last Householder transformation is not required. Thus we require n — 1 in this case.

Problem 6.20 (the nonlinear equation solved by C(t))

Warning: There is a step below this is not correct or at least it doesn’t seem to be correct
for 2x2 matrices. I was not sure how to fix this. If anyone has any ideas please email me.

Consider the differential equation for the continuous covariance matrix P(t) given by

P(t) = F(t)P(t) + P(t)FT(t) + G)Q(t)G (1), (112)
We want to prove that if C(t) is the differentiable Cholesky factor of P(t) i.e. P(t) =
C(t)C(t)T then C(t) are solutions to the following nonlinear equation

C(t) = F(t)C(t) + %[G(t)Q(t)GT(t) +AMICT(1),

where A(t) is a skew-symmetric matrix. Since C(t) is a differentiable Cholesky factor of P(t)
then P(t) = C'(t)C(t)T and the derivative of P(t) by the product rule is given by

P(t)=Ct)ct)T +cwo)?r.
When this expression is put into Equation 112 we have

cyc)r +cyc)t = Focr)cw)t +ct)Ct)'Fr + GQGT .

Warning: This next step does not seem to be correct.

If T could show that C(t)C(t)" + C(t)C(t)T = 2C(t)C(t)” then I would have
=F

20t)Ct)T = F)ect)Ct)” + ct)C)'FT + GQGT,
Thus when we solve for C(t) we find
C(t) = %F(t)C(t) + %C(t)C(t)TF(t)TC(t)T + %G(t)@(t)G(t)TC(t)T
= F(t)C(t) + % [GH)QMGH)T — Fiycw)C)" +c)c)y"F)T]c)—".

From this expression if we define the matrix A(t) as A(t) = —F(#)C(t)C(t)T+Ct)C ()T F(t)T
we note that

A" = -CHIC)TF()" + F()CCH)" = —A(t),

so A(t) is skew symmetric and we have the desired nonlinear differential equation for C(t).



Problem 6.21 (the condition number of the information matrix)

The information matrix Y is defined as Y = P~!. Since a matrix and its inverse have the
same condition number the result follows immediately.

Problem 6.22 (the correctness of the observational triangularization in SRIF)

The observation update in the square root information filter (SRIF) is given by producing
an orthogonal matrix Ty that performs triangularization on the following block matrix

Cyi(o) HiCpos T, = {CYk(+) 0}
§£(_) chRgl o Sz(JF) €

Following the hint given for this problem we take the product of this expression and its own
transpose. We find

Cyiy 0] [ Gy Su(H) ] _
sh(+) e 0 el

iy HECp
Sk (= ) % Cpo

Cy. 8k(—)

)

CTHy Tz |+ (13
k k

I. The right-hand-side of Equation 113 is given by
Cyk(,)Ci(f) + H,CTCR?C};?Hk CYk(f)ék(_) + HgCREI gglzk
§k(—)TC£(7) + z,{C’R;lC;;lHk §k(—)T§k(—) + Z,{CRI;I ;}zlzk

since Tops Tk, =

which becomes

{ Yi(— )+HTR*1H1€ CYk(>§k(—)+HkTRklzk} (114)

( )CT - + 2}, R Hk §k<_)T§k(—) + Z]?RI;IZk
while the left-hand-side of Equation 113 is given by

Yy (+) CYk +)8 (+)
{ Af(f)C%;(ﬂ §k(+)Tt(§k)(‘|]j) +eeT ] (115)

Equating the (1,1) component in Equations 114 and 115 gives the covariance portion of the

observational update
Yi(+) = Yi(=) + Hy Ry ' Hy .

Equating the (1,2) component in Equations 114 and 115 gives
Cyin)r(+) = Oy 8u(=) + Hy By 'z
or when we recall the definition of the square-root information state $.(4) given by
Sp(£) = O, ) @n(%) (116)

we have
Cyk C Yy, (+ ).Tk( ) = CYk CYk( ( )"— H]?Rlzl,?,’k,
or

Yie(+)2x(4) = Ya(=)@n(—=) + H{ Ry 'z,

the measurement update equation showing the desired equivalence.



Problem 6.24 (Swerling’s informational form)

Consider the suggested product we find

P(+)P(+)"" = (P(=)—P(-)H'[HP(-)H" + R|"'HP(~)) (P(-)"'+ H'R™'H)
I+P(-)H'R'H — P(-)HT[HP(-)H" + R|'H

— P(-)H"[HP(-)H" + R "'HP(-)H"R'H

I

P(—-)H" (R"'H — [HP(—)H" + R|'H — [HP(—)H" + R|"'"HP(—)H"R'H)
= I+ P(—)H"[HP(=)H" + R|"' [[HP(=)H" + RIR"'H — H — HP(—)H"R™'H]
= 1,

+

as we were to show.

Problem 6.25 (Cholesky factors of Y = P~!)

If P = COT then defining Y ! as Y1 = P = CC7T we have that
Y =(cCT)y ' =cTc = ()T,

showing that the Cholesky factor of Y = P~!is given by C~7.



Chapter 7: Practical Considerations

Notes On The Text
Example 7.10-11: Adding Process Noise to the Model

Consider the true real world model
i (t) = 0 (117)
I‘Q(t) = I
2(t) = wa(t) +o(t),
In this model z; is a constant say x1(0) and then the second equation is & = x1(0) so xa(?)

is given by
xo(t) = 29(0) + 21 (0)t, (118)

a linear “ramp”. Assume next that we have modeled this system incorrectly. We first
consider processing the measurements z(¢) with the incorrect model

@s(t) = 0 (119)
2(t) = xa(t) +o(t).

Using this model the estimated state Zo(t) will converge to a constant, say Z2(0), and thus
the filter error in state Z5(t) = Zo(t) — z2(t) will be given by

i‘g(t) = 12'2(0) - I‘Q(O) + l‘l(O)t,

which will grow without bounds as ¢ — +o00. This set of manipulations can be summarized
by stating that: with the incorrect world model the state estimate can diverge.

Note that there is no process noise in this system formulation. One “ad hoc” fix one could
try would be to add some process noise so that we consider the alternative model

o(t) = w(t) (120)
2(t) = wa(t) +o(t).

Note that in this model the equation for x5 is in the same form as Equation 119 but with
the addition of a w(t) or a process noise term. This is a scalar system which we can solve
explicitly. The time dependent covariance matrix P(t) for this problem can be obtained by
solving Equation 121 or

P(t) = P)F(t)T + F(t)P(t) — P)H)T R (t)H(t)P(t) + G(H)Q(t)G(t)T (121)

with =0, H =1, G =1, and R(¢) and Q(t) constants to get




If we look for the steady-state solution we have P(co) = /RQ. The steady-state Kalman
gain in this case is given by

= T VRQ _ [Q
K (00) = P(c0)H™R _T_\/%

which is a constant and never decays to zero. This is a good property in that it means
that the filter will never become so over confident that it will not update its belief with new
measurements. For the modified state equations (where we have added process noise) we
can explicitly compute the error between our state estimate Z5(¢) and the “truth” z,(t). To
do this recall that we will be filtering and computing Z»(t) using

To(t) = Fiy + K (t)(2(t) — Hio(t)).

When we consider the long time limit we can take K(t) — K(0o) and with F =0, H =1
we find our estimate of the state is the solution to

Ty + K(00)iy = K (00)z(1) .

A

We can solve this equation using Laplace transforms where we get (since £(Z9) = si5)
[s + K(00)]dn(s) = K(00)2(s).
so that our steady-state filtered solution 5 (s) looks like

K(0)

mz(s) :

i’g(S) =

We are now in a position to see how well our estimate of the state 2o compares with the

actual true value given by Equation 118. We will do this by considering the error in the

state i.e. Z(t) = Zo(t) — z2(t), specifically the Laplace transform of this error or Z(s) =

Zo(s) — xo(s). Now under the best case possible, where there is no measurement noise v = 0,

our measurement z(t) in these models (Equations 117, 119, and 120) is exactly xo(t) which

we wish to estimate. In this case since we know the functional form of the true solution xo(t)
via. Equation 118, we know then the Laplace transform of z(t)

x2(0
2(s) = xa(s) = L{x2(0) + z1(0)t} = 2(0) +

S S

- (122)

With this we get

a(s) = () — () = [% —1] a6

S

= T R

Using the final value theorem we have that

5(00) = d3(00) — w3(00) = lim s [Z3(s) — wa(s)]

-t ()]



But as we argued before z5(s) = mT(O) + mls—(go), thus we get

o) = Jim [+ (~ %oo)) (=7 - _%(g) '

Note that this is a constant and does not decay with time and there is an inherent bias in the
Kalman solution. This set of manipulations can be summarized by stating that: with the
incorrect world model adding process noise can prevent the state from diverging.

We now consider the case where we get the number and state equations correct but we add
some additional process noise to the constant state x;. That is in this case we still assume
that the real world model is given by Equations 117 but that our Kalman model is given by

Bt = w() (123)
I‘Q(t) = l‘l(
2(t) = wa(t) +o(t),

Then for this model we have

F:H 8} G:[H, H=[0 1], Q=cov(w) R=cov(v).

To determine the steady-state performance of this model we need to solve for the steady
state value P(00) in

P(t)=FP+ PF' + GQGT — PH'R'HP and K =PH'R™'.

with F', G, @), and H given by the above, we see that

FpP — [ 0 O}{pn plz}zlo 0}
' 10 P12 D22 P11 P12
[ 0 1 0 p
prT — P11 P12 _ 11
| P12 P22 00 0 pi2
T _ 1 . 10
GQG" = _O}Q[lo}_Q{OO}
PHTR'HP — [ P11 P12 0 l [ 0 1 } P11 P12
| D21 P22 IR D12 P22
_ 1o 1 p%z P12P22
R [ng ] [p12 b2 } R {p22p12 D3 '

Thus the Ricatti equation becomes

2
P 0 0 n 0 pn " Q 0| 1 Py p122])22 _ Q- % P — plz}%zz |
P11 P12 0 pi2 0 0 R | paopie Dao P — p12}§22 W1 — %

To find the steady-state we take % = 0 we get by using the (1,1) component equation that
p12 is given by p1o = /@ R. When we put this in the (2,2) component equation we have

2
0:1%/@3-%.



Which means that p2, = £2R/QR. We must take the positive sign as ps; must be a positive
real number. To take the positive number we have p1o = /QR. Thus p2, = 2QY/2R3/? or

P2 = \/é(RgQ)l/4 .

When we put this value into the (1,2) component equation we get

P11 = pljéhz _ \/§<Q];)1/2(R3Q)1/4 _ \/§(Q3R)1/4.

Thus the steady-state Kalman gain K (co) then becomes

K(c0) = P(c0)H"R™ Z% [228 iliﬁii ] [ (1) ]

1| piafo0) | _ (%)1/2
[]922(00) } a \/5(%)1/4] ' (124)

R
To determine how the steady-state Kalman estimate Z(¢) will compare to the truth x given
via z1(t) = z1(0) and Equation 118 for z5(¢). We start with the dynamical system we solve
to get the estimate z given by

1=Fi+K(z—Hi).

Taking the long time limit where ¢ — oo of this we have

#(t) = Fa(t) + K(00)2(t) — K(0o)Hi(t) = (F — K(co)H)a(t) + K(c0)z(t).

Taking the Laplace transform of the above we get

sz(s) — 2(0) = (F — K(c0)H)Z(s) + K(o0)z(s),

or

[sI — F — K(c0)H]#(s) = £(0) + K(00)z(s) .
Dropping the term z(0) as t — oo and it influence will be negligible we get
2(s) = [s] — F — K(c0)] 'K (c0)z(s) . (125)
From the definitions of the matrices above we have that

s Ki(c0) } ’

sl = F + K(oo)H = { —1 s+ Ky(c0)

and the inverse is given by

[sI — F + K(co)H] ' =

1 [ s+ Ky(00) —Ki(00) ]
s(s+ Ka(00)) + K1(00) 1 s
Since we know that z(s) is given by Equation 122 we can use this expression to evaluate the

vector Z(s) via Equation 125. We could compute both Z;(s) and Zs(s) but since we only
want to compare performance of Z5(s) we only calculate that component. We find

e ls) = Fl(oo)jLs?Q(oo) s
2(e) (s<s+m<oo>>+moo>) (5).

(126)



Then since z(t) = x2(t) we have

- ( : K1(00) + sK5(c0)

To(s) = Ta(s) — xa(s) = 1T & Fl(oo)) z(s) — z(s)
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(5 + Raloo)s +K<oo>) #e)

- () [ )

when we use Equation 122. Then using the final-value theorem we have the limiting value
of Z3(c0) given by

#5(00) = lim s3(s) = lim (52 +E(O;)Sj+m(oo)) {“5)) - ””;20)} =0,

showing that this addition of process noise results in a convergent estimate. This set of
manipulations can be summarized by stating that: with the incorrect world model
adding process noise can result in good state estimates.

As the final example presented in the book we consider the case where the real world model
has process noise in the dynamics of x; but the model use to perform filtering does not.
That is, in this case we assume that that the real world model is given

a(t) = w()

.T2<t) = I

2(t) = a9
and that our Kalman model is given by
#(t) = 0 (127)

2(t) = wa(t) +o(t),

Then for this assumed model we have

F:|:? 8:|7 H:[O 1:|7 RICOV(U), and G:O’ or Q:O

To determine the steady-state performance of this model we need to solve for the steady
state value P(00) in

P(t)=FP+PF'—PH'"R'HP and K =PH'R™.

with F', G, @), and H given by the above, we have the same expressions as above but without
the GQGT term. Thus the Ricatti equation becomes

2

. _ P12 __ Dbi2p22
P = R y45!

__ Ppi12p22 _ Dby

P11 R 2p12 — %



To find the steady-state we take ‘2—1; = 0 we get by using the (1,1) component equation that
p12 is given by p1o = 0. When we put this in the (2,2) component equation we have that
po2 = 0. When we put this value into the (1,2) component equation we get p;; = 0. Thus
the steady-state Kalman gain K(oco) is zero. To determine how the steady-state Kalman
estimate z(t) will compare to the truth x given via z1(t) = 21(0) and Equation 118 for z(t).
We start with the dynamical system we solve to get the estimate & given by

z=Fi.
This has the simple solution given by

#1(t) = 21(0) or a constant
To(t) = 1(0)t + 22(0) or the "ramp” function.

Since the true solution for z(t) is not a constant this approximate solution is poor.
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