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Introduction

Here you’ll find some notes that I wrote up as I worked through this excellent book. I've
worked hard to make these notes as good as I can, but I have no illusions that they are perfect.
If you feel that that there is a better way to accomplish or explain an exercise or derivation
presented in these notes; or that one or more of the explanations is unclear, incomplete,
or misleading, please tell me. If you find an error of any kind — technical, grammatical,
typographical, whatever — please tell me that, too. I'll gladly add to the acknowledgments
in later printings the name of the first person to bring each problem to my attention.
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Classifiers Based on Bayes Decision Theory

Notes on the text

Minimizing the average risk

The symbol 7 is the expected risk associated with observing an object from class k. This
risk is divided up into parts that depend on what we then do when an object from class k
with feature vector x is observed. Now we only observe the feature vector x and not the true
class label k. Since we must still perform an action when we observe x let \;; represent the
loss associated with the event that the object is truly from class k and we decided that it is
from class i. Define 1, as the expected loss when an object of type k is presented to us. Then

M

Ty = Z Aii P(we classify this object as a member of class 1)
i=1

which is the books equation 2.14. Thus the total risk r is the expected value of the class
dependent risks 7 taking into account how likely each class is or

M

r = ZmP(wk)
k=1
M M

-3 Y / (2]oon) P(wp)dz

k=1 i=1
= ;/R (; Amp($|Wk)P(Wk)> da . (1)

The decision rule that leads to the smallest total risk is obtained by selecting R; to be the
region of feature space in which the integrand above is as small as possible. That is, R;
should be defined as the values of x such that for that value of ¢ we have

Z)\mp x|wy) P Z)\kﬂ? rlwy)Pwy) V5.

In words the index ¢, when put in the sum above gives the smallest value when compared to
all other possible choices. For these values of = we should select class w; as our classification
decision.



Bayesian classification with normal distributions

When the covariance matrices for two classes are the same and diagonal i.e. 3; = X; = 2/
then the discrimination functions g;;(z) are given by

gij(x) = w’ (x — x0) = (i — p3)" (x — mg) (2)

since the vector w is w = p; — p; in this case. Note that the point x is on the decision
hyperplane i.e. satisfies g;;(x) = 0 since g;;(zo) = w” (zy — 29) = 0. Let = be another point
on the decision hyperplane, then x — xy is a vector in the decision hyperplane. Since x is a
point on the decision hyperplane it also must satisfy ¢;;(x) = 0 from the functional form for
gi;() and the definition of w is this means that

B

w'(z = x0) = (i — ;)" (x —20) = 0.,

This is the statement that the line connecting p; and p; is orthogonal to the decision hy-
perplane. In the same way, when the covariance matrices of each class are not diagonal but
are nevertheless the X; = 3; = X the same logic that we used above states that the decision
hyperplane is again orthogonal to the vector w which in this case is X7 (u; — p;).

The magnitude of P(w;) relative to P(w;) influences how close the decision hyperplane is
to the respective class means p; or p;, in the sense that the class with the larger a priori
probability will have a “larger” region of R! assigned to it for classification. For example, if
P(w;) < P(w;) then In (5&))) < 0 so the point zy which in the case ¥; = ¥; = ¥ is given
by

1 P(w;) Hi — [y
xoz—(uﬁu')—ln( ) : (3)
2 ’ P(wj) ) i = pill3
we can write as
1
To = 5(#:’ + 5) + s — )

with the value of o > 0. Since p; — p; is a vector from p; to p; the expression for xy above
starts at the midpoint %(uz + p;) and moves closer to p;. Meaning that the amount of R
assigned to class w; is “larger” than the amount assigned to class w;. This is expected since
the prior probability of class w; is larger than that of w;.

Notes on Example 2.2

To see the final lengths of the principal axes we start with the transformed equation of
constant Mahalanobis distance of d,, = v/2.952 or

Il \2 I N2
(xl /"Lll) + (QU2 ,LL12) — ( 2952)2 —92.952.
A1 A2
Since we want the principal axis about (0,0) we have pj; = pjy = 0 and A\; and A\, are the
eigenvalues given by solving | — AI| = 0. In this case, we get A\; = 1 (in direction v;) and
Ay = 2 (in direction vy). Then the above becomes in “standard form” for a conic section
()? (5)*

20520 | 2.952),
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From this expression we can read off the lengths of the principle axis

24/2.952)\1 = 2v2.952 = 3.43627

24/2.952)y = 24/2.952(2) = 4.85962 .

Maximum A Posteriori (MAP) Estimation: Example 2.4

We will derive the MAP estimate of the population mean p when given N samples xy
distributed as p(z|s) and a normal prior on p i.e. N(uo,0.1). Then the estimate of the
population mean p given the sample X = {xk}{f:l is proportional to

p(p|X) o< p(p)p(X|n) = Hp i)

Note that we have written p(u) on the outside of the product terms since it should only
appear once and not N times as might be inferred by had we written the product as
Hivzl p(p)p(xk|p). To find the value of p that maximized this we take begin by taking
the natural log of the expression above, taking the p derivative and setting the resulting
expression equal to zero. We find the natural log of the above given by

1 2 1
)+ Zln (asl) = —g 20T 2S5 e — ).

2
T s
Then taking the derivative with respect to u, setting the result equal to zero, and calling

that solution [ gives

1 1
;(M o) + —5
I

NE

o2 (xk_,&):oa

e
I

1

were we have assumed that the density p(x|u) is N(p, X) with ¥ = 021. When we solve for
[1 in the above we get

1 1N 02 N
02“0+02 k=1 Tk B M0+U—’52k 1 Tk
N | 1 =
2T 1+ 2 N

= (4)

Maximum Entropy Estimation

As another method to determine distribution parameters we seek to maximize the entropy
H or

H=- /X p() In(p(z))dz (5)

This is equivalent to minimizing its negative or [, p(z)In(p(z))dz. To incorporate the con-
straint that the density must integrate to one, we form the entropy Lagrangian

= [ pte) nipla)ar - ( | plaras - 1) ,
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where we have assumed that our density is non-zero only over [z1,z5]. The negative of the
above is equivalent to

_H, - - / " p(@)(n(p(x)) — N)dz — A.

Taking the p(z) derivative and setting it equal to zero

P [ )+ (3 e

— —/m[ln(p)—)\—l—l]dx:O.

1

Solving for the integral of In(p(z)) we get
2
/ In(p(z))dz = (A — 1)(zs — 21)
Take the x5 derivative of this expression and we find x

In(p(z2)) =A—=1 = p(ry) =",

To find the value of A we put this expression into our constraint of fxxf p(z)dz =1 to get

A—l(

e Hrg —1p) =1,

orA—lzln( L ),thus

To—x1
1 1
p(z) = exp {ln < )} = ;
To — I1 To — X1

a uniform distribution.

Problem Solutions
Problem 2.1 (the Bayes’ rule minimized the probability of error)

Following the hint in the book, the probability of correct classification P, is given by
M
P, = ZP(z € Ri,wi),
i=1

since in order to be correct when x € R; the sample that generated x must come from the
class w;. Now this joint probability is given by

Pz € Rj,w;)) = Pz € Ri|w;)P(w;)

_ </Rip(x|w,-)dx) P(w;) .
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So the expression for P. then becomes

P = i(/ (2|wr) d:):) P(w;)

=1

_ i( / (w)w;) (w,-)dx). (6)

=1

Since this is a sum of M different terms to maximize P, we will define R; to be the region
of z where

plaln) P(wr) > plaloy) Plwy) V)i 7
If we do this, then since in R; from Equation 7 the expression fR p(x|w;) P(w;)dz will be as

large as possible. As Equation 6 is the sum of such terms we will have also maximized P..
Now dividing both sides of Equation 7 and using Bayes’ rule we have

P(wila) > Pluwjla) Vi #1,

as the multi-class decision boundary, what we were to show.

Problem 2.2 (finding the decision boundary)

Using the books notation where \g; is the loss associated with us deciding an object is from
class ¢ when it in fact is from class k£ we need to compare the expressions given by Equation 1.
Since this is a two class problem M = 2 and we need to compare

L = Aup(z|w)P(wr) + Aa1p(x|ws) P(ws)
by = Awp(zlw)Pwr) + Anp(z|ws) Pws) .

Under zero-one loss these become

li = dap(z|wy)P(ws)
lo = App(z|w)P(w).
When [} < I, we will classify x as from class w; and from class ws otherwise. The decision
boundary will be the point xg where [; = l5. This later equation (if we solve for the likelihood
ratio) is
p(zlwi) _ AarP(ws)
p(zlws)  AaP(wr)
If we assume that p(x|w;) ~ N(0,0?) and p(x|wy) ~ N (1, 0?) then

(8)

22

35 11
p(l’|w1) — € = exp ———(2!13' - 1) .
2 02

plafws) 53"

% and solving for = gives

1 2 )\21P(W2))
r=—-——0‘In| ——— s
2 ()\mp(u)l)

Setting this equal to

as we were to show.



Problem 2.3 (an expression for the average risk)

We are told to define the errors ¢; o as the class conditional error or

g = P(x€R2|w1):/ p(z|w)dz
Ra

g9 = P(x€R1|w2):/ p(z|ws)dx .
R1

Using these definitions we can manipulate the average risk as
r = P(w) ()\11/ p(z|w)dz + )\12/ p(x|w1)dx)
R1 R2
+ P(w2) ()\21/ p(x|we)dx + )\22/ p(x\wﬁdx)
R1 Ra2

~ Plw) ()\11 (1— /R | p(x|w1)dat) i /R 2 p(:)s|w1)d:)3)
4 P(w) ()\21 /R plafen)dr + (1— /R | p(x\wg)dx))

= )\HP(wl) — )\1151P(w1) + )\12€1P(wl) —+ )\2182P(W2) —+ )\ggp(wl) — )\2252P(w2)
= >\11P(w1) + )\22P(W2) + ()\12 — )\11)61P(W1) + ()\12 — )\22)82P(w2) y

resulting in the desired expression.

Problem 2.4 (bounding the probability of error)

We desire to show that )
P<1-—.
- M

To do this recall that since vail P(w;]z) = 1 at least one P(w;|z) must be larger than -

otherwise the sum S, P(w;|z) would have to be less than one. Now let P(w;|z) be the

Bayes’ classification decision. That is

P(wi*

x) = max P(w;|z) .

From the above discussion P(w;«|z) > % From this we see that
1 M-1
P =1- Pwir) <1— — = ———,
max (wi|z) i i

the desired expression.



Problem 2.5 (classification with Gaussians of the same mean)

Since this is a two-class problem we can use the results from the book. We compute /15 the

likelihood ratio (zlw) 9 2 /1 1
plT|wr gy x
1, = 222U 72 - = -5 . 9
12 p(xlwy)  oF exp{ 2 (U% U%)} ¥

and compare this to the threshold ¢ defined by

+ P(Wz) <>\21 - )\22)
P(wl) A2 — A1 .

Then if [15 > t, then we classify  as a member of w;. In the same way if [15 < ¢ then we
classify x as a member of w,. The decision point xy where we switch classification is given
by llg(ZL’Q) =t or

Solving for zy we get

Ty = + 20%03 In <U%P(w2) <)\21 - )\22)) .

(03 —0%) 03P (w1) \ A2 — Ay

For specific values of the parameters in this problem: ¢?, P(w;), and \;; the two values for

xo above can be evaluated. These two values z( differ only in their sign and have the same
magnitude. For these given values of xy we see that if |x| < |zg| one class is selected as
the classification decision while if |x| > |zo| the other class is selected. The class selected
depends on the relative magnitude of the parameters o7, P(w;), and \;; and seems difficult
to determine a priori. To determine the class once we are given a fixed specification of these
numbers we can evaluate l12 in Equation 9 for a specific value of = such that |z| < |zo| (say
x = 0) to determine if [15 < ¢ or not. If so the region of z’s given by |z| < |z| will be
classified as members of class wy, while the region of x’s where |z| > |xy| would be classified
as members of wo.

Problem 2.6 (the Neyman-Pearson classification criterion)

Warning: I was not able to solve this problem. Below are a few notes I made while
attempting it. If anyone sees a way to proceed please contact me.

For this problem we want to fix the value of the error probability for class one at a particular

value say ¢; = ¢ and then we want to minimize the probability of error we make when
classifying the other class. Now recall the definitions of the error probability ¢;

[ = /R (el Plen)ds,

and
62:/ p(z|we) P(ws)dx .
R1
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We want to find a region R, (equivalently a region R5) such that e, is minimized under the
constraint that £; = . We can do this using the method of Lagrange multipliers. To use
this method first form the Lagrangian ¢ defined as

q:9(€1—€)+€2.

To determine the classification decision region boundary xy that minimizes this Lagrangian
let Ry = (—o00,z0) and Ry = (xg, +00) to get for ¢

¢= 06 <P(w1) /+°° p(lwr ) — 5) + P(wy) / p(lws)da

o —00

To minimized ¢ with respect to xg requires taking 8%0 of the above expression and setting
this derivative equal to zero. This gives

0
6—9?0 = —0P(w:1)p(wo|wi) + P(wa)p(zolws) = 0.

Solving for € in the above expression we see that it is given by

P(wz)p(zolwz) — P(wa|zo)

0= Planp(zolor) ~ Plwrlwo)

Problem 2.9 (deriving an expression for Pp)

If P(w;) = P(wy) = 3, then the zero-one likelihood ratio given by Equation 8 when i, =
A1 = 1, becomes

plalwr)

p(|ws)
Taking logarithms of both sides of this expression gives

n(p(z|wr)) = In(p(zlws)) = 0.

If we define this scalar difference as u we see that when both class condition densities are
multi-dimensional normal with the same covariance ¥ (but with different means p;) that u
becomes

v = In <W exp {—%(m — ) SNz - m)})

1 _ 1 _
= —§($ — ) 2@ = ) + 5(55 — p12)" SN (@ — pio)
1
= 5 [:ETZ_lx — 2[&{2_11’ + M{E_l,ul — 2ty e+ Q;LgZ_la: — ugZ_lm}
1 1
= (=) S = SN 4 S X



Now if x is a sample from class w; then from the class density assumptions and the above
expression (it is linear in x) we see that the variable u will be a Gaussian random variable
with a mean m; given by

_ 1 1.
my = (= )X = Sp ST+ S B g

2 2
1 1
= §M1T2_1/~L1 — 2%y 5#52_1/@
1 _
= 5(#1 — p2) 2 (= p2) (10)

and a variance given by

(11 = o) TETIEE T (i — pra) = (g1 — p2) 2T (g1 — paa) - (11)

In the same way, if = is from class wo then u will be Gaussian with a mean mqy given by

_ 1 _ 1 3
my = (= )X e — Spi N+ S s B g

2 2
Ty—1 1 -1 L
= X e — 5#12 M1 — 5#22 2
1 _
= —5lm - p2) T (i — o) = —ma (12)

and the same variance as in the case when x is from w;, and given by Equation 11. Note that
in terms of the Mahalanobis distance d,, between the means pu; defined as

42, = (1 — o) S (1 — o)

we have m; = 1d?%, = —m,. Also note that the variance of p(u|w;) given in Equation 11
in terms of the Mahalanobis distance is d2, and so the common standard deviation would
be d,,. Thus an expression for the Bayesian error probability, Pg, for this classification
problem, can be computed based on the one-dimensional random variable u rather than the
multidimensional random variable x. Since u is a scalar expression for which we know its
probability density we can compute the probability of error for a classification procedure on
x by using u’s density. As just computed the densities p(u|w;) and p(u|ws) are Gaussian with
symmetric means (m; = —ms) and equal variances so the the optimal Bayes classification
threshold value (where classification decisions change) is 0. This makes it easy to calculate
Pg the optimal Bayes error estimate using

PB:/ p(u\wl)P(wl)du+/Ooop(u\wg)P(wg)du.

—00

Since P(w;) = P(wi) = 1, and the integrals of the conditional densities are equal (by

symmetry) we can evaluate just one. Specifically, from the discussion above we have

1 1 (u—3id
N T W A S

Pp=——— / 0 6_%(%35%)@'

- \/271’% —o0
10

and we find




132
u_fdm
Let 2= —2" sodz = —dl du and Pg becomes
m

d'm
1 d —§dm 42 1 +0oo 22
P L dn e—mz_/ e dz, 13
P Vordn, /_oo V2r Jia, "

the result we were to show. Using the cumulative distribution function for the standard
normal, denoted here in the notation of the Matlab function, normedf, defined as

1 v 1 (t—p)?
normedf (z; pu, o) = e 2 o2 dt, (14)
V2no J_w

we can write the above expression for P as
1
Pp = 1 — normedf (ﬁdm; 0, 1) : (15)

which is easier to implement in Matlab.

Problem 2.10-11 (Mahalanobis distances and classification)

Taking the logarithm of the likelihood ratio l15 gives a decision rule to state x € w; (and
T € wq otherwise) if

In(p(z|wr)) — In(p(z|w,)) > In(0). (16)
If our conditional densities, p(x|w;), are given by a multidimensional normal densities then
they have functional forms given by

1 1
) — Yy = - — (g — N e — ) S 1
plol) = Nlaipn, 8 = e e {30 = w) S @ -} . (D)
Taking the logarithm of this expression as required by Equation 16 we find
1 _ d 1
In(plalwn) = —3(@ = m)'Si e — ) — 5 In(2m) = 5 I(I)

1 , d 1
= 5l 2[%)" — 5 In(2m) — S In([%]),

where we have introduced the Mahalanobis distance d,,, in the above. Our decision rule given
by 16 in the case when p(z|w;) is a multidimensional Gaussian is thus given by

1 1 1 1
— 5 (1, 2[%0)" = S (1)) + Sdm(p2, 7%)* + 5 n(|%s]) > In(6).

or
)y

dm(ul, l’|21)2 — dm(,UQ, x‘22>2 + In (%) < =2 ln(@) . (18)
2

We will now consider some specializations of these expressions for various possible values of

Y;. If our decision boundaries are given by Equation 18, but with equal covariances, then we

have that In <%> = 0 and for decision purposes the left-hand-side of Equation 18 becomes
din(p1, 2] 51)? = don(p2, 2]52)? = (xTE_lx — 22" g + MlTE_llil)

— (xTE_lx — 22Ty + ,ugz_lug)
= =20"Y Ny — ) + B i — e s

11



Using this in Equation 18 we get

_ 1 1
(= p2) 270 > In(6) + S lml [ = 5llpall-r (19)

for the decision boundary. I believe the book is missing the square on the Mahalanobis norm
of -

Problem 2.12 (an example classifier design)
Part (a): The optimal two class classifier that minimizes the probability of error is given
by classifying a point  depending on the value of the likelihood ratio

plalw)
p(|ws)

l12 =

When the class conditional probability densities, p(x|w;), are multivariate Gaussian with
each feature dimension having the same variance o = o5 = 02 the above likelihood ratio Iy,

becomes ]

o = eXP{—@((I — ) (@ = ) = (= po) " (& — p2))} .
The value of l15 is compared to an expression involving the priori probabilities P(w;), and

loss expressions, Ag;, where

e )\;; is the loss associated with classifying an object from the true class k as an object
from class 1.

The classification decision is then made according to

_ plzfwr) - P(ws) (Am - >\22) |

T C€w; if lp=
' . P($|w2) P(wl) A2 — A

and r € wy otherwise. To minimize the error probability requires we take A\g; = 1 — g
where 0y; is the Kronecker delta. In this case, and when the priori probabilities are equal the
constant on the right-hand-side of Equation 20 evaluates to 1. Thus our classification rules
is to select class 1 if [ > 1 and otherwise select class 2. This rule is equivalent to select
x € wy if p(z|wy) > p(r|ws). Using the above expression the decision rule [15 > 1 simplifies
as follows

(20)

(x = p)" (=) = (x —pa)"(x —p2) < 0 or
=201 — p2)'w < pypg—pipn or
[ p — 3 fro

)" 5

(1 —po)'x >

This is equivalent to Equation 19 when we take §# = 1 and equal features covariances.

12



Part (b): In this case, from the given loss matrix, A, we see that A;; = 0, Aja = 1, A\y; = 0.5,

Aoo = 0 and the right-hand-side of Equation 20 becomes % Then the requirement on the

likelihood ratio is then ly5 > %, which when we take the logarithm of both sides becomes

1

_Tt?[(i — )" (@ = ) = (2 = p2) " (2 — p2)] > —In(2),

which simplifies in exactly the same was as before to

fil . — g o

5 +0%In(2).

(1 — p2) " >
Experiments at generating and classifying 10000 random feature vectors from each class
using the previous expressions and then estimating the classification error probability can
be found in the Matlab script chap_2 prob_12.m. For Part (a) we can also use the results
of Problem 2.9 on Page 9 namely Equation 15 to exactly compute the error probability Pg
and compare it to our empirically computed error probability. When we run that script we
get the following results

empirical P_e=  0.215950; analytic Bayes P_e=  0.214598

showing that the empirical results are quite close to the theoretical. For Part (b) we can
compute the empirical loss associated with using this classifier in the following way. Let
L1 be the number of samples from the first class that are misclassified as belonging to the
second class, Ly; be the number of samples from the second class that are misclassified as
belonging to the first class, and N be the total number of samples we classified. Then an
empirical estimate of the expected loss 7 given by

Ly5 4 0.5Ly;
— N

F=

Problem 2.13 (more classifier design)

Note that since for this problem since the functional form of the class conditional densities,
p(z|w;), have changed, to construct the decision rule in terms of x as we did for Problem 2.12,
we would need to again simplify the likelihood ratio expression Equation 20. If all we care
about is the classification of a point & we can skip these algebraic transformations and simply
compute ljp = %, directly and then compare this to the simplified right-hand-sides of
Equation 20, which for Part (a) is 1 and for Part (b) is 3. Again for Part (a) we can exactly
compute the Bayes error rate using Equation 15. This procedure is implemented in Matlab

script chap-2_prob_13.m. When we run that script we get
empirical P_e=  0.374650; analytic Bayes P_e=  0.373949

again showing that the empirical results are quite close to the theoretical.

13



Problem 2.14 (orthogonality of the decision hyperplane)

We want to show that the decision hyperplane at the point z is tangent to the constant
Mahalanobis distance hyperellipsoid d,,(z, p;) = ¢;. If we can show that the vector v defined
by

v = adm (LU, ,uz)
- Ox N
is orthogonal to all vectors in the decision hyperplane, then since v is normal to the surfaces
Ay (z, 1) = ¢;, we will have a tangent decision hyperplane. The Mahalanobis distance

between p; and a point x is given by

_ 1/2
(i, 2) = (@ = )57 (2 = 1))
The gradient of d,,(j;, x) considered as a function of z is given by

Unlrot) L, rsmte— )™ 2 (G0 - o )

ozr %
= Ly en e — )
1 RV
= Gt )

Consider this expression evaluated at © = xy, we would have to evaluate o — u;. From the
expression for xy this is

1 P(w;) Hi — Hj
xo—uiZ—(—eru')—ln( ) ;
2 ] Pley) ) i — s5lls
which is a vector proportional to p; — p;. Thus we see that for a point x on the decision
hyperplane we have that

1 T
T -1
vi(x —my) = Y (o — 1)) (= )
dm(,uiva) ( )
_ T
o (57— )" (= 20) = 0.
since for the case of multidimensional Gaussians with equal non-diagonal covariance matrices,
3], the points = on the decision hyperplanes are given by

_ T

9ij (@) = (57 (i — 1)) (x —x9) = 0.
The decision hyperplane is also tangent to the surfaces d,,(x, j1;) = ¢;. Since to show that
we would then need to evaluate ———%"1(z — u;) at z = x5 and we would again find that

. . . d77L(Mj7x)
xo — f; is again proportional to p; — ;.

Problem 2.15 (bounding the probability of error)

We are told to assume that
p(zlw) ~ N(p,0?)
L ag<x<b

~ — b—a
p(x|ws) U(a,b) { 0 otherwise

14



The minimum probability of error criterion is to classify a sample with feature x as a member
of the class wy if

plzlwr) _ Plwa)

p(zlws) = Plwr)’
and classify = as from the class wy otherwise. Since p(x|ws) is zero for some values of x we
should write this expression as

P plal).

p(z|wy) >

Note that from the above if z ¢ [a,b] since p(z|ws) = 0 the above expression will be true
and we would classify that point as from class wy. It remains to determine how we would
classify any points = € [a, b] as. Since p(z|ws) is a uniform distribution the above inequality
is given by

P((A)Q) 1
P((A)l) b—a ’

Given that the density p(z|w;) is a Gaussian we can find any values o such that the above
inequality is an equality. That is xy must satisfy

p(xfwy) > (21)

1 1 (rofu)2 P(WQ) 1

e 2 o2 —

V2ro Plw)b—a’

When we solve for zy we find

V2o P(w2)> . (22)

=u+ —21
o= REe n(b—aP(wl)

There are at most two real solutions for xy in the above expression which we denote by
r, and zg, where z; < z§. Depending on the different possible values of z; and z§ we
will evaluate the error probability P.. If neither z; and x§ are real then the classification
decision regions in this case become

Ri = (—o0,a)U (b, +00)
Rg = (a,b).

Then P, is given by

P = P(wl)/Rp(:c|w1)da?+P(w2)/Rp(:ﬂ|wQ)d:£

b b
_ P(wl)/ p(elon)dz < / p(elwon)dz | (23)
since le p(z|ws)dx = 0 for the Ry region.

Next consider the case where 27 are both real. From the expression for z, given by Equa-

tion 22 this means that
I V2o P(ws) 0.
b—a P(wy)

15



or

1 P(wy) 1
V2o - Plw)b—a’
What we notice about this last expression is that it is exactly Equation 21 evaluated at
x = p. Since p € (x5, 2¢) this means that all points in the range (zg,z¢) are classified as
belonging to the first class. Thus we have shown that in the case when 27 are both real we
have

Ri = (—o0,a)U(b,+o0)U (x5, )
Ry = (a7 b) \ (Iavx+) :

With these regions P, is given by
P, = P(wl)/ p(z|w)dz + P(wQ)/ p(z|ws)dx
Rz Rl

= P(w) / p(z|w)dr + P(ws) / p(x|ws)de .
(a,b)\(zg ,zd)

(a,b)N(zy ,maL)

Now for any x between z; and zj we have argued using Equation 21 that P(w;)p(x|w;) >
P(ws)p(x|ws) and thus we can bound the second term above as

Plws) / p(lwn)dr < Plw) / p(lwon)dz
(a,b)ﬂ(xa,xar)

(a,b)N(zy ,xar)

Thus the above expression for P, is bounded as

P. < P(wl)/ p(at|w1)d:)3—|—P(w1)/ p(x|wr)dz
(a,0)\(zq 25 )

(a,b)N(xy ,xar)
b b
— Plw) / plalwn)dz < / plalen)de

This last expression is exactly like the bound presented for P, in Equation 23. The next step
. R . b . i 9 o

is to simplify the expression [’ p(x|w)dz. Since p(z|w;) is N'(i, 0?) to evaluate this integral
we make the change of variable from z to z defined as z = £ to get

b b—u
a 1 1.2
z|lw))dr = e 2% dz
/Gp( | 1) [l# V2T

the expression we were to show.
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9ln(p(x;0)) )

Problem 2.16 (the mean of the expression —;

We compute this directly

p|PRmt)] _ pl L oted)]
/(<;m%§@)mawmzfmgfwx
:g%/f@ﬁm %1_0

as claimed.

Problem 2.17 (the probability of flipping heads)

We have a likelihood (probability) for the N flips given by

N

P(X;q) = ]a"(1-q) .

i=1
The loglikelihood of this expression is then

N

L(g) =In(P(X;q)) = Y (:In(q) + (1 — 2;)In(1 - q)).

i=1
To find the ML estimate for ¢, we will maximize In(P(X;¢q)) as a function of ¢. To do this

we compute
N
dL N
AL 5~ (o Lmm g
dgq g l—g¢

=1

When we solve for ¢ in the above we find

Problem 2.18 (the Cramer-Rao bound)

When we consider the ML estimate of the mean p of a Gaussian multidimensional random

variable with known covariance matrix ¥ we are lead to consider the loglikelihood L(u) given
by

N 1
L) = == In((27) NIZ) — §;xk— (e —p), (24)

17



with [ = 1 and ¥ = 0% we have the loglikelihood, L(p), given by

L(p) = —g In(270?) — % Z w

o2
k=1

To discuss the Cramer-Rao lower bound we begin with the assumption that we have a density
for our samples z that is parametrized via the elements of a vector 6 such that = ~ p(x;8).
We then consider any unbiased estimator of these density parameters, #, denoted as 6. If
the estimator is unbiased, the Cramer-Rao lower bound then gives us a lower bound on the
variance of this estimator. The specific lower bound on the variance of 6 is given by forming

the loglikelihood
N
L(f)=1In (Hp(xi;e)) :
k=1

and then taking the expectation over partial derivatives of this expression. Namely, construct
the Fisher Matrix which has 7, jth element given by

92L(0)
90,00, | -

Then the variance of the §; must be larger than the value of J;'. As an equation this
statement is that

Jij = —E[

B[(0; - 6:)%] > J; .
If we happen to find an estimator 0; where the above inequality is satisfied as an equality
then our estimator is said to be efficient.

From the above discussion we see that we need to evaluate derivatives of L with respect
to the parameters of the density. We find the first two derivatives of this expression with
respect to p are given by

L 1 &
@ = FZ(%—M)

k=1
PL 1 & N
R D D
K k=1
Thus we get
9*L N 1 1
Iz o N var(fimr)

Q
=
2
-+
=
@
—
@
n
o
=
&
—+
o
=
o
=
-+
=
@
=
@
o
=
=
£
=
=
@
=R
Q.
@
=

Since we have shown that —F [7 =

Now consider the case where the unknown parameter of our density is the variance o2 then
we have

oL N1 1 (1 — p)?
57 T TTA TR
L N 1 _i(xk—uf
0(c?2)? 9 (02)2 pt (02)3 )



Recall that E[(x), — u)?] = o? since x, ~ N(u,0?) and we can evaluate the expectation of
the second derivative of L with respect to o2 as

s [%] i EN: <522>3 =5

Thus
{82L} N 1 1
e | T 5 e — o
d(0?) 2 (o %

To consider whether the ML estimator of the variance is efficient (i.e. satisfied the Cramer-
Rao lower bound) we need to determine if the above expression is equal to

1
Var(<f2ML) .

Then from Problem 2.19 below the ML estimator of o2 in the scalar Gaussian case is given

by
" 1 X
:NZ ,UML )

where fiy, is the ML estimate of the mean or N Zk:l x. Then it can be shown ! that UA2ML
has a chi-squared distribution with N — 1 degrees of freedom, in the sense that

0.2

5 )
O“ML ~ - XN—
NN

Thus since the expectation and variance of a chi-squared distribution with N — 1 degrees of
freedom is N — 1 and 2(NN — 1) respectively we have that

N o? N -1
E[U2ML] = N(N — ]_) = 02
- ot 2(N —1
Var(U2ML) = N22(N — 1) = %04 .

From the given expression for var(o?y,) we see that

1 O*L
Val"(ObML) # - |i8(0-2)2:| 7

and thus the ML estimate of o2 is not efficient.

Problem 2.19 (ML with the multidimensional Gaussian)

We recall that the probability density function for the multidimensional Gaussian is given
by
B 1 1 P
p(x|p,X) = W eXp{—ﬁ(v”C —p)'E (=)}

'http:en.wikipedia.orgwikiNormal_distribution
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So the loglikelihood L when given N samples from the above distribution is given by

L= ln(Hp(kau? X)) = Zln(p(IkLua X))
k=1 k=1

The logarithm of the probability density function for a multidimensional Gaussian is given
by

In(p(relp, 2)) = (1S (& — ) — 5 n((2m)[5)

so that the above becomes
1 N
L= 3 (o= 'S - p) — 5 (2015

2
k=1

To evaluate the maximum likelihood estimates for p and ¥ we would notionally take the
derivative with respect to these two parameters, set the resulting expression equal equal to
zero, and solve for the parameters. To do this requires some “vector” derivatives. Remem-
bering that

a t _ t
a—XXMX—(M-i-M)X,

we see that the derivative of L with respect to p is given by

oL &
%:Zz_l(fck—u)zoa

k=1

since X! is a symmetric matrix. On multiplying by the covariance matrix ¥ on both sides

of the above we have
N ;X
Zxk—,wN:O or u:NZxk.

k=1 k=1
So the maximum likelihood estimate of y is just the sample mean as claimed. To evaluate the
maximum likelihood estimate for X, we begin by instead computing the maximum likelihood
estimate for X!, In terms of M = X! we have L given by

| N

L(M) = 5 3= 1Mz — ) — 5 n((2m)%) + 2 (M)

k=1
To evaluate the derivative of the above it is helpful to recall two identities regarding matrix
derivatives. The first involves the logarithm of the determinant and is
0lIn(|M])
oM

since M and M~! are both symmetric. The second involves the matrix derivative of scalar
form x'Mx. We recall that

— (M—l)t — (Mt)—l — M_l,

0
m(ath) = abt .
Using these two identities we have that the M derivative of L is given by
L 1 N_.
onf = 5 2w = mlak — )+ M
k=1
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When we set this equal to zero and then solve for M~ we get
T
-1 _ t
M = I kEZI(:Ck — ) (zE — p)' .

Since M~ = X and we evaluate p at the maximum likelihood solution given above, the
previous expression is what we were to show.

Problem 2.20 (the ML estimate in an Erlang distribution)

The likelihood function for € given the N measurements x; from the Erlang distribution is
N
P(X;0) = [ [ 6°xie " u(a) .
i=1

Since u(z;) = 1 for all ¢ this factor is not explicitly needed. From this expression the
loglikelihood of X is given by

In(P(X;0)) = > (2In() + In(x;) — ;)

i=1

= 20N + > In(z;) —0) ;.

i=1

L()

To find this maximum of this expression we take the derivative with respect to 6, set the
expression to zero, and solve for . We find

aL _
a9

means

Which has a solution for 6 given by

N )
Zi:l Z;
as we were to show.

Problem 2.21 (the ML estimate occurs at a maximum)

When we consider the ML estimate of the mean p of a Gaussian multidimensional random
variable with known covariance matrix ¥ we are lead to consider the loglikelihood L(u) given

21



by Equation 24. We have shown that the first derivative of L(u) with respect to p is given

by
8 N N
=S (mp—p) =37z — NI
k=1 k=1
The second derivative of L(,u) with respect to u is then
2L
0 (M) — _Nz—l )
ou?

Since the matrix X is positive definite, we have that X=! is positive definite, and so — N~}

is negative definite. That the matrix second derivative is negative definite is the condition

for the solution to 8?)2‘ = 0 to be a maximum of the objective function L(u).

Problem 2.22 (p(z|X) is normal with a given mean and covariance)

We assume that once we know the mean u the sample x is drawn from p(z|u) ~ N (i, 0?)
and that the true mean p is random itself and given by a random draw from another normal
distribution p(u) ~ N (g, 03). Then using Bayes’ rule we can compute what the a posteriori
distribution of u is after having observed the data set X as

_ p(X|p)p(p)

As a function of u the expression p(X) is a constant. Assuming independence of the data
samples x; in X we conclude

p(X|p) = Hp AR

Thus combining all of these expressions we see that

p(plX) = ap(u)i[lp(mm
- (e D (e {55))

B N
1 T A A N 2uuo + 443
_ _- _ k 0
= « exp 5 ( E_ <02 e + 52 + p

L k=1
r N N
L (N 2p 1 [ o |
= dexp|—= ~ N 4=y oS -2ttt 28
P73 ( o2 o2 ; BT g2 ; g2 o5 o}

N
N 1 2 1 o
St =25 a . 2
<0-2 + O'S)'u ((72 k:1xk+o_g) :U’]] ( 5)

Note that we have written p(u) on the outside of the product terms since it should only
appear once and not N times as might be inferred by had we written the product as

22



H]kvzl p(p)p(xk|p). From Equation 25 we see that the density p(u|X) is Gaussian, due to
the quadratic expression for p in the argument of the exponential To find the values of the
mean and variance of this Gaussian define % to be such that

1 N 1 9 1 oo}
o 02+03 ON %4—% No2 + 02’ (26)

Now defining  as % Zivzl 7; and take uy as the value that makes the ratio uy /0% equal
to the coefficient of p in the argument of the exponential above or

py _ NT o

e
or solving for uy we get
_ o0l Nz LA Nzo§ + jigo?
HN Nog + o2 o = o} Noi + o2

No? 5 4 o?
— €T .
Nog + o? NUS+02MO

Once we have defined these variables we see that p(u|X) is given by

L/ 2uyp
X) = o — | = -
p(ulX) = «a eXp{ 5 <Uz2v 2
1 2 -9 2
_ o/”exp{—— (N N];/N"'_MN)}
2 oN

1 _ 2
_ o/”exp{——(’u IUN) } ’

2
2 oN

showing that p(u|X) is a Gaussian with mean py and variance o%. Next we are asked to
compute p(z|X) where using the above expression for p(u|X) we find

p(alX) = / pl, 1] X )dp

— / pla|p, X)p(p| X)dp = / p(z[p)p(p|X)dp

> 1 1 @-w? 1 _%%
- e 2 i e °N dﬂ
—eo \V270 V2ron

1 > 1 [2? = 2zp + p? 2_2 + 2
_ / expd pAW ,Ul;N IV L gy
2nooy 2 o? oy

Grouping terms in the argument of the exponent gives the expression

1 1 1Y T Uy A
T D Y et LAy
\Grran) 2 (G ) (e

In prob_2_22_integration.nb we integrate the above to get

— 00

1 1 1 (z—pn)?

p(a]X) = Vor e
2moon L4+ L
g O'N
_ 15y




or a Gaussian distribution with mean py and variance o2 + 03.

Problem 2.23 (the MAP estimate of i for a Rayleigh distribution)

The likelihood of observing all N measurements z; from a normal N (u, 02), where p is from
a Rayleigh distribution probability density function is given by

I(p) = (Hp(:ci\m 0'2)> p(u),

h . . . . ,uoxp(—pz/@crﬁ)) . .
where p(u) is the Rayleigh density p(u) = —————%=. Then the loglikelihood becomes

D)
I

L(p) = 1n(l(u)):ln(p(u))+zln(p(ﬂleu,02))

= In(p) — ;7 — ln(ai) + Z [ln( \/21—7TU) — (%2;#) }

m
9 N
W 1 1
= In(p) — 297 ln(ai) + Nln(\/%g) ~ 53 Z(zZ —p)?.
o =1

Now to maximize L(u) take the derivative with respect to p, set the result equal to zero and
solve for p. We find

N
dL 1 p 1
=L N (- p) =0,

H i=1

N
1 N\, [(1\(1
S+5 )= (5] (=D w|w-1=0.
<az+az)“ <)<N>” "

Defining the coefficient of u? to be R and the coefficient of i to be Z we have using the
quadratic equation that the ML solution for p is given by

Z+VZZY4R Z AR
= = (142,
2R 2R Z

or

the desired result since we must take the positive sign in the above expression since p > 0.

Problem 2.24 (ML with the lognormal distribution)

For the lognormal distribution the density is given by

(@) = — exp (—M) 250, (27)

oxN 2w 202
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so the loglikelihood of observing N specific samples z; is given by

LO) = > In(p(x;))
=1
N Ny
=3 (i + 02
202
=1
Then = 0 is given by

Solving for 6 we get

|
:NZ

Problem 2.25 (maximum entropy estimation of p(z) with known mean and vari-
ance)

We want to maximize — [ p(z) In(p(z))dx subject to the following constraints

This is the same as minimizing the negative of the above entropy expression. Adding the
constraints to form the Lagrangian, our constrained minimization problem becomes

H, = /p(x) In(p(x))dx — N\ (/p(x)dx - 1)
— X </ xp(z)dr — u) — A3 (/(x — p)*p(x)dx — 02) :
Taking the p derivative of this expression and setting the result equal to zero gives
H
88—; = /ln(p(x))dx—i—/dx— Al/dx
— )\2/xdx—)\3/(x—u)2dx20.

We next solve for the expression, [In(p(z))dz, and then take the derivative of the resulting
expression to get

In(p(z)) = —(1 = A — Ao — Ag(z — p)*).
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Thus p(z) is given by

pl) = e~(1-M=aaXs(a=?).
We now need to evaluate the Lagrangian multipliers Ay, Ao, and A3. To do this we use the
three known constraints which we write in terms of the known functional form for our density

p(x) as
/e—(l—)\l—kgx—)\.‘i(x_ﬂy)dx — 1
/xe—(l—>x1—>\2$—)\3(90—#)2)dx = U

/(93—,U)26_(1_’\1_A”_)‘f’(x_”)Q)da: = o2,

We next perform the integrations on the left-hand-side of the above expressions in the Math-
ematica file prob_2_25.nb. We then solve the resulting three equations for A;, Ao, and As.
When we do that we find

1 et 1 9
)\2 - 0
1
Ny = ——
° 202

Thus with these values for A the form of p(z) is

_ N2
p(x) = 6_(1_>‘1_>‘3(m—ﬂ)2) :e—%ln(27r02)e—%
1 _ew?
- e WT’
2o

or a Gaussian distribution, N'(u, 0?), as claimed.

Problem 2.26 (the derivation the EM algorithm)

Continuing the discussion in the book on the EM algorithm we will present the derivation of
the algorithm in the case where the density of our samples xy is given by a multidimensional
Gaussian. That is we assume that

p(x|j; 0) = N(ze|py, C)) .

Then following the book, for the E-step of the EM algorithm we take the expectation over
the unobserved sample cluster labels which we denote as P(ji|zx; O(t)) as

QO:6(1) = > Pliles 6(1) In(plaelje, 0)F)
= > > P(ilax; ©(1) In(p(el, 0) Py) - (28)
k=

1 7=1
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From the assumed form for p(zy|7; @), its natural logarithm is given by

In(p(eslj:6)) = —5 () IC ) = (e — ) CF (= ).

With this expression and dropping constants that won’t change the value of the subsequent
maximization, for Q(0;O(t)) we get the following expression

5" %" Pllass€0) |5 110 - 5o~ 1)7C; o~ )+ 1n(P)

For the M-step we maximize over the parameters p;, C; and P; the above expression, subject
to the constraint that ) ; Pj = 1. The classical way to solve this maximization is using the
method of Lagrange multipliers. In that method we would extend Q(O; O(t)), creating a new
objective function @'(0;0O(t)), to include a Lagrange multiplier (denoted by A) to enforce
the constraint that »_, P; =1 as

Qe:0(1)) = Y > [P(ilewO(1) (N (zkluy, C5)) + P(jlas; ©(t) In(Fy)]

N J
k=1 j=1

<

o <ZP._1> | (29)

J=1

We then proceed to maximize this expression by taking derivatives with respect to the
variables p;, C;, and P;, setting the resulting expressions equal to zero, and solving the
resulting equations for them. We begin by taking a%j of Q'(©;0(t)). We find

i 0:00 ZP”I’“ 0 (v (g N 0))

Ti|py, C

The derivative required in the above is given by

0 0 1 _
a—wN(fck\MmCy’) = N(zg|py, Cj)a—uj (—5(% = ;) Cy (e — “J‘>)

_ ; (el C5) (C7H + C57) (s — 1)

= N(wg|p, C;)C; Yoe — 1) - (30)
Thus .
a%.@(@% 0(t) =Y P(jlzi; O0)C;  (wx — 1) (31)

Setting this expression equal to zero and solving for ;; we have

;= S aey Pilaw; ©())

‘7 - . .
Sasy Pz ©(1))

Next we take the derivative of Q'(0; ©(¢)) with respect to C;. Which we will evaluate using

the chain rule transforming the derivative with respect to Cj into one with respect to C; L
We have

(32)

0 00!
"(©;0(t l .

9 o, _
8—@62 (©;0(t)) =

27



Thus if %Q’(@; O(t)) = 0, we have that %Q’(@; O(t)) = 0 also. From this we can look
for zeros of the derivative by looking for values of C; where the derivative of the inverse of
C; vanishes. Taking the derivative of Q’(0;©O(t)) with respect to C; " we find

0

Wj—lq(@; o) = ; P(jla; ©(t))

0

9,1 In(N (24|, C5))

I
WE

P(i1s 000) () o o )

B
Il

1

From which we see that as a sub problem we need to compute %N (x|p;, C;), which we
J
now do

0 P ) X )
Wj_lN(kaj,Cj) = 2c, ! ((QW)Z|C]-|1/2 exp {—5(% )T s — ,uj)})
1 0 1 1 .
~ 2nlac; ! <|C’-|1/2> €Xp {_5(% — 115)"Cy 7 (g — Mj)}
j j

1 1 0 1 _
@n G172 ac, T 7P {_5(% ) G e “j)} |

using the product rule. To evaluate the first derivative in the above we note that

) LY _ 0 e
ac; T \[C;[172 oc; 1
d

ac;

1 L _
= §|Cj e 1C57Y,

but using the following matrix derivative of a determinant identity
%\AXB\ = |AXB|(X™")" = |AXB|(X")™", (33)

with A = B = I we have 3%|X| = |X|(X~)" and the derivative ﬁé,l (W) becomes

9 1 Lo cy2 1T
00]-_1 <‘Cj‘1/2) - §|Cj | /|Cj (e
1 1
REIIiaes

Next using the matrix derivative of an inner product is given by

aiX(aTXb) =ab’, (34)

we have the derivative of the inner product expression
0 1 _ 1
90T {—§($k — 113)"C (g, — Mj)} = —g (o — )z = i)'
j
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Putting everything together we find that

%N(f’fﬂﬂj’ ¢;) = %ﬁw exp {—%(!Ek — )" Cy an — Mj)} i
= %N%mhwl%ﬂxk—uﬁT@%—ww)
- %N(f’kaj,Cj) (Cj — (e — py) (zr — MJ)T) : (35)
So combining these subproblems we finally find
gé}jhﬁAKxMMpC%»zz%(C}—(xk—lhﬂxk—ﬁﬁy)- (36)
Using this in the expression for ac?*l Q'(0;0(t)) =0, we find the equation
N N
> P(jla; ©1))Cy — Y P(jlar; O)) (@ — 17) (xr — )" = 0.
k=1 k=1

Which when we solve for C; we find

C. — S Plar; ©) (o — ) (mx — )T .
J Yooy Pl ©(1))

Warning: The above has ;1; meaning the old value of u; rather than p;(t + 1) the newly
computed value via Equation 32. I'm a bit unclear hear as to whether or not this matters,
is a typo, or something else. If anyone has any information on this please contact me.
Chapter 14 of this book also discusses the expectation maximization algorithm and has an
equivalent formulation to the one above. In situations like this if we replace p; with p;(t+1)
we get faster convergence.

(37)

To complete a full maximization of Q)'(O; O(t)) with we still need to determine P; the priori
;0(1))
)

probabilities of the k-th cluster. Setting 9Q/(9:6(t))

5P = 0 gives

k=1 b
or
N
AP; =" P(jlay; O(1))
k=1

Summing this equation over j for 7 =1 to J since Z}]:l P; =1 we have

A=Y Plilus 0(1).

j=1 j=1

This can be simplified by observing that

j=1 k=1 k=1 j=1 k=1



Where we have used the fact that P(j|zg; ©(t)) is a probability that the sample xy is from

cluster j. Since there are 1,2,...,J clusters summing this probability gives one. Thus
| XN
Py= 3 P(las (1)), (39)
k=1

Combining this expression with Equations 32 and 37 gives the EM algorithm.

Problem 2.27 (consistency of the counting density)

We are told that k is distributed as a binomial random variable with parameters (P, N).
This means that the probability we observe the value of k samples in our interval of length
h after N trials is given by

MMZ<Z)P%LJW“kmrogng.

We desire to estimate the probability of success, P, from the measurement k via the ratio %
Lets compute the expectation and variance of this estimate of P. The expectation is given
by
k 1
E|—=|P| =—=FEIk|P].
1P| =

Now since k is drawn from a binomial random variable with parameters (N, P), the expec-
tation of k is PN, from which we see that the above equals P (showing that our estimator
of P is unbiased). To study the conditional variance of our error (defined as e = P — P)
consider

0.(P) = El(e— Ee])*|P]

_ E(%k—P)Uﬂzﬁﬂmk—NPﬂﬂ
o P(1-P)
= mvea - Py =02 (39)

In the above we have used the result that the variance of a binomial random variable with
parameters (N, P) is NP(1—P). Thus we have shown that the estimator % is asymptotically
consistent.

Problem 2.28 (experiments with the EM algorithm)

See the MATLAB file chap_2 prob_28.m for an implementation of this problem. When that
code is run we get the following output

mu_true =  1.000000; 3.000000; 2.000000;
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mu_j = 1.016347; 2.993095; 2.040666;

s2_true = 0.100000; 0.100000; 0.200000;
sigma2_j= 0.096464; 0.106047; 0.256857;
p_true = 0.250000; 0.500000; 0.250000;
P_j = 0.239808; 0.499241, 0.260951;

Note that when we run the EM algorithm, and it converges to the true solution, the actual
ordering of the elements in the estimated vectors holding the estimated values of u, o2,
and P; does not have to match the ordering of the “truth”. Thus in the above output we
explicitly permute the order of the estimated results to make the estimates line up with the
true values.

Problem 2.30 (nearest neighbors classification)

See the MATLAB file chap_2 prob_30.m for an implementation of this problem. When that
code is run and we classify the test samples using the nearest neighbor classifier and for
various numbers of nearest neighbors we get the following probability of error output

P_e 1NN= 0.360000;
P_e 2NN= 0.320000;
P_e 3NN= 0.300000;
P_e 4NN= 0.320000;
P_e ©BNN= 0.310000;
P_e ©6NN= 0.330000;
P_e 7NN= 0.310000;
P_e 8NN= 0.300000;
P_e ONN= 0.260000;
P_e 10NN=  0.320000;

P_e 11INN=  0.310000;
P_B=  0.214598

It can be shown that
Pyyy =~ Pp + 3P}, (40)

and thus since P ~ 0.21 we see that Psyy ~ 0.35275 using the above formula. This value
is in the same ballpark as the empirical value obtained above.

31



T T T
tnth truth tth

‘ ——N=32;h=0.05| A — N=256; h=0.05| ——N=5000; h=0.05,
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Figure 1: Left: Parzen window probability density estimation with N = 32 points. Center:
Parzen window probability density estimation with N = 256 points. Right: Parzen window
probability density estimation with N = 5000 points.

Problem 2.31 (Parzen window density estimation)

Parzen window density estimation with N'(0, 1) for a kernel function, ¢, means that we take

1'2 . . . . .
o(x) = \/%?6_7 and then estimate our density p(z) for [ dimensional features vectors using

o) = Gf}b(ﬁx)) . (41)

In this problem [, the dimension of the feature vectors, is 1. See the MATLAB file chap_2 prob_31.m
for an implementation of this problem. When that code is run we get the plots shown in
Figure 1. Each plot is the density estimate based on N points where N is 32, 256, or 5000

and for h given by 0.05 and 0.2.

Problem 2.32 (k nearest neighbor density estimation)

For k-nearest neighbor density estimation we approximate the true density p(x) using sam-

ples via
k

p(x) = M) (42)

where in this expression & and N are fixed and V(z) is the volume of a sphere around
the point x such that it contains the k nearest neighbors. For 1-dimensional densities this
“volume” is a length. Thus the procedure we implement when given a point x where we
want to evaluate the empirical density is to

1. Find the k nearest neighbors around the point x.
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truth
k=32

k=256

Figure 2: k nearest neighbor density estimation with & = 32, 64, and 256 points.

2. Compute V (z) as the length between the largest and smallest points in the above set.

See the MATLARB file chap_2_prob_32.m for an implementation of this problem. When that
code is run we get the plots shown in Figure 2. Note that these density estimates seems very
noisy and this noise decreases as we take more and more neighbors.
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Linear Classifiers

Notes on the text

Notes on Linear Discriminant Functions: the derivation of d

In two-dimensions, our weight vector and feature vectors have two components so w! =

(wq,ws) and our discriminant function g(x) is given by
9(x) = g(z1,12) = w1T1 + WaT2 + Wo .

Then g(x) = 0 is a line that will intersect the z; axis at

Wo
To=0=wzr1+wy=0 or x4 =——,
w1
and the z, axis at
Wo
T1=0=woxs+wg=0 or x9=-——.
w2

Plotting a line that goes though the points (0, —2) and (—2,0) and assuming wy < 0 gives
Figure 3.1 presented in the book. We now want to derive the expressions for d and z given
in this section. To do that lets denote P be the point on the decision line that is closest to
the origin and then d be the distance from the origin to this point P. Since P is the closest
point to (0,0) the vector from (0,0) to P must be orthogonal to the decision line i.e. parallel
to the vector w!' = (wy,w;). Thus we seek to determine the value of d such that the point

that is d away from (0,0) and in the direction of of w i.e.

A w1 Wo
dw =d 5 )
Vw? +wd Jwd + w?
is on the discriminant line g(x, z5) = 0. When we put in the above two components for this
point into g(xy1, x2) = 0 we get that
dw? dw?

Vuwi+w  Jwl+ w3

+w0:0.

When we solve for d in the above expression we get

Wo
Vw? + w3

Since we are assuming that wy < 0 we see that d can also be written as

d= —

\wo|

Vw? + w3

d= (43)

We can also obtain this formula using similar triangles. If we note that the “big” triangle
with vertices’s (0, 0), (—ﬂ ), <—g—g, O) is similar to the “small” triangle with vertices’s P,

wi’
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(—1’;—‘;, 0), and (0,0) in that they are both right triangles and have a common acute angle

(with vertex at <—$—2, O)) The ratio of the hypotenuse to leg of the triangle opposite the
common acute angle must be equal in both triangle or

2 2
Cw (04 2) 4 (04 2)
w1

d —Wo

w2

When we solve this expression for d we get

d wg 1 ol
Witz \/(m)2+(m>2 Vi +wi
w1 wo

the same expression as before.

Notes on Linear Discriminant Functions: the derivation of z

We now seek to derive the expression for z, the distance from any point not on the decision
surface to the decision surface. Let x be a point not on the decision hyperplane and then
define z to be the distance from x to the closest point on the decision line. In the earlier part
of these notes we derived the expression for z when the point not on the decision line was
the point (0,0). Using this it might be easier to compute the value of z if we first translate
the decision line so that it passes thought the origin. To do that we subtract dw from every
point in the R? plane, where

d= A and w = i 2
Vw? + w3 Vi +wl \Jwl + w?
Then the new coordinates, Z, are then given by
T=x—dw.

In the translated space where our decision surface passes though the origin the points Z can
be decomposed into a component in the direction of w and in a direction perpendicular to
w which we denote w,. The vector w, has components that are related to tho of w as

N Wo w1
w, = | — s .
Vi + w3 Jwl + w3

Then given these two vectors we can decompose = as

7= (") + (i), .
Then the distance from a point #* to the line w’% = 0 or z will be the absolute value of
the coefficient of the vector w above and (assuming it is positive meaning that z* is “to the
right” of the decision line) we find
T

z=w" I*.
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In terms of the original variables we have z given by

z = Wl (2" —d) =wTr* —d
_ W] wewy |wo
Vw? + w3 Vw? + w3
If wg < 0 then |wg| = —wy and the above becomes
wiw Fwery +wy  g(w)

Vw? + w3 Vw? + w3

Which is the expression we wanted to show.

Notes on the Perceptron Algorithm

If z € w; and 7 is misclassified by the perceptron algorithm then w?z < 0 so if we take
5, = —1 then the product 0, (wrx) > 0. If 2 € wy and is misclassified then the product
wlz > 0 so if we take §, = +1 then §,(wfz) > 0. In all cases, where a sample z is
misclassified, each term in the perceptron cost function

J(w)=> duw'x, (44)

is positive.

Notes on the Proof of the Perceptron Algorithm Convergence

When we begin with the gradient decent algorithm applied to the perceptron cost function
J(w) given by Equation 44. This algorithm is

wt+1)=w(t)—p Y o,

zeY

where Y is the set samples misclassified by the current weight vector w(t). Since the set Y
depends on the current weight vector w(t) we could indicate this with the notation Y'(¢) if
desired. We would like to now show that this algorithm converges to a vector that is parallel
to the optimal vector w*. A vector parallel to w* is any vector of the form aw* and this is
what we subtract from w(t 4+ 1) above to get

wt+1) —aw" =w(t) — aw” — pthSxx.

zeY

Then squaring both sides of the above we get

[t +1) = aw [P = [[w(t) — aw|* + 5| Y dozl* =20 ) bu(w(t) — aw™) "z

€Y z€eY
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Since the vector w(t) is not optimal it will misclassify some sample points. Thus the negative
of the perceptron cost function J(w) or — > _.. 6,w(t)Tz is a negative number. This gives
the upper bound on ||w(t + 1) — aw*||* of

zeY

lw(t + 1) — aw*||* < ||w(t) — aw*||* + p?|| Z(SxatHz + thaZchw*T:z.

zeY zeY

Now since the expression only || ", .y 6,2||* depends on the training data and not on the
algorithm used to compute w(t) we can introduce 32 such that

B2 = max|| Y d.alf?,
zeY’

thus 2 is largest possible value for the given sum. At this point we have

ot +1) = aw'| P < [w(t) — aw’|P + 26 + 2pa 3 80T
zeY

Since w* is a solution vector from how zx is classified and the definition of ¢, as discussed on
Page 36 we know that > _, S;w*Tx < 0, since each term in the sum is negative. As with
the introduction of 32 the above sum is over training points so we can introduce v as

— *T
yzrr%/@xZéxw x<0.
zeY’

For any fixed set Y we then have

Zéxw*T:z<7<0,

zeY

by the definition of v. Now since v < 0 we can write v = —|v| and thus have

Zéxw*Tx <v=-],

€Y
Using this result we thus are able to bound ||w(t + 1) — aw*||* as
lw(t+1) — aw||* < JJw(t) — aw™||* + p} 8% — 2piatly] . (45)

Up to this point we have been studying the distance between w(t) and an arbitrary vector
aw* that is parallel to w*. Lets now consider how the distance between w(t) and aw* behaves

5 2|. Using that value in the above expression we find that

when o = 2—
2]y

piB% = 2pialy| = piB® — piB% = B(p; — o) s
and the bound above become

lw(t +1) — aw[|* < [Jw(t) — aw||* + 5*(of — p1) -
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pocket algorithm computed decision line
25 T

T
+ class1
+ class2

151
05F

-05F

Figure 3: The decision surface produced when running the script pocket_algorithm.m. Note
that this data is not linearly separable.

Writing out these expressions for t =0,1,2,... gives

|w(1) —aw|[* < [Jw(0) — aw™|[* + 5%(p§ — po)

|w(2) = aw™|[* < [lw(l) = aw®[|* + B*(p] — p1)
< Jw(0) = aw|[* + 8%(p5 — po) + B2(p] — p1)
= |lw(0) — aw|[* + 57 (Zﬁ—Zm)

k=0

lw(3) —aw’||* < [[w(2) — aw"|]* + 5%(p3 — p2)
< Jjw(0) - aw||2+ﬁ2<zpk Zpk>+52 p2)
< [uw(0) - aw||2+ﬁ2<zpk Zpk>

lw(t+1) —aw[]* < |Jw(0) - aw?||* + 5* (Zpk Zm) (46)

Notes on the Pocket algorithm

See the MATLAB script pocket_algorithm.m for code that implements the Pocket Algo-
rithm. An example decision surface when this script is run is given in Figure 3.
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Kesler construction computed decision line

Figure 4: The three decision lines produced when running the script dup_example_3_2.m.

Duplication of Example 3.2 (Kesler’s construction)

See the MATLAB script dup_example_3_2.m for code that duplicates the numerical results
from this example. When this code is run it produces a plot like that shown in Figure 4.
The previous command also verifies that wjrx,- > w}x;, when x; € w; by computing these
inner products. We find

class= 1; wi°T x= 11.4449; w2°T x= -4.5025; w3"T x= -2.6150
class= 1; wi°T x= 21.7109; w2°T x= -7.8885; w3"T x= -6.2647
class= 1; wi°T x= 16.1638; w2°T x= -2.3232; w3"T x= -8.0956
class= 2; wi'T x= 0.3508; w2"T x= 6.6281; w3"T x= -6.2770
class= 2; wi°T x= -5.1963; w2"T x= 12.1934; w3"T x= -8.1079
class= 2; wi"T x= -0.4773; w2°T x= 14.3727; w3"T x= -13.5885
class= 3; wi°T x= 2.0070; w2°T x= -8.8611; w3°T x= 8.3461
class= 3; wi°T x= 7.5540; w2°T x= -14.4264; w3"T x= 10.1771
class= 3; wi°T x= -2.7120; w2"T x= -11.0404; w3"T x= 13.8267

verifying that indeed we are correctly classifying all of the training data.

Notes on Mean Square Error Estimation

Consider the objective function J(w) given by
J(w) = Elly — a"w|?],

where the expectation in the above is taken with respect to the joint density (X,Y). To
evaluate this we will use the idea of iterated expectation where

E[X] = E[E[X|Y]].
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Since the Y variable is discrete Y = +1 and once Y is chosen the x density is conditional
on the value of y we have that J(w) is given by

J(w) = Elly—a"w]’]
Elly—az"wPlY = -1] PY = 1)+ E [ly — 2" w]|Y = +1] P(Y = +1)
= E[|-1—2"wP|Y = —1] P(w) + E[|1 — 2" w’|Y = +1] P(w»)

= P(w) /(1 + 2Tw)?p(z|w ) dz + P(w,) /(1 — 2Tw)*p(x|ws)dz . (47)

Notes on the Multiclass Generalization

The text states “lets define y = [y1, ..., ya] for a given vector x” but does not explicitly say
how to define it. If we assume that the sample x € w; then the vector y should be all zeros
except for a single one in the jth position. This procedure of encoding the class label as a
position in a vector is known as position encoding.

Duplication of Example 3.3

See the MATLAB script dup_example_3_3.m for code that duplicates the numerical results
from this example.

Notes on support vector machines in the linearly separable case

The book discusses the motivation for the support vector machine optimization problem in
the case when the points are linearly separable. This problem is to compute the parameters,
w and wy of the decision hyperplane w”z 4+ wy, = 0 such that

minimize J(w) = =||lw]? (48)

subject to y;(wla; +we) > 1 for i=1,2,--- N. (49)

This is a minimization problem with inequality constraints. The necessary conditions for its
minimum are given by the Karush-Kuhn-Tucker (KKT) conditions. To introduce these we
need to form the Lagrangian £ given by

N
£, 0, ) = S — S0 Ny (w 4 w) 1], (50)

1=1

Then the KKT conditions for the above problem are:

aL oL
° a—w—OandawO—O.
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° )\z(yz(WTJL’Z—l—’LUQ)—l):Oforlzl’Q’ ’N‘

We now need to use these conditions to find the optimum. One way to do this that might
work for small problems is to assume some of the constraints are active i.e.

yi(WT:ci +wy) —1=0,

for some set of i’s. This is equivalent to fixing/determining the support vectors. Then we
solve the resulting equations for the remaining Lagrange multipliers A; and verify that they
are in fact non-negative.

We can also solve this optimization problem if we recognize that J(w) is a strictly convex
function and apply the Wolfe Dual representation to this problem. This states that the
above minimization problem is equivalent to the following maximization problem

maximize  L(w,wp, \) (51)
oL oL

subject to . 0 and e 0 (52)

and A >0 for i=1,2,---,N. (53)

To use this representation we take the form for £(w, wy, A) given above and find that g—fv =0
gives

oL =
—:W—Z&'yﬂizoa (54)
ow —
while 2£ =0 is
wo
8—%:—2&%_0 (55)

Putting these two constraints given by Equation 54 and 55 into Equation 50 we find

A T /N N N
L = B (Z Azyzxz) (Z )\zyzxz) - Z Ai [yz Z )\jyj%r%' + yiwo — 1
N N
ZZ)\Z jylyjz Ty — ZZ)\ )\jylyjz Ty — wOZ)\zyz“—Z)\

i=1 j=1 lel

N N
Z Z Ni\jyay; oty + Z i s (56)

=1 j=1 =1

N —

l\DI»—t

for L. We want to maximize the above expression under the two constraints on \; that
SV Aiwi = 0 (Equation 55) with \; > 0 (Equation 53). This can be done using quadratic
programming and is an easier problem because the complicated inequality constraints from
Equation 49 have now been replaced with equality constraints via Equation 55. Once we
have computed A; with a quadratic programming algorithm we then compute w using w =
Zﬁil Aiyix;.  The computation of wy is done by averaging the complementary slackness
conditions or
Nlyi(who; +wp) —1] =0 for i=1,2,---N.
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Notes on support vector machines in the non-separable case

When the data points are non-separable the optimization problem in the separable case
changes to compute the parameters, w and wy of the decision hyperplane w’z + wy = 0
such that

N

L _ L
minimize J(w,wg,§) = §||W|| + C;{i (57)
subject to y;(wWla; +wo) > 1-& for i=1,2,--- N (58)
and & > 0 for i=1,2,--- N. (59)

This is again a minimization problem with inequality constraints. We form the Lagrangian
L given by

N
1
‘C(waw()ag;)\ap“) = §WTW+C E gl
=1

N N
- Z i — Z Nlyi(Wha +wo) — 1+ €]
=1

i=1

The the necessary KKT conditions for this Lagrangian are that g—fv =0or

oL al

while aa—fo =0is

oL al

_= —_ Ny =0, 61

e ; y (61)
while 52 =0 is

oL

=C—pu;—XN =0, 62

o, 1 (62)
for = 1,2,---,N. Plus the conditions that the Lagrange multipliers are non-negative
Ai >0, u; >0fori=1,2,---, N and the complementary slackness conditions:

,Ullgl = 0 for 121,2,,]\[

To solve this we can again apply the Wolfe dual representation which states that the above
minimization problem is equivalent to the maximization problem

maximize L(w,wo, &\, ) (63)
subject to S—VEV:O, 08_50:0 and %:0 or
N N
i=1 i=1
and Ai>0 and pu; >0 for ¢=1,2,--- N. (64)
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Using these constraints into the definition of £ we find

N

N T /N N
<Z )\zyz$2> <Z Az’!/ﬂi) +C Z & — Z(C - )\i)gi
i=1 i=1 i=1

i=1

N N N N N
- Z AiYi (Z )\jij?> Ti — Wo Z Aiyi + Z Ai — Z Ai&i
i—1 =1 i=1 i=1 i=1

N N
Z )\i)\jyiij?xj + Z i (65)

=1 j5=1 =1

L —

|~

N —

which is another quadratic programming problem to be maximized over the vectors of La-
grangian multipliers A; and p;. Since the elements p; don’t appear in the Wolfe dual objective
function above the maximization takes place over the variable )\; alone just as in the separa-
ble case above. What changes however is to recognize that the constraints C' — pu; — A\; = 0,
or pu; = C'— \; means that p; > 0 implies C' — \; > 0 or the \; constraint of \; < C.

Problem Solutions
Problem 3.1 (the perceptron cost function is continuous)

That the perceptron objective function

J(w) = Zchwa,
€Y
where Y is the set of points misclassified by the weight vector w, is continuous as a function
of w can be argued as follows. If changing w does not change the set Y of misclassified
samples then we can write J(w) as

T
J(w) = Z Spxlw = (Z 5mx) w=alw,
€Y zeY
or the product of a fixed vector, defined here to be a and the weight vector w. This is a
continuous function. If changing w causes a point x go in or out of the misclassified set, Y,
then around the value of w that causes this change J(w) will change by 45, (w?z). The point
to note is that for a point x to go from correctly classified to incorrectly classified means that
wlx must pass thought zero, since for one sign w”x will classify the point correctly while
for the other sign it will not. The fact that this additional term 44, (w”z) is continuous as

a function of w imply that the full objective function J(w) is continuous.

Problem 3.2 (if p, = p the perceptron converges)

From the notes on Page 36, namely Equation 45 when p; does not depend on k we get

lw(t +1) — aw*||* < [[w(t) — aw"||* + p*B* — 2paly]. (66)
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Lets observe how the distance between w(t) and aw* changes when o = % (note this is a

factor of two larger than the convergence result studied on Page 36). For this value of a we
find that
lw(t+1) — aw*|]” < JJw(t) — aw®[|* + *(p* — 2p).

Iterating this as before gives
[Jw(t) — aw’||* < [Jw(0) — aw™[|* + B%(p* — 2p)t.

Thus if p? — 2p < 0 then as t increases in magnitude eventually the right-hand-side of the
above becomes negative or

[|w(0) — aw™[|* + B*(p* — 2p)t < 0. (67)

The inequality p* — 2p < 0 requires that p(p —2) < 0 or that 0 < p < 2. The step ko where
this above inequality Equation 67 first happens and we are guaranteed convergence when

_ *|12
o = ) — ]

B%p(2 = p) (©8)

Problem 3.3 (the reward and punishment form of the perceptron)

The form of the reward and punishment form of the perceptron is to start with an initial guess
w(0) at the separating hyperplane vector w* and some ordering of the input data vectors,
and then iterate

wt+1) = w(t)+pre if zg €wr and w' (Hze <0
w(t+1) w(t) —pre if re €wy and w!(B)zr >0
w(t+1) = w(t) otherwise, (69)

where () is the data sample to consider on the tth step. Now consider how this algorithm
might approach a multiple of the optimal vector or aw®*. Since only the first two equations
above are relevant by subtracting aw* from both sides and squaring we get

lw(t +1) —aw*|* = |Jw(t) = aw*[|* + p*|lzw|[* + 2pafy (w(t) — aw®)
if zy€w and w (t)x(t <0
lw(t +1) —aw*|* = |Jw(t) — aw*[|* = p?[|z|® = 2p2(, (w(t) — aw®)

if x4 €w, and wT(t)x(t) > 0.
Let 5% = max ||z(|[?, then the equation above become inequalities

lw(t+1) —aw'|* < Jw(t) — aw[|* + p* B + 2px(y)(
if Ty € Wi and wT(t) Z(t) <0
lw(t+1) —aw'||* < Jlw(t) - aw'||* = p*B” = 2px() (w(t) — aw”)
if 24 €wy and w'(t)zy >0.

w(t) — aw™)
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In the first equation, since w* is a true solution, and () € w; we have that both terms
szz;)w(t) and — 2apx€)w* ,

are negative. In the second equation, again since w* is a true solution, and () € wy both
terms
—pra)w(t) and 2apz%;)w*,

are negative. Since the terms with w(¢) depend on the past iterates (and the starting
conditions of the algorithm) we will drop sza)w(t) from the first and —pr%;)w(t) from the
second. That means that we now have

ot +1) —awP < [l(t) — aw’|? + 252 — 2paatyw’
if x4 €w; and wT(t)a?(t) <0
ot +1) —awP < [f(t) — aw’|? — 26° + 2paatyw’
if x4 €w, and wT(t)a?(t) > 0.

From the above discussion we know —xa)w* and xa)w* are negative so lets take the largest
possible values for —xa)w* and xa)w* via

Yo = ggi)zc(xg)w*) <0

v = max(v1,72) <0.
Then with the parameter v both update lines collapse to
lw(t+1) — aw’(|* < [[w(t) — aw"||* + p*B% + 2pary .
Since v < 0 we can write it as v = —|y| and we get
|w(t+1) — aw’[|* < [[w(t) — aw"|[* + p*B% — 2paly] .

This is the same as Equation 66 and the same arguments as above show that w(t) — aw*
as t — oo proving the convergence of the reward and punishment form of the perceptron
algorithm. In fact the arguments above show that we converge in a finite number of steps
i.e. when t > ko where kg is given by Equation 68.

Problem 3.4 (iterating the perceptron algorithm by hand)

This problem is worked in the MATLAB chap_3 prob_4.m, and when it is run produces
the plot shown in Figure 5. While the reward and punishment form of the perceptron is
processing the weight w(t) iterates through the following points

w_i=[ 0.0, 0.0, 0.0]
w_i=[ 0.0, 0.0, 1.0]
w_i=[ -1.0, 0.0, 0.0]
w_i=[ -1.0, 0.0, 1.0]
w_i=[ -2.0, 0.0, 0.0]
w_i=[ -2.0, 0.0, 1.0]
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Figure 5: The decision line produced when running the script chap_3_prob_4.m.

The classification rule is then
T
wr>0 = zxecuw,

and x € wy otherwise. For the final decision line where w = [ -2 0 1 } this corresponds
to a classification rule where

1
ZL’1<§ = T Ewr.

Problem 3.5 (implementing the perceptron)

This problem is worked in the MATLAB chap_3_prob_5.m. When this script is run we get
the result shown in Figure 6 (left).

Problem 3.6 (implementing the LMS algorithm)

This problem is worked in the MATLAB chap_3_prob_6.m. When this script is run we get
the result shown in Figure 6 (center).

Problem 3.7 (Kesler’s construction)

Consider applying the reward and punishment form of the perceptron to the data set obtained
by using Kesler’s construction. In that case we order the Kesler’'s expanded data samples
Z(;) and present them one at a time to the following algorithm
w(t+1) = w(t)+pTy if T is misclassified by w(t) i.e. wh ()T <0
w(t+1) = w(t) otherwise.
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perceptron computed decision fine LMS computed decision fine sum of square error computed decision line
T T
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+ dlassl ¢ dlassl ¢ dlassl
¢ class? + class? + class?
25- .

Figure 6: Data from two two-dimensional normals with mean vectors p; = [1,1]7, uy =
[0,0]7, and 07 = 02 = 0.2. Left: The decision region produced by the perceptron algorithm.
Center: The decision region produced by the LMS algorithm. Right: The decision region
produced by the sum of square error criterion. Visually, all three algorithms produce similar
results.

Since we are only trying to enforce w’(t)zy) > 0 and Z) is the Kesler’s extended vector

where the unexpanded vector z( is an element of w;. Since w(t) in Kesler’s construction is

defined as w = [w],w], -+, wl;]" and since Z(;) has a +x() at the block spot ¢ and a —z)

at the block spot 7 and zeros elsewhere the equation
w(t + 1) = w(t) + pi’(t) s
will be executed/triggered if w” (t)Zy < 0 or when

wi'z e —wjzg) <0,

or
T T
Wi () < Wi W)

and will update the block components of w(t) as

wi(t+1) = wi(t)+ pry
wi(t+1) = wi(t) — prg

as we were to show.
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Problem 3.8 (the sum of square error optimal weight tends to MSE)

Recall that the objective functions for sum of square errors (SSE) and the mean square error
(MSE) criteria are

(yi — iffw)z

WE

Jssp(w) =
Juse(w) = El(y — xTw)z] )

respectively. Since the objective function Jssg(w) is a multiple of a sample based estimate
of the expectation we expect that as long as the sample estimate converge to the population
values we expect the SSE weight should converge to the MSE weight. Since we can write the
solution vector w under the SSE criterion (by taking the derivative of the above expression
with respect to w) as

N
i=1

by dividing by N we get that this is equivalent to

iix.y._ (iix.gff)w:o
Nz':l . Ni:l o ‘

which as we take the limit N — oo and assuming sample convergence to the population
values becomes
Elxy] — Exx"]w =0,

which is the equation that the MSE solution wysg must satisfy.

Problem 3.9 (the sum of square error classifier)

This problem is worked in the MATLAB chap_3_prob_9.m. When this script is run we get
the result shown in Figure 6 (right).

Problem 3.10 (the multiclass sum of square error criterion)

If we have a M classes problem then the sum of error squares estimation would be formalized
by introducing the vector y; = [y1, ya, - . ., yar|, where y; would take the value one, if the ith
sample, z;, was a member of class w; and would be zero otherwise. Then we introduce M
vector weights w; in the matrix W defined as W = [wy, ws, ..., wy]. Thus the jth column
of W is the vector weights w;. To specify these weights we seek to minimize the square error
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over all of our training samples or

N
JW) = ZHyi—WTxiH?

Since this is the sum of M terms we can minimize the entire expression by picking w; for
each j = 1,2,..., M to minimize the inner summation. Thus we are doing M parallel one
dimensional problems. The jth problem find the value of w; by associating to the target, y;,
a value of one if x; € w; and zero otherwise.

Problem 3.11 (jointly Gaussian random variables)

For this problem we are told that the joint distribution of the pair (X,Y) is given by

1
x, =
Py (,9) 2no,0,V1 — o

2 2
 oxp i 1 T g\ (Y py 200w )y — ) |
2a(1 — @) o oy 0.0y
From the expression for Py y(x,y) it can be shown [10], that the conditional distribution
p{X|Y} is given by

pOX1Y) =N (s + 020 ) o2 )

Y

The book asks for the distribution of P{Y|X} which can be obtained from the above by
exchanging x and y in the expression above.

Problem 3.12 (sum of error square criterion is the same as ML)

If we have M classes, the statement that the classifier outputs vary around the corresponding
desired response values di, according to a Gaussian distribution with a known variance,
means that we would expect that g(z;;wy) ~ N (di,0?) for k = 1,2,--- M. In that case if
we group all of the M response for a given sample x; into a target vector like

dy
d;

yi
diyr
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The distribution of y; is a multivariate Gaussian with a mean given by y;, and a covariance
matrix given by o?I. Thus the distribution of y; is given by

g(xi; w)
g(:cz, ws) ~ N(yi,0%]).
g(xi; war)
Thus we expect from how y; is defined that
g(ws;w1) di
RN I I BN
9(@i; war) dl;w

Thus the loglikelihood L of N samples z; would then be given by

T

g(wi;wr) — dj glziwy) — dj
L({zi}) = In H (25102; exp _T; 9w w2) —d 9(ws; wzz) —d,
B g(xswar) — diy gl wy) — di,
! IS )2
= H (2m)lo? exp {_ﬁ [Z(g(zi;wk) —d;) ] })
=1 1 1 Nk:IM
- In W@Xp{—@;;@mwk)—df>2}> |

Since we will want to maximize the loglikelihood as a function of the vectors wy we can drop
all things that don’t depend on w and minimize the negative of what remains. We then need

to minimize as a function of wy, for k =1,2,--- , M the following expression
N M
{xl Z Z xla wk )2 .
i=1 k=1

This is exactly the sum of squares error criterion in the multiclass case.

Problem 3.13 (approximating P(w;|r) — P(ws|z) in a MSE sense)

The MSE training procedure (in the two class case) computes the decision surface f(z;w)
weights w via

w = argmin,F [(f(fl?y w) — y)z}

o 2
— argmin, [ (i)~ y)Pa)do.
gp3
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Using p(z,w;) = P(wj|z)p(z) and if we code each classes response as y = +1 when = € w;

and y = —1 when x € ws then the argument inside the integration in the above minimization
becomes
(f(w;w) = 1)?P(wi]) + (f(2;w) + 1)*P(ws|z)
= (flmw)? = 2f(z;w) + 1) P(wi]z) + (f (w3w)* + 2f (2;w) + 1) P(ws|)
= flz;w)? = 2f(z;w)[P(wi]z) — P(ws|z)] + 1
= flzw)? = 2f(z;0)[P(wi]r) — P(ws|z)]
+ [Plwifz) = P(ws|2)* — [P(wi|z) — P(wa|a)]* +1

[f(z5w) = (Pwi]z) = Plwlr))] = [P(wi|z) — Plwala)]* +1,

where we have used the fact that P(w;|x)+ P(ws|z) = 1. Note that the last two terms above
namely —[P(w;|z) — P(ws|z)]? + 1 do not depend on the the vector w and thus don’t change
the results of the minimization. Thus we are left with

& = argmin, / T (F s w) — {Plenle) — Plwnla)})p(a)de

—00

= argmin, & [(f(z;w) — {P(wz) — Plwnla)})’]

Thus we are picking w to have f(x; w) approximate the decision boundary P(w;|x)— P(ws|z)
optimally in the mean square error sense.

Problem 3.14 (how the Bayesian and MSE classifier differ)

The Bayesian classifier in the equal class covariance case is given by Equation 19. Thus we
need to compute the MSE hyperplane we first extend each feature vector by adding the value
of 1 to get new vectors v defined by

v=[x"1]"

The vector v is now of dimension [ + 1. Then in this augmented space the optimal MSE
linear classifier is given by computing w?v. Then if w7v > 0 we declare v € w; and otherwise
declare v € ws.

W= R, Elvy] . (70)
where w is the augmented vector [ ;UU } so that it includes an intercept wy and
0
E[vlvl] cee E[Ul’UH_l]
Elvov - Flugw
Rx _ E[’UUT] _ [ ‘2 1] [ 2' l+1] . (71)
Eluv] -+ Elugvg]

We can now evaluate several of these expectations. We have that vv? in terms of the original
X is given by
T
T | X T |zt @
\'A% —|:1][X 1}—{$T 1}.
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Taking the expectation of this gives

Next we compute the expectation of vy = [ 913 } yor Elvy] = [ EE[Z[Z%] } . Since the response

is y = +1 when x € w; and y = —1 when x € wy we can compute
Ely] =1P(w) — 1P(wy) =0,
when P(w;) = P(ws) = 3. Next we find E[zy] under the same condition as
Elzy] = Elely = +1]P(w1) — Elzly = —1]P(w)
= uP(w1) — poPwz) = pi1 — pa.

For completeness (and to be used later) we now compute F[z| and find

Elz] = Elz|x € wi]P(w1) + Elx|z € wy] P(wy) = %(ul + p2) .

From these expressions we see that we need to solve R, = E[vy] or

e 3115

for w. From the second of these equations we can solve for wy as
Elz]"w +wy = 0 = wy = —E[z] w, (72)

which we can put in the first of the equations above to get

(R~ Blel Bl = 51 — o).

To further evaluate this note that by expanding the quadratic and distributing the expecta-
tion we can show that

S = El(z - El])(z — Elz])]

R — E[z]E[z]" (73)

Thus from Equation 73 we see that w is given by

1

w = 52_1(/11 — pi2) -

When we put that expression into Equation 72 and use what we have computed for E|x] we
get

1 _
wo = ——(p1 + Mz)TZ 1(#1 — l2) -

4
Thus the MSE decision line is to classify a point = as a member of w; if 27w + wy > 0 or
1 1
§$TE_1(M1 — H2) — Z(Ml +p2) " (1 — p2) > 0,
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Figure 7: The decision surface produced when running the script chap_3_prob_15.m.

or

(93 - %(Ml +M2))TE_1(M1 — p2) > 0.

or writing it like Equation 19 we have

_ 1
(b1 — )" S e > 5(#1 — pi2) -

Note that this equation is only different from Equation 19 with regard to the right-hand-side
threshold.

Problem 3.15 (the design of M hyperplanes)

An example like one requested is produced via running the MATLAB script chap_3_prob_15.m.
When this script is run we get the result shown in Figure 7. Note that no data exists in
the region where the three discriminant functions are negative which is denoted (—, —, —).
Also regions with discriminant signs like (+, +, —) exist where more than one discriminant
function is positive.

Problem 3.16 (using the KKT conditions)

To use the Karush-Kuhn-Tucker (KKT) conditions for the given data points in Example 3.4
we assume that the points are linearly separable and use the problem formulation given in
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on Page 40. Thus we start from the formulation
1
minimize J(w) = §HW||2 subject to
yiwha; +w) > 1 for i=1,2,---,N.

The specific Lagrangian for this problem is

N
1
L(w,wg,A) = §WTW - Z )\i(yi(WTﬂ?i +wo) — 1)
i=1
Lo o 2
= 5(“’1 + wy)

— Al(wl—l—w2+w0—1)—)\2(w1—w2+w0—1)

— Ag(wl—wg—wo—l)—)\4(w1+w2—w0—1),

since y; = +1 when z; € w; and y; = —1 when x; € wy. The necessary Karush-Kuhn-Tucker
conditions are then given by
oL
_—— = O:>w1—>\1—)\2—)\3—>\4:0 (74)
0w1
oL
_— = O:>w2—>\1—|—>\2+)\3—)\420 (75)
8w2
oL
— = 0= - XA —X+XN+X=0. (76)
0w0

The complementary slackness conditions for the four points are given by
M(wy +wy+wyg—1) = 0
Ao(wy —we +wyg—1) = 0
A3(—(—wy +wy +wg) —1) = 0
M(—(—w; —ws +wy) —1) = 0,
with A1, Ag, A3, Ay > 0. If we want to consider searching only for lines that pass thought the
origin we take wy = 0 and the equations above simplify to
w = M+A+A+ N\
Wy = AN —Aa— A3+ Mg
M =X+ A3+ =0
AM(wy +wy —1) =0
Ao(wy —we —1) =0
Az(wy —we —1) =0
M(wy; +we —1)=0.

Put the expressions just derived for w; and ws, into the complementary slackness conditions
and by changing the ordering of the equations we get

M2A 20 1) =
MM +20—1) =
Aa(20 +2X5 — 1) =
As(20g +2X5 — 1) =
A=A+ A+ N =

o O O O O
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These equations have multiple solutions, but the first two will hold true if 2\; +2\;, —1 =10
and the second two will be true if 2X\y +2XA3 — 1 = 0. Lets specify that these constraints are
active. That is we will assume that

1

2M +20—1 = O:>)\1:§—)\4
1

If we put these two expressions into Equation 77 we get

1 1
—§+)\4—§+>\3—|—)\3+)\4:0,

or
2)\4+2)\3—1:0,

which again has multiple solutions. If we pick Ay > 0 arbitrary then solving for A3 we have
A3 = % — A4. Using Equation 78 for s in terms of A3 we have

1 1
>\2:§— (§>\4) :>\4.

Thus we have shown all values of )\; can be written in terms of A4 as

M Y
Ae | _ A
| T A=
Aq A

Using this our weight vector w is
4
W = Z&'yi%
i=1
1 1 1
= (5 —)\4) (+1) { 1 } + A (+1) { 1 }

¢ a3 e[ 3] (1]

the same solution quoted in the text.
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Nonlinear Classifiers

Notes on the text

Notes on the XOR Problem

@)

|
N[ =
<

@

Figure 8: The perceptron that implements the OR gate.

The perceptron that implements the OR gate is shown in Figure 8. From the given diagram
we see that this perceptron gives an output value of 1 when

1
l'1+$2—§>0.

This expression is false for the point (0,0) and is true for the points (1,0), (0,1), and (1, 1).

Algorithms based on exact classification of the training set

We documents some notes on Meza’s tiling algorithm for building a two-class neural network
that exactly classifies the given input data points. In this algorithm we will be growing a
network that depends on the training data rather than starting with a fixed network and then
determining the parameters of the fixed network. The book does a very nice job explaining
the general procedure and these are just some notes I wrote up going into more detail on the
simple example given. The example points and decision lines for this section are duplicated
in Figure 9. For this procedure we begin by first dividing the initial data set into two regions
using one of the linear algorithms discussed in the previous chapter. For example, the pocket
algorithm or a SVM like algorithm could be used to define the initial splitting of the data.
This is denoted as the decision line #1 in Figure 9. After this line is specified, we determine
that the training points are not classified with 100% certainty. We define the set X to be
the set of points on the “plus” side of line #1. In this set there is one misclassified vector B;.
We define the set X~ as the set of points on the “minus” side of line #1. The set X~ has the
misclassified vector A;. For any set X* that has misclassified vectors we then recursively
apply the previous algorithm to these sets. In the example above, we would divide the set X+
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1 O class +1 (A) 2
t - class-1(B)

Figure 9: The sample data points and decision regions used to explain the Meza’s tiling
procedure for generating a network that correctly classifies the given input points.

again using an algorithm that produces a separating hyperplane (like the pocket algorithm)
and produce the decision line #2 in Figure 9. For the set X~ we do the same thing and
produce the separating hyperplane denoted by the decision line #3 in Figure 9. The sets on
the “plus” and “minus” side of X+ are then denoted as X*t+ and X*~. The same sets for the
set X~ are denoted as X~ and X~ . If any of these four new sets has misclassified vectors
it will be further reduced using a separating hyperplane. This procedure is guaranteed to
finish since each separating hyperplane we introduce is processing a smaller and smaller set
of data. Each of these separating hyperplanes is pictorially represented as a node in the
input layer horizontally located next to the master unit (or the node representing the first
data split). As each hyperplane introduced is used to split misclassified data into groups
with correct classification, no two data points, in different classes, can end up mapped to
the same point after the first layer. Meza’s algorithm next operates recursively on the set of
points computed from the first layer or X; where X, is given by

Xi={y:y=fi(x), for ze X},

and f; is the mapping implemented in the first layer. Meza has shown that this recursive
procedure converges, while the book argues that since no two data points are mapped to the
same vertex of a hypercube correct classification may be possible with at most three layers.

Notes on backpropagation algorithm: the antisymmetric logistic

For the logistic function, f(x), given by

2

f(x):m—l. (79)
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We can show that this is equivalent to a hyperbolic tangent function with
f(x) 2 1+ exp(—az) 1—exp(—ax)
€T = —_ =
1+exp(—az) 1+exp(—az) 1+ exp(—ax)
ax _ _aT . h ax
= eazz ‘ azz _ o (2) = tanh (%) )
ez +e 2  cosh(%) 2

Notes on backpropagation algorithm: the gradients

This section are some simple notes that I took as I worked through the derivation of the
backpropagation algorithm. Much of the discussion is of the same general form as presented
in the book, but these notes helped me understand this material so I wrote them up so that
they might help others.

We will assume that we have a L layer network where L is given to us and fixed and we want
to learn the values of the parameters that will give us the smallest mean square error (MSE)
over all of the training samples. The input layer is denoted as the layer 0 and the output
layer is denoted as layer L. The notation k,, for r =0, 1,2, --- L, will denote the number of
nodes in the rth layer so for example, we will have ky nodes in the first and input layer, and
kr, nodes in the Lth or output layer. To denote the weights that will go into the summation
at the 7 node in the rth layer from the nodes in the r — 1th layer we will use the notation

T
wi=[ Wi, wi, o, wh ] (80)

Where r = 1,2,---, L. The value of wy; is the constant bias input used by the jth node
in the rth layer. We will update these vectors w; iteratively to minimize the MSE using a
gradient decent scheme. Thus we will use the weight update equation

wi(new) = wi(old) + Aw7 (81)
where 97
AW, = —p—— 2

and J is the cost function we seek to minimize. For the application here the cost function
J we will use will be a sum of individual errors over all of the sample points in the training
set of

J= Z £(i). (83)

Here £(i) is the sample error we assign to the approximate output of the Lth output layer
denoted ,,(i). We let e, (i) denote the error in the mth component of the output our
network makes when attempting to classify the sample x(i) or

em(1) = Ym(i) — gm(i) for m=1,2,--- kp. (84)

Using this definition the sample error £(i) is defined as just the mean square error of the
networks mth component output due to the ith sample or ¢,,(7) against the true expected
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result or

£0) = 3 D el = 5 D (0mli) — Ga0))” (%)

At this point we are almost ready to derive the backpropagation algorithm but we will
need a few more definitions. In general, a neural network works by multiplying internal
node outputs by weights, summing these products, and then passing this sum through the
nonlinear activation function f(-). We can imagine that for every input-output pairing (x;, y;)
fort:=1,2,---, N we have a value for all of the variables just introduced. Thus our notation
needs to depend on the sample index i. We do this by including this index on a variable, say
X, using functional notation as in X (). To represent the other variables we will let y;. (i)
represent the output the kth neuron in the r — 1th layer (for r =2,3,--- L, L 4+ 1). In this
notation, when r = 2 then we have y} () which is the output of the first hidden layer and
when r = L + 1 we have yZ(i) which is the output from the last (or output) layer. Since
there are k,._; nodes in the r — 1 layer we have k = 1,2,--- , k,._;. As introduced above, the
scalar w7, is the weight leading into the jth neuron of the rth layer from the kthe neuron
in the r — 1 layer. Since the rth layer has k, nodes we have j = 1,2,--- k.. Note that
we assume that after sufficient training the weights will converge and there is no 7 index in
their notational specification. As the input to the activation function for node j in layer r
we need to multiply these weights with the neuron outputs from layer » — 1 and sum. We
denote this result vj(i). Thus we have now defined

Z w]kyk Z wjkyk ) (86)

where we take yj ' = 1 to make the incorporation of a constant bias weight wj, transparent.

With these definitions we are now ready to derive the backpropagation algorithm for learning
neural network weights w7. Since we assume an initial random assignment of the neural
network weights we can assume that we know values for all of the variables introduced thus
far for every sample. We seek to use derivative information to change these initial values for
w into weights that make the global cost function J smaller. The backpropagation procedure
starts with the weights that feed into the last L layer, namely le-’, and works backwards
updating the weights between each hidden layer until it reaches the weights at the first
hidden layer le». Once all of the weights are updated we pass every sample (x;,y;) thought
the modified network (in the forward direction) and are ready to do another backpropagation
pass.

To use the gradient decent algorithm we will need the derivatives of the sample error function
&(i) with respect to w’, the weights that go into the j neuron in the rth layer. Converting
this derivative using the chain rule into the derivative with respect to the output v (i) we
have
OE(i)  9E(i) O0vj(i)
ow" i (i) ow’

J

(87)

Because of the linear nature in which v} (i) and wj are related via Equation 86 this second
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derivative is easily computed

[ ovi(i) ]
it yg_igig 1)
Ov; (i) T yi yr (i
J — wjl — — = r=1(; . 88
993 (i) Y1 () A0
ow” &
L Jkr—1 _

In the above notation y" (i) is the vector of all outputs from neurons in the r — 1st layer of
the network. Notice that this value is the same for all nodes j in the rth layer. Lets define

the remaining derivative above or gffé)) as
J

& (i)

o) = ovs (i)’

(89)

for every j in the rth layer or j =1,2,---k,. Using these results we have Aw’ given by.

=13 GOy ). (90)

It is these 5;(1) we will develop a recursive relationship for and the above expression will
enable us to compute the derivatives needed. Recall that we define £(i) the “error” in the
ith sample output as in Equation 85 here expressed in terms of vL (i) as

N .

Aw" —

_'uﬁw a

£0) = 3 D (inld) — 5l = 5 D (wnli) — FE () (o1)

The output layer: In this case r = L and we are at the last layer (the output layer) and
we want to evaluate 0% (i) = When £(i) is given by Equation 91. From that expression

8 L
we see that the Ujl-’ derivative selects only the jth element from the sum and we get
0E (i) 1 . L L
a3~ SO0

= —e;(i)f'(v}(0)). (92)

where we have defined the error e;(7) as in Equation 84.

The hidden layers: In this case r < L and the influence of v;-_l on &£(i) comes indirectly
through its influence on v. Thus using the chain rule to introduce this variable we have

0 (i) :’fzr OE(i) Ov(i)

(93)
On using the definition of 07 (i) given by Equation 89 in both side of this expression we have

5 Zak aii”“ G (94)
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We stop here to note that this is a expression for the previous layer’s 5;-_1 showing how to

compute it given values of the current layer’s 7. To fully evaluate that we need to compute
o (i)
O

Using Equation 86 we find

. k'rfl k?rfl
aUIZ(Z) a [ r r—1/- ] a [ r r—1/,
P R — Z WY ()| = 57717 Z Wi f (U (0)) | -
vy (1) Ov;T(4) | A= vy (i) | =
This derivative again selects the m = jth term in the above sum and we find
s = wi f (V). (95)

Thus the recursive propagation of 0%() the then given by using Equation 94 with the above
derivative where we find

SN = Y 0) = £ ) Y s, (56)
_ é§_1 /(U;_l(i)), (97)

with é;_l defined by

et =" or(iywy, . (98)

k=1

When our activation function f(z) is the sigmoid function defined by

1
T lte

f(z) : (99)

we find its derivative given by

) —(~a) e 1469 — 1}

e = o) —af) |
= oy (). (100)

With all of these pieces we are ready to specify the backpropagation algorithm.

The backpropagation algorithm

e Initialization: We randomly initialize all weights in our network wy,  for all layers
r=1,2,--- L and for all internal nodes where the index k selects a node from the layer
r—1thus k=1,2,---k._; and the index m selects a node from the layer r and thus
m=1,2---k,.

e Forward propagation: Once the weights are assigned values for each sample (z;, ;)
for i =1,2,--- N we can evaluate using forward propagation the variables v;(z) using
Equation 86 and then y7(i) via f(v}(i)). We can also evaluate the individual errors
&(i) using Equation 85 and the total error J using Equation 83
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e Then starting at the last layer where r = L for each sample ¢+ = 1,2, --- N and for each
neuron j = 1,2, .-k first compute 5]-L using Equation 92. Then working backwards
compute 5;7_1 using Equation 97 and 98. Since we know 5]-L we can do this for r =
L,L—1,---,2 and for each neuron in layer r —1so j =1,2,---k._;.

e Once we have 07 computed we can now update the weights w} using Equation 81

and 82 with the explicit for form Aw? given by Equation 90. Once we have updated
our weight vectors we are ready to apply the same procedure again, i.e. issuing a
forward propagation followed by a backwards propagation sweep.

Notes on variations on the backpropagation algorithm

Consider the backpropagation weight update equation with the momentum factor aw} (t—1)
given by
Awi(t) = aAwi(t — 1) — ug(t) . (101)

By writing out this recurrence relationship for t =77 — 1,7 — 2,--- as
Awi(T) = aAwi (T —1) — ug(T)

o [aAWH(T — 2) — pg(T —1)] — pg(T)

a*Aw(T —2) — u[ g(T—1)+ g(T)]

)

= o [aAW(T = 3) — pug(T —2)] — plog(T — 1) + g(T))
— *AW/(T —3) — [ 2g(T - 2) +ag( - 1)+g(T)}
B o

As we require a < 1 then o” Aw}(0) = 0 as T — —+o0. If we assume that our gradient vector
is a constant across time or g(7'—t) ~ g then we see that Aw’(7’) can be approximated as

1
AW;(T)z—,u[1+a+a2+a3+-~-}g:—u(l_a)g.

Problem Solutions
Problem 4.1 (a simple multilayer perceptron)

The given points for this problem are plotted in the Figure 10 and is generated with the
MATLARB script chap_ 4 prob_1.m.. From that figure we see that these points are a scattering
of points around the XOR pattern, which we know are not linearly separable, these points
are also not be linearly separable. We can however separate the two classes in the same way
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Figure 10: The data points from Problem 4.1 and the two linear discriminant functions
g1(z1,22) = 0 and go(x1,x9) = 0, that when combined, separate the two classes.

we did for the XOR pattern. If we introduce two discriminate lines g1 (x1, x2) and go(x1, z2)
given by

g1(x1, ) =21+ 29— 1.65=0 and go(x1,22) =21 + 22— 0.65=0.

Next we introduce threshold variables, y;, that are mappings of the values taken by g; when
evaluated at a particular pair (zy,z3). For example, y; = 0if g; < 0 and y; = 1 if g; > 0.
Then we see that the entire (z1,z5) space has been mapped to one of three (y;,y2) points:
(0,0), (0,1), and (1,1) depending on where the point (x7,z3) falls relative to the two lines
g1 = 0 and go = 0. Under the (y1,y2) mapping just discussed, only the point (0,1) is
associated with the second class, while the other two points, (0,0) and (1, 1), are associated
with the first class. Given the output (yi,2) our task is now to design a linear hyperplane
that will separate the point (0, 1) from the two points (0,0) and (1,1). A line that does this
is

1

y2—y1—§:0.

Problem 4.2 (using a neural net to classify the XOR problem)

See the R script chap_4_prob_2.R where this problem is worked. When that script is run it
produces the plots shown in Figure 12. In that figure we see that after very few iterations the
neural network is able to classify the training data almost perfectly. The error on the testing
data set decreases initially and then increases as the net overfits and learns information that
is not generalizable. The degree to which this is over fitting takes place does not really
appear to be that great however.
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Figure 12: Left: Classification of the XOR problem. Right: The training and testing error
rates as a function of iteration number.

Problem 4.3 (multilayer perceptron based on cube vertexes)

Part (a): The given decision regions for this problem are drawn in Figure 13, which is
generated with the MATLAB script chap_4 prob_3.m. The vertex to which each region is
mapped is specified using the notation (%, 4, £), where a minus is mapped to 0 and a plus
is mapped to a 1. From the discussion in the book a two layer neural network can classify
unions of polyhedrons but not unions of unions. Thus if consider class w; to be composed
of the points in the regions (—, —, —), (+,—,—), (—,+,—), and (+,+,—). While the class
wy is composed of points taken from the other polyhedrons. Then the w; polyhedrons map
to the four points on the (y1,ys2,y3) hypercube (0,0,0), (1,0,0), (0,1,0), and (1,1,0), while
the other polyhedrons map to the upper four points of this hypercube. These two sets of
points in the mapped (y1,y2,y3) space can be separated easily with the hyperplane y; = %
Thus we can implement the desired classifier in this case using the two-layer neural network
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Figure 13: The given decision regions specified for Problem 4.3.

shown in Figure 14.

Figure 14: The two layer network for Problem 4.3.

Part (b): To require a three node network it is sufficient to have the mapped classes in
the (y1,¥2,ys) space mapped to the XOR problem on the unit hypercube. Thus if we pick
the points in the polyhedrons (—, —, —) and (+,+,+4) to be members of class w; and the
points in the other polyhedrons to be from class wy we will require a three layer network to
perform classification. In that case we can use an additional layer (the second hidden layer)
to further perform the classification. The resulting neural network is given in Figure 15. In
that figure we have denoted the output of the two neurons in the second hidden layer as
z1 and z9. To determine the weights to put on the neurons that feed from the first hidden
layer into the second hidden layer in Figure 15 since in the (y1, 2, y3) space this is the XOR
problem and we can solve it in the same way that we did in the earlier part of this chapter.
That is we will create two planes, one that “cuts off” the vertex (0,0,0) from the other
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Figure 15: The three layer network for Problem 4.3.

vertexes of the hypercube and the second plane that “cuts off” the node (1,1,1) from the
other vertexes of the hypercube. The points in between these two planes will belong to one
class and the points outside of these two planes will belong to the other class. For the first
plane and the one that cuts off the vertex (0,0, 0) of the many possible one plane that does
this is the one that passes through the three points

(1/2,0,0), (0,1/2,0), (0,0,1/2).

While for the second plane and the one that cuts off the vertex (1,1, 1) of the many possible
planes that do this one plane that works is the one that passes through the three points

(1,1,1/2), (1/2,1,1), (1,1/2,1).

We thus need to be able obtain the equation for a plane in three space that passes through
three points. This is discussed in [9] where it is shown that the equation of a plane

x4+ coy+c3z+cy =0,

that must pass thought the three points (x1,y1,21), (22, Y9, 22), and (z3,ys, 23) is given by
evaluating

r y z 1
oy oz 1 —0
Ty Y2 2 1 .
r3 ys 23 1
As an example of this, for the first plane we need to evaluate
r y z 1
/2.0 0 1| _,
1/2 0 0 1|
1/2 0 0 1
or
0 0 1 1| v z 1
x| 1/2 0 1|—=1/2 0 1]|=0,
0 1/2 1 0 1/2 1
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or finally
r+y+z—1=0.

The same procedure for the second plane gives

5)

Thus with the above planes we have computed the weights feeding into the second hidden
layer. To finish the problem we recognized that with the first plane, only the single point
(y1,v2,y3) = (0,0,0) is mapped to the value of 0 while all other points are mapped to 1. With
the second plane, only the single point (y1,y2,y3) = (1,1, 1) is mapped to the value of 1 while
all other points are mapped to 0. Thus when we threshold on the sign of the values of the
two discriminant mappings above we see map the points (0,0,0) — (0,0), (1,1,1) — (0, 1),
and all other (y,ys,y3) points are mapped to (1,0). To finish our classification we need to
find a hyperplane that splits the two points (0,0) and (0, 1) from (1,0). Such a discriminant
1

surface is 2; = 5, where we assume the second hidden layer maps the points (y1,¥2,¥s) to

the point (21, z2). This final discrimination surface is also represented in Figure 15.

Problem 4.4 (separating the points z; and z, with a hyperplane)

First recall that the difference vector x; — x5 is a vector from the vector x5 and pointing to
the vector z1, since if we add the vector x5 to this difference vector we get 7 i.e.

To+ (v1 —12) = 27 .

The midpoint between the two points x; and x5 is the vector %(:cl + x2). Thus this problem
asks to find the plane with a normal vector proportional to z; — x5 and passing through the
point xy = %(:pl + x2). This means that if we take x to be a vector in the hyperplane then
the vector x — x¢y must be orthogonal to x1 — x5 or have a zero dot product

(1 — 29)"(x — 1) = 0.

Using the definition for xy we have this expression is equal to

1
(z1 — 29) 2 — 5(:51 — 29) (21 + 22) =0,

or

T T

1 1
(21 —w2)"w = S(a11 = 2305) = (w1 = w2) @ = S |w][” + 5 [lwal* = 0.

It remains to show that x; is on the positive side of the hyperplane. To show this consider
the above expression evaluated at x = x;. We find

1 1 1 1
(1 = 22)"w = Sller| P+ Sllall® = el P = 25w = Sl + 5l

1 1

= Slleil? =23z + 5l
1

- §(|lell2—2x§x1+l|lelz)
1 1

= 5(351 - $2)T($1 —Tg) = 5\\361 - 362||27

which is positive showing that x; is on the positive side of the above hyperplane.
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Problem 4.6 (backpropagation with cross-entropy)

The cross entropy 4.33 is

oS (1)
J=- yk(i)ln<k,).
; kz:; Yi(4)
Thus we see that £(7) in this case is given by

£(i) = — gyk(i) In (y’“gz ) |

~—

Yk Z)

Thus we can evaluate 6/ () as

L= 280 0 | SR o (1)
65 (4) DuE@i) ~ uE(i) [_Zyk(l) ln< ' )] .

Yk (7)

This derivative will select the k = jth element out of the sum and gives

510 =~ 5 (m ("; (())>) o Uer ey

If the activation function f(-) is the sigmoid function Equation 99 then its derivative is given

in Equation 100 where we have f'(vf) = —af(vf)(1 — f(v})) and the above becomes

07 (i) = ay;(1)(1 = f(y;) = ay; (1) (1 = g;(0)) .

Problem 4.7 (backpropagation with softmax)

The softmax activation function has its output ¢ given by

i = exp(vf)
> w exp(vf)

Note that this expression depends on ij in both the numerator and the denominator. Using
the result from the previous exercise we find

& (i)

(103)

HO)

J




To evaluate this we first consider the first term or where we find

e
oL (D)
o5, 0 ( exp(vf) )
0 vk (i) \ Do exp(vf)

exp(ij) exp(ij) exp (v; . "
Seep(l)  (Spemh)?
While for the second term we get (note that j # k)

L

o a< wm¢>)__mm¢nmwf__@g
k() F \ Ty exp(vf) (Cpow@h)
Thus we find
y; (1) (i)
(5JL = Zh (}—A?)— Z — (= Jk¥;)
J k=1;k#j
kr
= —y (A —g)+ > wkli).
k=1;k#£j

Since (i) and yg (i) are probabilities of class membership we have

kr
Z yk<7'> =1,
k=1
and thus Ziil;k# yi(i) = 1 — y;(i). Using this we find for 67 (i) that

67 (1) = —y;(0) + v ()75 + ;1 — ;) = 45 — ;i) ,

the expression we were to show.

Problem 4.9 (the maximum number of polyhedral regions)

The books equation 4.37 is

>

m=0

M (k) with <k>:0 if m>k. (104)
m m

where M is the maximum number of polyhedral regions possible for a neural network with
one hidden layer containing k£ neurons and an input feature dimension of /. Assuming that

{ > k then
! k
B E\ E\ ok
u=3 ()= ()=

where we have used the fact that < 7]:; ) = 0 to drop all terms in the sum when m =

k+ 1,k +2,---,1if there are any. That the sum of the binomial coefficients sums to 2*
follows from expanding (1 + 1)* using the binomial theorem.
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8%J

Problem 4.12 (an approximation of Bul 0w
k/ !

For J given by

=3 ) — ).

We will evaluate the second derivatives of this expression. First we take the wy; derivative
of J directly and find
0J O (1)
= (9m () = ym (1)) — = -
LIRSS f
Next we take the w}, ;» derivative of this expression. We find

0% Y (7) OYpm (7)
Owy 0wy, ZZ dwy, Oy

i=1 m=1

ki 25 (i
S (i) = gl 2

r r’
Qwy ;Owp

_l_

'MZ

i=1 m=1

If we are near a minimum of the objective function we can assume that 9,,(i) — y.(i) = 0
and can thus approximate the above derivative as

8wk]8wk, y o~ 8wk] 8wk, .

showing that we can approximate the second derivative by products of the first order ones.
Recall that the variable wy; represent the weight from neuron k in layer r — 1 to the neuron
J in layer r. We would expect that the effect of changes in wy; on the output Um(2) would
be propagated though the variables v7(i). From the chain rule we have

Oimli) _ 0juli) OV
8w,’;j vy (i) Qwy;

Using Equation 88 we see that 5 = = y; " and thus we get

k]

m (1) _ Om(7)

dwy; - ov(d) Ye

8ym1 T
81) (4) _5

which if we define is the expression we wanted to show.

Problem 4.13 (approximating the Hessian)

We will assume that the weight notation for this problem is the same as in the book where
by the expression wf; is the weight from the neuron k in the r — 1st layer into the neuron j
in the r-th layer.
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e Using Equation 87 and Equation 88 from the chain rule we have (dropping the i
dependence)

e _ o o (o
(Ows,)? B owf, Ovr \ Ov} Y '
Since the input yg_l is independent of v} we get
0?E _ 0PE
ar2:(y]:1)2ar2'
( wjk) ( Uj)

(105)
e Using Equation 92 we get
2
o = e g - S0 6
= —f"(w)e; + f'(vf)?.

we note that from Equation 96 and Equation 89 we have

L RN R
91 = [Z 5kwkj] f/(vj)v
Y; =1

Thus the v;_l derivative of this is given by

8%

e Now to evaluate @y

828 _ f/(vr—l)iwr 0512 _l_f//(vr—l) idrwr
(av;j—l)g J p kj&’l];_l J " k™kj| -

Thus we need to evaluate To do this we will use the definition of d, given by

as7
80;71 :
Equation 89, an expression like Equation 93 and subsequent developments following
that equation, namely

9 (a_e) -0 <05> vy,
ovyt \ovy ) 4= dvp, \Ovp ) dvj!
kr
- *E
o 1o r—1 T
= S Z 'y vy, 0vy
k=1

Dropping all off-diagonal terms in the summation above we keep only the & = k
element and find

0517; el o r—1 r
8v§_1_f SARECTEr

> the following

Using this we finally get for a = 1

825 / 1\)\2 o 8 £ //

- = v E Wy E oL wy .

(aU;—l)Q (-f ( 7 )) k:1( k‘]) (8@;) k% kj

Note that this expression is different than that given in the book in that the first term

in the book has a summation with an argument of (885—5)2 (note the j subscript) rather
J

than )2 (with a k subscript). Since the first of these two expressions is independent
Uk

of k 1t could be taken out of the summation making me think the book has a typo in
its equation. Please contact me if anyone sees any errors in this derivation.
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Problem 4.15 (a different activation function)

When one changes the activation function in the backpropagation algorithm what changes is
the function we use to evaluate any expression with f(-) or f’(-), for example in Equations 92
and 97. One of the nice things about the backpropagation algorithm is that calls to the
activation function f and its derivative f’ can simply be viewed as algorithmic “subroutines”
that can be replaced and modified if needed. For the suggested hyperbolic tangent function
f(z) given by

f(z) = ctanh(bx), (106)

we have its derivative given by
f'(x) = cbsech®(bx) .

From the identity cosh®(z) — sinh®(z) = 1, by dividing by cosh?(x) we can conclude that
sech?(z) = 1 — tanh?(z) and thus

f'(z) = cb(1 — tanh?(bz))
- b(l— /(@) ) . (107)

C

These two functions then need to be implemented to use this activation function.

Problem 4.16 (an iteration dependent learning parameter )

_1_

t
+£

A Taylor expansion of or

L t+t2
1+%N to 12

Thus when ¢ < ¢y the fraction ; Jrli ~ 1 to leading order and thus p ~ po. On the other
t,

0
hand when ¢ > t; we have that 1 + i ~ & and the fraction above is given by

1
1+

to

~
~

.
S| =

Thus in this stage of the iterations p(t) decreases inversely in proportion to t.

Problem 4.17 (using a neural net as a function approximation)

This problem is worked in the R script chap_4_prob_17.R. When that script is run it produces
a plot like that shown in Figure 16. The neural network with two hidden nodes was created
using the nnet command from the nnet package. We see that the neural network in this
case does a very good job approximating the true function.
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Figure 16: The function to fit and its neural network approximation for Problem 4.17.

Problem 4.19 (when N = 2(/ + 1) the number of dichotomies is 2V71)

We have 1
(XM0=2§:<N;1), (108)
=0

where N is the number of points embedded in a space of dimension [ and O(N,!) is the
number of groupings that can be formed by hyperplanes in R! to separate the points into
two classes. If N = 2(1 + 1) then

0(2(l+1),l):2i(212.“ ) .

2n+1 2n+1
<n—i+1)_< n+i ) (109)

Given the identity
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by taking i =n+1,n,n—1,---,1 we get the following equivalences

2n+1 _ 2n+1
0 o 2n + 1
2n+1 _ 2n+1
1 o 2n
2n+1 _ 2n—+1
2 o 2n —1
2n + 1 B 2n + 1
n—1 o n+2
2n + 1 B 2n + 1
n n+1

Now write O(2(1 + 1),1) as

or two sums of the same thing. Next note that using the above identities we can write the
second sum as

l
A+1\ [ 2A+1 20+ 1 2 +1 20+ 1
2 () = () ) e (D) ()
[ 2A+1 20+ 1 2 +1 20+ 1
- <2z+1)+< 2l )*"'+<l+2)+<l+1>

B ”i(zzu)
)

1=[+1

Thus using this expression we have that

0(2(l+1)’l)=i<21j1>+§ <2ljl>:2lz+l<21jl):2%'

=0 i=l+1 =0

Since 21 +1 = N — 1 we have that O(2(1 + 1),1) = 2! as we were to show.

Problem 4.22 (the kernel trick)

From the given mapping ¢(z) we have that

vy, = o(x:) o))
= % + cos(x;) cos(x;) + cos(2x;) cos(2x;) + - - - + cos(kx;) cos(kx;)
+ sin(x;) sin(z;) + sin(2z;) sin(2z;) + - - - + sin(kz;) sin(kz;) .
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Since cos(«) cos(3) +sin(a) sin(3) = cos(a— ) we can match cosigns with sines in the above
expression and simplify a bit to get
T ].
viyi=5 7t cos(z; — xj) + cos(2(z; — x;)) + - - - + cos(k(z; — x;)) .
To evaluate this sum we note that by writing the cosigns above in terms of their exponential
representation and using the geometric series we can show that

sin ((n+ %) a) .

110
sin (2) (H0)

1+ 2cos(a) + 2 cos(2ar) + 2 cos(3ar) + - - - + 2 cos(na) =

Thus using this we can show that y!y; is given by

1sin ((k+3) (zi — z5))
2 sin (g) ’

as we were to show.
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Feature Selection

Notes on the text
Notes on Data Normalization

First recall that for small y we have e™¥ &~ 1 —y + %yz + -+, thus

A 1 1 1 1
Tik = ~ = = .
T odey T 1+l-y+ly 2\1-gy 24

Next recall that for small v we have ﬁ = > 1o, v* thus we get
1 y_ v y v i
1_%4_%4_... +(2 4_'_ )_'_(2 4+ *
2 2 3
y ¥y Y ) Y
—1+2_2 7 _ I — 14
+2 4 4 4+ +2

which is a linear function of y as claimed.

Notes on the Unknown Variance Case

Consider the expectation

El(xi — p+p— )% = El(z; — p)* + 2(z; — p) (1 — &) + (p — )]

= 0? + 2B[(v; — ) (1 — )] + 7.

We can evaluate the inner expectation using

El(zi — p)(p — 2)] = El(z; — p) (% Zu - % Zx>]

= Bl — ) — )] =~ Bl — ),



Notes on Example 5.3

See the R script chap_5_example_5_3.R for code that duplicates the results from this example.

Notes on the derivation of the divergence for Gaussian distributions

When the conditional densities are Gaussian we have

p(x|w;) ~ N (i, i)
p(x|w;) ~ N(uj, %) .

Then to compute the divergence d;; given by

dy = [ 0talo) — pteluyin (2 v, ()

p(x|wy)

we first need to compute the log term In (;’ Eﬂ:’};), where we find

n (pmwi)) = —% (2 — )T (= ) — (2 — ) "5 (@ — )] + %lﬂ <||;Z||> :

p(x|wy)

When we expand the quadratics above we get

p(xfw;) Lr pea Tyv—1 Tv—1 Tv—1
= —— Yot —axt X — 20 ATEDIP
n(p(x|wj)) 5 [1’ e A My 2 T+ 25 2 x}

1

1 |32
Ty —1 Txy—1 J
— =S — Z1 )
2[:“2 i Mi = Hy 2y Mj]+2n<|2i|)

Only the first four terms depend on = while the remaining terms are independent of x and
can be represented by a constant C'. Because the densities p(x|-) are normalized we note
that -

| wlal) = plaley)Cde = 1 - 1) =0,

o0

and these terms do not affect the divergence. Thus we only need to worry about how to
integrate the first four terms. To do these lets first consider the integral of these terms
against p(z|w;) (integrating against p(x|w;) will be similar). To do these integral we will use
Equation 294 from Appendix A to evaluate the integral of the terms like 27 X712, against
p(z|w;). When we do that we find the integral of the log ratio term expressed above is given
by (multiplied by —1/2)

—2/ In (pE$||wz§) p(xlw)de = pl X7 4 trace(3;51) — uiTijlu,- — trace(3;5; )
—o0 P\T|W;

— 2] T 20 5
= g S5 s — g 55 20 55
+ trace(l) — trace(Z,-Zj_l) .
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In the same way the integral of the log ratio term against p(x|w;) is given by

2/ In <p((:£||w2§) p(x|w;)de = —,u;rZi_luj — trace(X;2;1) + u;ij_luj + trace(Zij_l)
p(x|w;

+ 20 X5y — 205 55

= =y 5 = g By 20 B

+ trace(I) — trace(3; X7 1) .
If we take —1 of the first and second expression and add them together we get two types of
terms. Terms involving the trace operation and terms that don’t depend on the trace. The
trace terms add to give

trace terms = —trace(]) + trace(X;X; ") — trace(]) + trace(3;X; )
= —2trace() 4 trace(X;X; ) + trace(X; ;) .

The non-trace terms add together to give

non-trace terms = g L + NiTEj_l/M _ QMJTEJ—IM

_|_

1 555 g By = 20 5
= g (5 25 = 255y = 25 ) 4 g (5 + )
g (27 4+ 57 = 20571+ 57 y) + 5 (57 + 57y
pi (S5 (s — ) — g (B + 25 Dy 4 05 (57 + 35
g (57 + ) (s — ) — (= 0] )57+ 55wy
(i = 1) T (2 + 27— (s — )T (27 + 27y
= (i — ) (57 + 57 (s — 1) -

In total when we divide by 2 and add together the trace and the non-trace expressions we

get
1 1 e 1 _ -
dij = 5 (s = ) (57" + 5771 (s — ) + gtrace(D8; + 5,57 —20), - (112)

for the expression for the divergence between two Gaussians.

Notes on Example 5.4

From the expression for B derived in the book

l 0% + o2
B=-1 L
2 Og( 20'10'2 ) ’

if we consider r = o and put in g9 = ro; in to the above we get

l 1+7r?
B:§10g< ;T)—>+oo,

as 7 — 0. Thus

P, < \/P(w)P(wy)e™® = 0.
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Notes on scatter matrices

Recall the definitions of the within-class scatter matrix, S, given by

Sw= 3P|z — )z — )" € w, (113)

1=1

and the definition of the between-class scatter matrix, Sy, given by

Sy = Z Py — o) (1 — po)™ (114)

The variable pg is the “global mean vector” or mean over all features independent of class.
We can show that this is equivalent to the expression given in the book as follows

1 X 1M 1 M M
MozNZSL’i:NZZIj:NZniM:ZBM, (115)
i=1 i=1 j=1 i=1 i=1

Where in the second sum above we mean to sum only over those features x that are members
of class i. Here M is the number of classes. Note that means either u; (the class specific
means) and g (the global mean) are linear functions of the raw features x. Thus if we
consider a linear transformation of = such as

y=A'z,
then x “means” denoted by u, transform into y “means” in the expected manner
Hy = ATlum .

From the definitions of the x based scatter matrices S, and Sy, given above and how the x
based p’s change under a linear transformation we see that

Syw = ATS,,A and Sy, = ATS,A. (116)

We will use these two results when we pick the transformation A7 so that the transformed
vectors y are optimal in some way.

If we consider a single feature (a scalar) in the two class case where was assume with equal
class probabilities we have for S, and S, the following expressions

1 1
Sw = 5(51 +55) = 5(0% +03)

1

Sp = 5((#1 — 110)* + (b2 — p0)?) -

Since py = %(,Ul + o) we find the differences needed in the expression for S, given by

1 1
M1 — Ho = 5(/11 —p2) and  pp — g = 5(/12 — 1),

79



and we have S, = (u; — p2)?. Thus

IS (= )?
=15, S (T ad)

This later expression is known as Fisher’s discriminant ration or FDR. The book give a
multidimensional generalization of

M M
md — § § 0'-2“‘0-? )
i=1 j#i v

but I would think that one would want to incorporate the class priors as was done in the
multiclass generalization of the divergence via

M M

PDRu =303 U PPy

md o} + 03 il
i=1 j#i ¢

Notes on sequential backwards selection (SBS)

Here we derive the number of times we evaluate the class separability metric when using
sequential backwards selection to find a suboptimal collection of [ features. We start with
the initial m features, and begin by evaluating the class separability measure J(-) using the
full m dimensional feature vector. This results in 1 evaluation of J. We then sequentially
remove each of the m features from the full feature set and evaluate J on using each reduced
vector. This requires m evaluations of J. We select the set of features of size m — 1 that
gives the largest value of J. Using this selection of variables we continue this process by
sequentially removing each variable to obtain a set of m — 1 vectors each of dimension m — 2
and evaluate J on each. This requires m — 1 evaluations. Thus now we have performed

1+m+m-—1,

evaluations of J to select the vector of size m — 2. If we continue this pattern one more step
we will do
l+m+m—-1+m-—2,

evaluations of J to select the optimal set of features of size m — 3. Generalizing this we need
l+m+m—-14+m—-2+4+---4+1+1,
evaluations of J to select the optimal set of features of size [. This can be simplified as
m m l
L+ > k=14+> k=> k
k=l+1 k=1 k=1

1 1
=14 sm(m+1) = Sl +1).

A simple python implementation of this search procedure is given in backwards_selection.py
and backwards_selection_run_best_subsets.py.
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Notes on sequential forwards selection (SFS)

In the same way as in sequential backwards selection we start by performing m evaluations
of J to pick the best single feature. After this feature is selected we then need to evaluate
J, m — 1 times to pick the set of two features that is best. After the best two features are
picked we need to evaluate J m — 2 time to pick the best set of three features. This process
continues until we have selected [ features. Thus we have in total

m m m—I
> Y-
k=m—(I—1) k=1 k=1
1 1
:§m(m+1)—§(m—l)(m—l+1)
1
=Im—=l(l—1
m— il - 1),

when we simplify. A simple python implementation of this search procedure is given in
forward selection.py and forward selection_run_best_subsets.py.

Notes on optimal feature generation

For J3 defined as trace(S,'S,,) when we perform a linear transformation of the raw input
feature vectors x as y = ATz, the scatter matrices transform as given by Equation 116 or
Syw = AT S, A and S, = AT S, A the objective J; as a function of A becomes

J3(A) = trace((AT S, A) " (ATS,mA)) . (117)

We would like to pick the value of A such that when we map the input features y under A7
the value of J3(A) is maximal. Taking the derivative of the above and using the results on

. 3J3(A)
Page 96 we get that the equation =3

= 0 imply (when we postmultiply by A”S,,A)
SewA(AT S,y A)THAT S A) = SuA.

But because the transformed scatter matrices Sy,, and Sy, are given by ATS,,A and ATS,, A
respectively by using these expressions and premultipling the above by S_! we can write

the above expression as
AS Sy = SpiSmA. (118)

Note that this expression has scatter matrices in terms of y on the left and = on the right.
When written in this form, this expression “hides” the A matrices in the definition of Sy, and
Syp. Since we don’t know A we can’t directly compute the matrices S, and Sy,. Assuming
for the moment that we could compute these two matrices, since they are both symmetric
we can find an nvertible matrix B such that diagonalizes both Sy, and Sy,. This means
that there is an invertible linear transformation B such that

B'S,,B=1 and B'S;,B=D,
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where D is a diagonal matrix?. This means that in terms of B and D we can write Sy_u% and
Syp as
S,y =(B"B)'=BB" and S,=BTDB".
If we use these expressions after we postmultiply Equation 118 by B we find
(SpuSat)AB = AS, ) Sy B = ABB"B~"DB™'B
= ABD.

If we let C' = AB we have

S 1S.C =CD. (119)
This is an eigenvalue problem where columns of C' are the eigenvectors of S..!S,; and D is
a diagonal matrix with the eigenvectors on the diagonal.

To complete this discussion we now need to decide which of the eigenvectors of S;.}.S,;, we are
going to select as the columns of C. In an M class problem the rank of Sy is at most M —1.
Thus the rank of the product matrix S!S, is at most M — 1. Thus we can have at most
M — 1 non-zero eigenvalues and thus there can be at most M — 1 associated eigenvectors.

Question: These eigenvalues are positive, but I currently don’t see an argument why that
needs to be so. If anyone knows of one please let me know.

Since we are asked to take the m original features from the vector x and optimally (with
respect to J3) linearly transform them into a smaller set [ features the largest [ can be is
M —1.

e [f [ = M —1 then we should take C' to have columns represented by all of the non-zero
eigenvectors of S;,1S,;. This will have the same maximal value for J; in that in the
original space of x J3 has the value

Js.e = trace(S, Su) = A+ Xa + -+ Apra,

since a matrix trace is equivalent to the sum of that matrices eigenvalues. While after
performing the C7 transformation on z or §§ = CTz we have J3 given by Equation 117
or

Js.5 = trace((CT S, O) H(CTSC)) .

To evaluate this expression recall that C' is the matrix in Equation 119 or S,,C =
S2wCD. If we premultiply this by C7 we get

c'SuC =C*S,,CD,
SO
(CT8,C) HCTSwC) = D.
Thus
trace((CT S, C) " HCT S 0)) = trace(D) = Ay + Ao + -+ A1,

the same as Js, obtained earlier.

e If | < M — 1 then we take the [ eigenvectors associated with the [ largest eigenvalues

of S=18,.

2Note that B is not necessarily orthogonal, all we know is that it is invertible.
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Problem Solutions
Problem 5.1 ((2]\[0_722)82 is a chi-squared random variable)

To solve this problem we will use several results from Appendix A.11 (chi-squared distribu-
tion). To begin recall that when given N draws, {z;},, from a Gaussian random variable
with variance o2 and sample mean Z the expression

is given by a chi-squared distribution with N — 1 degrees of freedom. Next recall that if
X7 and X3 are independent random variables from chi-squared distributions with N; and N,
degrees of freedom then

X=X+,

is a random variable from a chi-squared distribution with N; + N, degrees of freedom. Thus

(2N—2)s2

when we consider the expression ~——"= or

_ N _
Sy bl
—~ o’ —~ o2

we have the sum of two independent chi-squared random variables each of degree N — 1.
Thus this expression is another chi-squared random variable with 2N — 2 degrees of freedom.

Problem 5.2 (¢ has a t-distribution)

Using the same arguments as in problem 5.1 above we first note that

(Nl + N2 — 2)83
0-2

)

is given by a x? random variable with N; + N, — 2 degrees of freedom. Next, if we consider
the random variable T — y — py + p2 we know that it is Gaussian with a zero mean and a
variance given by

Var(Z — g — p1 + po] = Var[((Z — p1) — (§ — p2))]
= Var[z — p1] — 2Cov([(Z — 1), (§ — p2)] + Var[y — po]

o? o?

= Varle — ju] + Verlg — ] = 5 + 2

since we are assuming that Cov[(Z — p1), (§ — p2)] = 0. Thus the random variable

T—y — p1+ o
1 T
RV

83




is a standard normal. Then using the results from Appendix A.12 (¢-distribution) where it is
stated that the ratio of a standard normal random variable over a scaled y? random variable
with n degrees of freedom is a t-distributed random variable of degree n we have, forming a
ratio of the required form, that

T—4§—p+ o
1 1
SRV

\/(N1+N2—2)sg 1
o2 N1+N2—2

is a t distributed random variable with N + Ny —2 degrees of freedom. The above expression
simplifies to

Y

T = — i+

1 1
Sz V M + Na

Which shows that the desired expression is a t distributed random variable with N7 + Ny — 2
degrees of freedom.

Problem 5.3 (A is orthonormal)

The given matrix A has components A(7, j) that can be represented as

1
Al,j) = 7n l<j<n
A(iyi) = % i>2
21 —
1
A(l,j) = ———— i>2 and 1<j<i-—1.

Vili — 1)
Then the (p, q) element of the product AAT is given by

n

(AA")(p.q) = Zn: Ap, k)AT (k,q) = > Alp, k)A(g, k) -

k=1 k=1

We will evaluate this expression for all possible values of (p, ¢) and show that in all cases this
matrix product equals the identity matrix. Since the first row above seems different than
the general case we start there. If p = 1 then we have

(AAT)(10) = 2= 3" Alg.b).

If we then take ¢ = 1 we get

(AATY(1,1) = — ) A(1,k) =



If ¢ > 1 then we get

AAD)LG) = = DAl k) = = |Alg.a)+ Y Alg b

Now assume that p > 1. Then we have for (AAT)(p, q) the following

(AAT)(p,q) = Z A(p, k)A(g, k) = A(p,p)Alg, p) + i: A(p, k)A(g, k)
k=1
p—1 1
N ST Alg k).
T I)A(q,p) 1) /; (q,k) (120)

To evaluate this lets first assume that ¢ < p then A(q, k) = 0 if £ > ¢ and then Equation 120
gives

(AAT)(p,q) = 0—

If ¢ > p then Equation 120 gives

p—1 ( 1 ) §
Vol —1) \Vala—1)) plp-1) m

Finally, if p = ¢ then Equation 120 gives

1
\/Q(q—1)> VDl —IZ\/ q—l
- ¢p<p—1>1¢q<q—1> (p—1)(g—1)+ (p—1)]
(p—1)g _
Voo —1)alg—1)

when we convert all ¢’s into p’s. Thus we have shown that AAT = I and A is an orthogonal
matrix.

AAT _ p_l
(AA7)(p,p) NATESY (
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Problem 5.4 (linear combinations of Gaussian random variables)

Recall [2] that the characteristic function for multidimensional Gaussian random vector x
with mean p and covariance Y. is given by

Cx(t) = E[e™ X] = exp (itT,u - %tTZt) : (121)

If our random vector y is a linear combination of the elements of the vector x then y = Ax
and the characteristic function for y is given by

Cy(t) _ E[eitTY] _ E[eitTAX] _ E[ei(ATt)T:c] _ CX(ATt)
1
= exp (itTA,u — 5thAEATt) ,
which is the same as the characteristic function of a multidimensional Gaussian random
vector that has a mean vector of Ay and covariance matrix of AXAT as we were to show. If
x; are mutually independent with identical variances say o then ¥ is a multiple of the identity

matrix, say ¥ = o%]. In that case AXAT = 02AAT. In that case if A is orthogonal the
covariance matrix for y; is 021 and these transformed variables are also mutually independent.

Problem 5.5 (the ambiguity function)

We define the ambiguity function as
M K

A== ) P(A))P(wilA) logy (P(wild;)). (122)
i=1 j=1

If the distribution of features over each class is completely overlapping, then P(A;|w;) is
independent of w;. That is P(A;|w;) = P(4;). In this case, then using Bayes’ rule we have

P(A;j|wi) P(wi)
P(wZ|A) = J :P(WZ)
’ P(4A;)
The ambiguity function in this case then becomes
M K M
A== > P(A)P(w)logy (P(w) = = Y Pwi)logy (P(w).
i=1 j=1 i=1
If we further assume that each class is equally likely then P(w;) = %, so log,, (%) = -1

and we find A becomes y
1
A=— 1=1.
p»

If the distribution of features are perfectly separated, then P(w;|A;) = 0 if class i does not
have any “overlap” with the region A, otherwise P(w;|A;) = 1, since in that case only class
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w; is present. To evaluate A we break the inner sum of j into regions where class ¢ has
feature overlap and does not have

e T M >

=1 | j: class ¢ overlaps A; j: class ¢ does not overlap A;

In the first sum, since P(w;|A;) = 1 each term is zero and the entire sum vanishes. In the
second sum, when P(w;|A;) =0 by a limiting argument one can show that

P(wilAj)logy (P(wilA;)) =0,

and thus the entire sum also vanishes. Thus we have shown that A = 0.

Problem 5.7 (the divergence increase for Gaussian densities)

To begin this problem, we are told that when we consider the generation of original feature
vectors x of dimension m, that the two classes ¢ and j have the same covariance matrix
3. If we then add an additional feature x,,,; so that we desire to consider the covariances

of vectors defined as [ ], we will assume that these larger vectors also have equal

Lm+1
covariance matrices when considered from class ¢ and j. In this case that covariance matrix

will be take of the form
i o Z T
T e |

When two classes have equal covariances the trace terms in the divergence d;; given by
Equation 112 vanish and d;; simplifies to

dij = (fr; — ﬂj)i_l(ﬂi - ﬂg) : (123)

Here f1; and fi; are the mean vectors for the larger vector with the scalar x,,,; appended to
the original x, for example

P Y 7

ul [ ILLZ ] Y

where u; is the mean of x,,,; under class i. The same notation will be used for class j.

Thus to find a recursive relationship for d;; we need a way of decomposing the inner product
defined above.

is given in
Tm+1

Since we are to assume that the covariance matrix, ¥, for the vector {

- X or
EE{T 2}.

block form as

r g

Where X is a m X m matrix and r is a m X 1 column vector. Thus to further simplify the
divergence we need to derive an expression for ¥:71. To compute this inverse we will multiply
>} on the left by a block matrix with some variable entries which we hope we can find suitable
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values for and thus derive the block inverse. As an example of this lets multiply ¥ on the
—1

0
vood
Currently, the values of these two variables are unknown. When we multiply by this matrix
we desire to find b and d such that

1o X or I 0
FRIERIE 129
Equating the block multiplication result on the left to the components of the block matrix
on the right gives

left by the block matrix , where b is a m x 1 dimensional vector and d is a scalar.

VX +drf =0.

for the (2,1) component. This later equation can be solved for b by taking transposes and
inverting > as
b=—-Y"1rd.

If we take d = 1 and b given by the solution above, the product on the left-hand-side given
by Equation 124 does not becomes the identity but is given by

¥t 0 X oor I Yy
[ —rTy-1 1 ] [ rT g2 ] - { 0 o> =7y 1y ] ' (125)

Note what we have just done is the “forward solve” step in Gaussian elimination. Taking
the inverse of both sides of this later equation we find

> 17 =t ool [1 s 7
rT g2 —rTy-1 1 0 =Ty '

s or 1[I S R D Sas
rT o2 10 o2 —rTE Tyt 1 |-
Yty
0 o> —rTs 1y
the well known “backwards solve” in Gaussian elimination. Note that this inverse is given

by
I S ] [T —anlr
0o 1 10« ’

where we have made the definition of the scalar o such that = = ¢ —r"S7!r. Using this
result we have that

S or 1[I —az Y »l0
rT o2 () o —rTy-1 1
Y14 aX Tyl —anir
- —arTy-1 @ :

or

Thus it remains to find the inverse of the block matrix . This inverse is

(126)

Using this expression one of the required product in the evaluation of Equation 123 is given
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[ S ]_1 { ;- H] } [ E T+ antiy TS —axtly } { Ky — 1y }
_ —arTy-1 « M — [y
[ (BT aX T TR (y — ) — aX T (i — ) }
_ —arTS (g — ;) + alp; — 1)
[ d+aX7trTd — oS (g — py) ]
—arTd+ a(u; — 145) ‘

Where since the product X7 (p, — ;) appears a great number of times we defined it to be
dysod=Y"(p, — uj). Computing the product needed to produce the full quadratic term
in d;; we get

d+aX rrTd — oS~ (i — ) }

T T o — s )T
(Nz’ s i :UJ) —oerd+a(,uZ-—,uj) (h; I’l’])d

+
Q

(= ) TS T
(1 — uj) 1( — 1)
- alp—
o

+  alp; —

-

Taking the transpose of either term we see that the third and fourth scalar products in the
above expressions are equal. Combining these we get

(b — 1) d + ad"rr"d 4+ ap; — py)* — 20d” (s — py)

Completing the square of the expression with respect to p; — 11, we have this expression given
by

2 2
« [(Mz = 1) — dTT} _O‘<dT7")2+O‘dTT7’Td+(Hi_ﬂj)Td =« [(Nz = 1) — dTT} +(Ni_ﬂj)Td-
Thus using this and the definition of d and a we see that d;; is given by

[Mz’ —Hj dTTV

o2 —rTy-1p
[:U’i — M — (1; — Hj)TE_lTF
o2 —rTy-1p

dij(T1, 2, Ty Tngr) = (W — Nj)TZ_l(Nz’ — ;) +

= dij(xlax%'” >Im) +

If the new feature is uncorrelated with the original ones then we have the vector r equal zero
and the second expression follows from this one.

Problem 5.8 (the divergence sums for statistically independent features)

Consider the divergence d;; defined by

dy = [ (w(x) = oo n (5 ) (127)

p(x|w;)
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Then if the features are statistically independent in each class we have

p(xlwr) = [ plaelws)

Thus the logarithmic term above becomes

p(xlw) Y oo (1 Pl
() = (H p(xuwj))
)

)

Then we get for d;; is

Since the logarithmic term only depends on zj (and not the other k’s) we can integrate out
them by performing the fx integration for all variables but x;. This then gives

i [ (o) ey (B ) e

which is the sum of [ scalar divergences each one over a different variable.

Problem 5.9 (deriving the Chernoff bound)

The books equation 5.17 is given by
P, < P(w)*P(wy)'™* /p(:)s|w1)8p(:v|wQ)1_de for 0<s<1. (128)

When the densities p(z|w;) for i = 1,2 are d-dimensional multidimensional Gaussians then

p(z|w;) = )R,z P {—5(55 — i) X (@ — Mz’)} : (129)
so the product in the integrand in Equation 128 is given by
1-s 1

plelwr) plwn) = : : s
(2m) % (2m) TS 5|5 T

S _
<o {3 = )2 ) -

(1-s
2

)0 — )55 (0 — u2>} |

Expanding the terms in the exponential we find (ignoring for now the factor —%)

soT Y7 e — 25T g sl 7 + (1 — 8)2” 85 e — 2(1 — 8) 2T S5 g 4 (1 — 8)paXy s
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Grouping the quadratic, linear, and constant terms we find
e (s (1= 8)85 )z — 227 (s37 i + (1 — )85 o) + sp 27 i + (1 — 8) g X5 pta
Using this expression the product we are considering then becomes
1

1
s 1—s Ty —1 Ty —1
plr|iwy) plriw = 3 — €XP 4 — = SIUZ 1% + 1—S/JZ M } 130

( | 1) ( | 2) (2 )g|21 s Z2|12 { 2( 1“1 1 ( ) 2 2 2) ( )

1 _ _ _ _
X exp {—5 (2" (s 4+ (1= 8)83 o — 227 (sS4 (1 — 8)%;3 1u2))} .

Thus we want to integrate this expression over all possible x values. The trick to evaluating
an integral like this is to convert it into an integral that we know how to integrate. Since this
involves the integral of a Gaussian like kernel we might be able to evaluate this integral by
converting exactly it into the integral of a Gaussian. Then since it is known that the integral
over all space of a Gaussians is one we may have evaluated indirectly the integral we are
interested in. To begin this process we first consider what the argument of the exponential
(without the —1/2) of a Gaussian with mean 6 and covariance A would look like

(-0 "A Nz —0)=a"A e —20TAT0 407 A710. (131)

Using this expression to match the arguments of the quadratic and linear terms in the
exponent in Equation 130 would indicate that

AN = ST+ (1—s)%;" and
AT = SN+ (1= 8)% s

Thus the Gaussian with a mean value # and covariance A given by

A = (sSTM+ (1 —9)%H)7! (132)
0 = A(sEy i+ (1 - 5)%5 o)
(537" + (1= 8)%5 )7 (57 + (1= )55 p2) (133)

would evaluate to having exactly the same exponential terms (modulo the expression §7 A~10).
The point of this is that with the definitions of A and € we can write

2T (s 4+ (1= 8)2y e — 227 (s34 (1 — 8)55  ue) = (. — )TA H(x —0) — 9T A710,

so that the integral we are attempting to evaluate can be written as

1

/ p(lon)*plalwn)~*dz = S

(2m) 3 [S1]5]%] 2

1 1
X exp {—5 (310 27 o+ (1 = 8)py 25 o) } exp {§9TA‘19}

« /eXp {—%(m T A (- 9)} d

In effect what we are doing is “completing the square” of the argument in the exponential.
Since we know that multidimensional Gaussians integrate to one, this final integral becomes

/ exp {—%(:p A (g — e)} do = (2m)2| A2 (134)
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In addition, the argument in the exponential in front of the (now evaluated) integral is given
by

spy Sy + (1= 8)pg X g — 0T A0 (135)
When we put in the definition of A and 6 given by Equations 132 and 133 we have that
6T A=10 is equivalent to three (somewhat complicated) terms

0TA = (sulz +(1—s)u22 DN+ (1= )55 1) 7 (5 + (1= 8)8, )
= Uy syt +(1—s)2 DTS
T S S,
= (- P E (L 95 ) T e,

Given that we still have to add the terms suf Sy + (1 — s)pd 351 115 to the negative of this
expression we now stop and look at what our end result should look like in hopes of helping
motivate the transformations to take next. Since we might want to try and factor this into
an expression like (j; — p2)? B(uy — p2) by expanding this we see that we should try to get
the expression above into a three term form that looks like

pi Bun — 2ui Bpa + pi3 B (136)

for some matrix B. Thus lets add spfS7 "y + (1 — s)ud'S5 ' s to the negative of 67 A1
and write the result in the three term form suggested by Equation 136 above. We find that
Equation 135 then becomes when factored in this way

spy [ =SS sST (1= 9)5 ) TS (137)
— 251 —s)pg [B ST+ (1= 9)2) 7183 o (138)
+ (L= [B3" = (1 =)D (57 + (1= )53 ) 7150 e (139)

We now use the inverse of inverse matriz sums lemma (IIMSL) given by
(A" +B Y)Y !'=A(A+B)'B=B(A+B) "4, (140)
to write the matrix products in the middle term of the above expression as
SIS 4 (1= 8)S )T = (1 —8)8) +sX,) L. (141)

Recognizing this matrix as one that looks familiar and that we would like to turn the others
into lets now “hope” that the others can be transformed into a form that looks like that. To
further see if this is possible, and to motivate the transformations done next, consider how
the desired expression would look like expanded as in Equation 136. We have without the
factor of —1s(1 — s) the following

(1 = p2) (1 = 8)81 4 89) (i — ) = i (1= 8)81 4 55) ' (142)
— 201 (1= 8)%) + 8%9) e (143)
+ i (1= 8)21 4 5%9) s (144)

Since as just shown the middle terms match as desired, looking at the terms Equation 137
and 142, to have the desired equality we want to show if we can prove

s [Zl_l - 521_1(521_1 +(1- 5)22_1)_121_1] =5(1—5)((1—5)2; +s%9)7 ", (145)
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and
(I=s)[B3" = (1 =95 (S + (1= )83 ) 785 = s(1—s)((1— )51 +s52) 7", (146)

the similar expression for the terms Equation 139 and 144. To show that in fact this matrix
difference is correct we will use another matrix identity lemma. This time we will use the
Woodbury identity which can be written as

(A+Uucv)t=A"1- Al UCH+vATIU)T VAT, (147)
If we specialize this identity by taking C' and V to both be identity matrices we obtain

(A+U)t = At —Al g+ A7) tAT!
= A1 -AN Ut ATHTIAT

Using this last expression with A = sX7! and U = (1 — s)X; " we can derive that

1 1 1 1_\'1
(o' + (1 =98 = —21—;21( 22+g21) %

s 1—s5
1 1-—
= 221 — ( S) 21 ((1 — 8)21 + 822>_1 21 .

Multiplying this last expression by s¥7! on the left and ¥7' on the right to get
s T+ (1= )y ) 'S =0 — (1 —8)((1 —8)%; +8%9) 7.
This last expression gives that
St =SS A (1 =) ) TS = (1 =) (1 —8)8; +8%9)7F,

which is equivalent to the desired Equation 145. Using exactly the same steps one can prove
Equation 146. In summary then we have shown that

|A|1/2
1—s

|5]2] 2] 2

‘ exp {—gsu — 8 — )T ((1 = 51+ 559)" (1 — m} .

/p(x|w1)sp(x\w2)1_sdx =

. . / . . .
It remains to evaluate the coefficient ﬁ Taking the determinant of both sides of
1128 2

Equation 141 and solving for the expression A defined in Equation 132 we find
|12 ]

Al = )
| | |(1—S)21+822|

(148)

When we put this into what we have found for [ p(z|w)*p(x|we)'~*dx we obtain

1-s
2

|31] 72 |52
(1 — 5)%) 4 s,|2

/ plalwr)plzlwn) ~dz =
‘ exp {—gsu — 8 — ) (1 = 51+ 559)" (s — m} .
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If we define the above expression equal to e~*(*) we see that b(s) is given by
1
b(s) = g5s(1=s)(m— p2) (1= )81 + s%2) 7 (11 — poo)

1 |(1—s)21+322|}
+ —1In . 149
2 { DARIOAL (149)

When this is combined with Equation 128 we have finally proved the Chernoff inequality. If
we now consider the case when ¥; = ¥y = ¥ we have

s(1—s _
bs) = 2y 5 — ).
Then as 3 (p1 — p2)"S7 (1 — p2) is a scalar multiplier of the function s(1— s), its value does
not change the location of the extrema of b(s). To find the extrema of b(s) we take the first
derivative, set the result equal to zero and solve for s. We find

1
b’(s)zl—s—s:0:>s:§.

1

the second derivative of the function b(s) is given by b”(s) = —2. Since this is negative s = 3

is a maximum of b(s) or a minimum of e~*(*),

Problem 5.10 (the mixture scatter matrix is the sum of S, and S;)

Consider evaluating the expectation in the definition of S, by conditioning on each class

S = El(z — po)(x — o)1 = Y El(z — o) (& — o) |z € wil P

i=1
where P, = P(x € w;). Then write © — g = & — y; + p; — po and expand the inner product
above as

(@ = po) (& — po)" = (x — pa) (@ — )"+ 2(w — ) (s — pr0)" + (s — p10) (pts — p10)" -

Then taking the conditional expectation of the above expression with respect to w; since
Elz — pilx € w;] = 0 the middle term in above vanishes. The last term does not depend on
x and is therefore a constant with respect to the expectation and we get for .S,

Sm =Y BBz — p)(w — i) v € wil + D Pl — po) (i — o) ",

i=1 i=1

which when we recall the definitions of S, and S, given by

Sw = ZPZE[(I — i) (x — )|z € wi (150)
Sy = Zpi(/h' — o) (i — o)™, (151)

we recognize as expressing S, as S, = S, + Sp.
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Problem 5.11 (bounds on the cross-correlation coefficient)

When we take the vectors x and y as

T4 Y14
To; Yo2i

X = ) and y = ] ,
TN; YNi

the Schwartz’s inequality |z”y| < ||z||||y|| show that |p;;| < 1 where p;; is defined by

N
> ne1 Tnilnj

Pij = ~ ~ :
\/Zn:l ZL’m2 Zn:l ynj2

Problem 5.12 (the divergence of a two class problem)

The divergence between two Gaussians is given by Equation 112. If we assume that the
Gaussians have the same covariance then ¥; = ¥y = ¥ and the divergence becomes

dis = (1 — ,uz)TE_l(Ml — jiz) = trace((p; — Mz)TE_l(Nl — 112))
= trace(X 7" (p1 — p2) (11 — pi2)") -

When the classes are equiprobable P, = P, = 1. Then the within class scatter matrix

2
Equation 113 becomes

1 1
Sy= =Y 4+, =Y.
5o g

Now lets compute S;, using Equation 114. We have

(11— p10) (g1 = p10)" + (p12 = p10) (2 — p1o)"] -

N —

M
S =" Pilpi — o) (i — )" =
i=1

Since jip = Zf\il Pip; = %(,Ul + o) when we compute the needed differences to compute S,
we calculate

Sp = % E(m — p2) (i — p2)" + i(m — i) (p1 — pi2)"
= (= ) — o)

Thus if we consider the expression trace(S,'S,) we see that it equals in this case

1
trace(S,,'S,) = Ztrace(E_l(,ul — p2) (1 — p2)") .

We see that this is proportional to the expression d;s derived above.
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Problem 5.13 (the number of combinations in backwards elimination)

See the notes on Page 80 where we derive this expression.

Problem 5.14 (the derivative of a trace)

We want to evaluate

%trace{(ATSlA)_l (ATS,A)}

The algebraic procedure for computing derivatives like -2 trace{'(A)} where F(-) is a matrix
function of a matrix argument is discussed in [3]. The basic procedure is the following. We
consider the matrix derivative as several scalar derivative (one derivative for each component
ar; of A). We pass the derivative of aj though the trace operation and take the scalar
derivative of various matrix expressions i.e. %Fa—(k’?). Taking these derivatives is easier if we
introduce the matrix V' (k,[) which is a matrix of all zeros except for a single one at the

location (k, ). This is a helpful matrix to have since

)
e A=V kD).

Once we have computed the derivative of the argument of the trace F'(A) with respect to
ax; we need to write it in the form

OF (A)
Oay,

= DAV (k. Dhi(A).

We can then take the trace of the above expression and use the permutability of matrices in
the argument of the trace to write

= trace {hi(A)gi(A)V (k, 1)} . (152)

Finally we use the property of the trace to conclude that for any n x n matrix M

mig
mag

MV(k 1) =0 : 0|,

Mp—1k
Mpg

or a matrix with the kth column of M in the Ith column. Since the only nonzero column is
the [th, to take the trace of this matrix, we need to find what the element of the [th row in
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that column is. From the above we see that this element is my,. Thus we have just argued
that
trace {MV (k,0)} = M(l, k).

When we reassemble all elements, from this result, to compute the full matrix derivative of
trace{ M A} we see that

0

aAtrace {MAY = M".

Back to Equation 152 we can use the above to get the full matrix derivative

0

trace{F(A)} =3 (hi(A)g:(4)". (153)
For this problem we now implement this procedure.

To begin we evaluate the ay; derivative of (ATS;A)~'(ATS,A). From the product rule we
have

0

8akl

0

8akl

0

8akl

(AT S, A) (AT 5,4)] = [ (AT A) ](ATS2A)+(ATSIA)‘ [ (ATSQA)}.

To evaluate the ay; derivative of (ATS; A)™! recall that if F'(A) = G™'(A) then

OF(A) 1y 9G(A) 4
=— A)———= A). 154
D GA)Z A (154)
Thus we get
T -1 T
a(A SlA) _ —(ATSlA)‘la(A SlA) (ATslA)—l
day 75

Thus we need to evaluate the derivative of ATS; A (a similar needed derivative is of A7 S,A).
We get

T
IASA) 7 8,4+ ATSV (k1)
Dag,
Combining these results we get
0
Da —— (AT S A)THATS,A) = — (AT S A)7! [VT(k, [)S1A+ ATSJ/(I{:,Z)] (ATS,A)H (AT S, A)

+ (ATS A [V (k, 1) S, A + ATS,V (K, )]

Then for each term (there are four of them) once we take the trace we can write each one
as g;(A)V (k,1)h;(A) for functions ¢;(-) and h;(-) for i = 1,2, 3,4 by using

trace(A”) = trace(A),

if needed. We will need to use that identity for the first and third terms. We get

g1(A) = —(ATS,A)(ATS;A)1ATS, ) and hi(A) = (4TS, A)7!
g2(A) = —(ATS1A)TTATS, ) and  hy(A) = (ATS,A)7H (AT S, A)
g3(A) = ATS,, and hy(A) = (ATS,A)™?

gs(A) = (ATS1A)TATS,, and hy(A)=1.
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Once we have done this we use Equation 153 (but without the transpose yet) to get

(a%trace {(ATSlA)_l(ATSgA)})T = —(ATS A)"HAT S, A) (AT S, A) AT S,

— (ATS,A) (AT S, A) (AT S, A) AT S,
+ (AT A)TATS,
+ (ATS,A)71ATS,

Thus taking the transpose of both sides we finally find

a%trace {(ATS;A) T (ATS,A)} = =25, A(ATS1A) (AT S, A) (AT S A) 125, A(AT S A) 7,

as we were to show.

Problem 5.17 (the eigenstructure for S,'S, in a two class problem)

In a two class problem M =2, P, + P, = 1, and we have S, given by

M
Sp = Z Pi(pi — o) (i — p20)" = Pr(pa — po) (i1 — p0)” + Palpia — pro)(pi2 — po)” -
i=1

Since py = Zf‘il Pipi; = Py + Pops we have that
,U1—,Uozul—Pl,ul—Pz,uzZ(l—Pl)Ml—quzzpz(Ml—Mz)
p2 — po = —Prpn + (1 = Po)pg = Pi(pa — p11) -

Using these we see that S, is given by

Sy = PrPy(pn — o) (1 — pi2)" + PoPY(pa — pia) (g1 — pia)”
= PyPy(p1 — p2) (1 — p2)” .

Thus the matrix S,'S} is
PiPyS (1 — p2) (i1 — p2)”

Since the matrix (p1 — po)(p1 — po)” is rank one the matrix S, 'Sy is rank one, and thus
we have one non-zero eigenvalue (and its corresponding eigenvector). Consider the vector
vy = S, (w1 — p2) and observe that

St Spvr = PLPyS, (1 — pia) (1 — p2)" Sy (g — paa)

= (P1Pa(p1 — p2) TS, (i — 12)) Sy, (g — pa)
= )\lvlu

where we take \; = Py Po(p1 — p12)7 S (111 — p2). Thus vy is an eigenvector of S 1S, and \;
is its corresponding eigenvalue.
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Problem 5.18 (orthogonality of the eigenvectors of S;'55)

Since 57 and S; can be simultaneously diagonalized, there exists and invertible matrix B
such that
BTS\B=1 and B'S,B=D,

where D is a diagonal matrix. Since B is invertible we can solve for S; and Sy in terms of
B and D as
S;=B"T'B™' and S,=B'DB'.

Using these consider the product
S8y = (BBYY(B'DB™) = BDB™".

Let v; be an eigenvector of S; 'S, with eigenvalue );. Then by the definition of an eigenvector

we have
1
Sl SQ'Ui = )\Z"UZ',

or from the expression for S; 'S, in terms of B and D
BDB™v; = A\ .

This gives two expressions for v;

1

Ai
V; = )\Z’BD_lB_l’UZ’ .

BDB '

Vi =

Now consider v}'Sjv;, using the first of these we will replace v; with /\iiBDB_lvi, S1 with
B~TB~! and using the second expression above v; with \;BD™*B~1v; to get

b
v Sivj = )\—JviT B "DB"B "B 'BD'B v,
. bV
= )\_j"U;ETB_TB_l'Uj = )\—j'vZTSlvj .

A
(1—>\—]> UZ-TSl’Uj:O.

So if i # j (where we assume that A\; # );) then the last equation shows that v;S;jv; = 0 as
we were to show.

Thus

99



Feature Generation I: Linear Transforms

Notes on the text
Notes on basis vectors and images

We define a separable transformation of X to be one where the transform Y is given by

Y =U"XV. (155)

A separable transformation can be thought of as two successive transformations, one over

the columns of X and another over the rows of the matrix product U¥ X. To see this first

H
Ug

H
U
define the product U¥ X as Z and write U as 1 so that considered as a block
u%—l
matrix product, the expression Z = U” X is the product of a N x 1 block matrix times a
1 x 1 block matrix or

H H
Ug ug X
ull ull X

X = .
H H
UN_1 uy X

This result has N rows where each one is of the form u X or the inner product transform
of the N columns of X. Thus the transformation U” X is a transformation over the rows
of X. Now consider the product (U# X))V, which we can write as ZV = (VZZH)H Notice
that VZZH is the same “type” of transformation as we just discussed i.e. inner product
transforms of the columns of Z#. Equivalently inner product transforms of the rows of
Z = U"X, proving the statement made above. Note that some of the calculations for
Example 6.1 are performed in the MATLAB script chap_6_example 6_1.m.

Notes on independent component analysis (ICA)

From the derivation in the book we have that at a stationary point

%WT = E[I - ¢(y)y"] = 0. (156)

If we postmultiply by W and use WIW = I we get

DJ(W)
oW

= E[I — ¢(y)y"IW =0.

The expression % = E[I — ¢(y)yT]W is called the natural gradient.
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Notes on the discrete Fourier transform

We define the scalar Wy as an Nth root of unity or

2
Wx = exp (—jﬁﬂ) , (157)
with j = v/—1 and the matrix W# is given by
[ 1 1 1 1 e 1 1 T
1 Wy W3 w3 e WQJ(J\Z,VV_QQ) W;}({;,[V_ll)
1 1 Wi Wy Wy T Wy Wy
\/—N : : : : L. : : (158)
1wy W]%](N—2) W;(N—z) o WJ{{N—2)(N—2) WJ&{N—I)(N—2)
|1 oW W]%[(N—l) W]%[(N—l) o WJ&{N—2)(N—1) WZ(VN—l)(N—l) |
From this we see that the (7, j)th component of W*# is given by
o 1 ij
(W), 5) = \/—NW]\? - (159)
Using W# above and the fact that W = Wx' the matrix W is given by
1 1 1 1 1 1 ]
1 Wy Wy? Wyt Wy Wyt
1 1 W]g2 W];4 W]G6 .. W];2(N—2) W_2(N 1)
VN | ¢ : : : L : : (160)
1 W];(N—z) WJ§2(N_2) W];?,(N—z) o WJ;(N—2)(N—2) Wy (N—1)(N—2)
1 W];(N—n WJ;2(N—1) W];3(N—1) o WJ;(N—2)(N—1) Wy (N )(N—1) _
From this we see that the (7, j)th component of W is given by
. 1 —ij
W (i, j) = \/—NWN 7. (161)
These expressions will be used in the problems and derivations below.
Notes on the two-dimensional Fourier transform
The two-dimensional discrete Fourier transform is defined as
—1N-1
= Z > X(m,n)WEmWR (162)
m=0 n=0

Recalling via Equation 159 that the (k, m) element of W# is \/LNW]’\“,W in terms of the elements
of WH this sum is

N-1

2

X (m, n) (W) (e, m)(WH)(1,n).

I
o

m=0 n
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Using Equation 176 to convert this double sum into a matrix product we have we have
Y = WHX(WH)T but since WH is symmetric we have

Y =WHXWH, (163)

Notes on the Haar transform

For the Haar transform, given the index n, we have 2" basis functions index by k where
k=0,1,2,---2" — 1 and denoted by hi(z). Given a value of the index k in the range just
specified we can convert this index k uniquely into two other nonnegative integers p and gq.
The integer p (for power) is the largest natural number such that 2 < k and then ¢ — 1 is
the “remainder”. Thus let ¢ — 1 be given by

g—1=k—-2F.
Thus with these two definitions of p and ¢ we have written the index k as
k=2"P4+q—1. (164)

This definition works for p # 0, where if p = 0 then ¢ = 0 or 1. For example, if we take
n = 3 then there are 8 basis functions £k =0,1,2,---,7 and we have the mapping described
above from k into (g, p) given by

= 0=p=0 and ¢=0

= 1=p=0 and ¢g=1

= 2=p=1 and ¢g=2-2'4+1=1
= 3=p=1 and ¢=3-2'4+1=2
= 4=p=2 and ¢g=4—-22+1=1
= 5=>p=2 and ¢=5-2°+1=2
= 6=>p=2 and ¢=6-224+1=3
= 7=p=2 and ¢q=7-2241=4.

ERE TSR S A
|

The reason for introducing the indexes (p, ¢) is that it is easier to write the expression for
the basis functions hx(z) in terms of the numbers p and ¢. Given the above equivalence we
can convert sums over k (the number of basis functions) into a double sum over p and ¢ as

2"—1 n—1 2P
Z hi(2) = hp—0,4=0(2) + hp—0,4=1(2) + Z Z hpq(2) (165)
k=0 p=1 ¢g=1

since the range of pis 0 < p < n —1 and ¢ is between 1 < ¢ < 2P. Note that due to the
slightly different conditions that happen when k£ = 0 and £ = 1 in Equation 164, we have
represented these terms on their own and outside of the general summation notation.
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Notes on the two-band discrete time wavelet transform (DTWT)

Most of the notes in this section are verifications of the expressions given in the book.
While there are no real comments with this section these notes provide more details in that
they explicitly express some of the intermediate expressions which make verification of the
proposed expressions easier. We begin with the two-band filter equations, when our two
filters have impulse response functions given by ho(k) and hy(k). In that case we have

yo(k) = Y a(l) ho(n —1)],_y (166)

l

yi(k) = Y a(l) ha(n—1)],_y - (167)

l

When k = 0 for yo(k) then n = 0 and the first equation above gives

wo(0) = Y a(Dho(0-1)

= o+ 2(=3)ho(3) + 2(—2)ho(2) + z(—1)ho(1)
+  x(0)ho(0)
+ 2(1)ho(—1) + 2(2)ho(—2) + 2(3)ho(—3) +

When k = 1 for yo(k) then n = 2 and we get

(1) = D w(l)he(2—-1)

= a(=3)ho(5) + 2(~2)ho(4) + 2(~1)ho(3)
)
T+ w(1)ho1) + 2(2)ho(0) + 2(3)he(2) +

The same type of expressions will hold for y; (k) but with hg replace with h;. When we list
these equations in a matrix form we get

Yo(—2) ho(=2) ho(=3) ho(—=4) ho(=5) ho(—6)

y1(—2) hi(=2) hi(=3) hi(=4) hi(=5) hi(-6) [

yo(—l) : ho(O) ho(—l) ho(—2) ho(—3) ho(—4) x(—2)

yl(_l) : hl(o) hl(_l) hl(_2) hl(—?’) hl(_4) x(—l)
Yo(0) _ ho(2)  ho(1)  ho(0)  ho(=1) ho(—2) 2(0)
y1(0) h(2)  h(1)  m(0)  hi(=1) hi(=2) 2(+1)
yo(l) h0(4) h0(3) h0(2) ho(l) ho(o) a:(+2)
yi1(1) hi(4)  ha(3)  hi(2)  hi(1)  h(0) ,
Yo(2) ho(6) ho(5) ho(4) ho(3) ho(2) L -
y1(2) hi(6)  hi(5)  hi(4)  mi(3) (2

I explicitly included more terms than in the book so that the pattern of the elements is as
clear as possible. In practice, while we can tolerate a non causal impulse filters (ho(k) and
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hq(k) nonzero for negative k) but since we would like the matrix above to be of finite extent
we require that hg and h; have only a finite number of nonzero terms. As a matrix equation
we can write this as

y="Tx,

where 7T; is the mapping “into” the wavelet domain. Once we have constructed the two
outputs yo(k) and y;(k) we seek another pair of filters of a special form that act as an
inverse to the above mapping, in that they can synthesis the original signal, x, from the
output pair yy and y;. In sort of the same way we split z into yo and y; we will process yq
and y; independently and then combined them to get x. The two functions that we combine
are

zo(n) = Zyo(k:)go(n—Qk) (168)

z1(n) = Zyl )g1(n — 2k), (169)

and the combination of xy and x; gives x

z(n) = zo(n) + z1(n Zyo )9o(n — 2k) + y1(k)gi(n — 2k) .

To derive the matrix representation of this mapping we again write out the above equation
for a couple of values of n to get a feel for the coefficients that result. For n = 0 we have

z(0) = -+ yo(=2)g0(4) + y1(=2)91(4) + yo(—1)g0(2) + v1(—1)g1(2)
+ 40(0)g0(0) + 1(0)g1(0)
+ yo(1)go(=2) + y1(1)g1(=2) + y0(2)go(—4) + y1(2)g1(—4) + - --

For n = 1 we have
(1) = - +yo(=2)90(5) + y1(=2)g1(5) + yo(—1)g0(3) + y1(—1)g:(3)

+ 40(0)go(1) + y1(0)g1(1)
+ yo(1)go(=1) + y1(1)g1(=1) + y0(2)go(—3) + y1(2)g1(=3) + - -

Thus as a matrix we have the mapping from y to = in terms of values of gy and ¢; in great
detail as

_ _ _ _ yo(—2)
: Do : : : y1(=2)
2(~2) % 90(2) 1(2) 90(0) 91(0) 90(-2) 91(-2) g0(—4) 91(~4) go(~6) g1(-6) i)
2(=1) + 90(3) 91(3) 90(1) 91(1) go(~1) g1(~1) go(~3) 91(~3) go(~5) g1(~5) o)
z(0) | = | - go(4) 91(4) g0(2) 91(2) 90(0) g1(0) go(—2) g1(—2) go(—4) g1(—4) y(l)(O)
z(+1) - go(5) g1(5) go(3) 91(3) go(1) g1(1) go(—1) g1(—1) go(—3) g1(—3) wo(1)
x(+2) - go(6) 91(6) go(4) g1(4) go(2) ¢g1(2) go(0) g1(0) go(—2) g1(—2) y?(l)
i | i . . . . ] yo(2)
y1(2)

As a matrix equation we can write this as

l‘:Toy,
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where 7, is the mapping “out” of the wavelet domain. For good reconstructive properties
i.e. to be able to take the inverse transform of the direct transform and get the original
signal back again we must have

LT, =1,1; = I.

This creates the biorthogonality conditions that h; and g; must satisfy.

Problem Solutions
Problem 6.1 (some properties of the transformation Y = U2 XV)

Part (a): Given X = UY V¥ lets write the matrix U in “block” form as columns as
U= [ Ug UL - UN—_1 ], the matrix V¥ in block form as rows

H
Vo

H
Uy

Vi =

H
Un-1

and the matrix Y as the V x N matrix with components Y (i, 7). Then viewing the product
UYVH in block form as a 1 x N matrix (the block matrix U) times a N x N matrix (the
block matrix Y) times a N x 1 matrix (the block matrix V#) we get for X the product

Y(0,0) Y(0,1) - Y(0,N—1) vl
[ B | Y(1,0) Y(1,1) -+ Y(,N-1) vl
WN;Lm WN;LD-i wN—LN—n vil

Using block matrix multiplication we have that the product of the two right most matrices
is given by

vf{—l-
vf{—l-

)

Y (0,
1 )

vy’ +Y(0,1)
Y (1, 1,1

+ Y (0,
Jug' +Y(1,1) 1

0 . N-1
0 o+ Y(L,N -1

H
UN-1

Y(N-1,0)f +Y(N=-1, ) +---+Y(N—-1,N — 1)v¥_,

Or in summation notation
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Thus then X equals [ Ug Uy UN—1 } times this result or

N-1 N-1 N-1
X = Y(O,j)uov]H + Z Y(l,j)ulvf + -+ Z Y(N — 1,j)uN_1ij
=0 =0 =0
N—-1N-1
= Y (4, j)uvf
i=0 j=0

as we were to show.

Part (b): To compute the value of (A;;, X) we first recall the definition of the matrix inner
product (-, ) of

N-1N-1
A*(m,n)B(m,n), (170)
m=0 n=0
and the definition of A4;; of A;; = JH Then using the rank-one decomposition of X of
N-1N-1
X =) Y v ol (171)
i'=0 j/=0

Equation 170 then requires us to compute the (m,n)th component of the matrix A;; and of
uzrvf,f since X (m,n) is obtained by summing such elements via Equation 171. Consider the
(m, n)th component of uvf’. Recall u; is the ith column of U and as v/ is the jth row of
VH we see that v; is the jth column of V. Then the product uv}’ looks like

U(0,1)
U(1,1) . . .
| U(N —1,4)
[ U(0,9)V(0,5)* U(0,i)V(1,5)* U(0,i)V(N —1,5)*
_ U(1,i)V(0,)* U(1,9)V(1,5)* U(1,i)V(N —1,5)*
| U(N - 1,:z')V(O,j)* U(N — 1,:z')V(1,j)* . U(N — 1,¢)1:/(N —1,5)"

Thus the (m,n) element of the matrix w;v]" is

U(m, i)V (n,j)", (172)

and the conjugate of the (m,n)th element of the matrix w;v;" is

U(m, )"V (n,j). (173)
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Using these results we find

(AU,X> = ZZ ullv,
_ mmwmmwziﬁwwmmmwyﬂ

m=0 n=0 i’=0 jIZO
N—-1N-1 N—-1 N-1

= Y, ) Ulm, iy Ulm,i) p  V(n,j)V(n,j)"
=0 j/=0 m=0 n=0

To evaluate these sums recall that U is a unitary matrices and thus UUH = [ and U?U = I.
If we consider the (4,7 )th element of the product U7U = I we get

SO iU (n, ) = 1,1
Z_ Uln, i)' Uln,i') = I(i, ), (174)

where 1(7,1") is the Kronecker delta symbol, i.e. I(i,i") = 1if i = ¢ and is 0 otherwise. Since
V' is also a Hermitian matrix a similar result hold for sums of components of V. Sums like
this appear twice in the above expression for (A;;, X) and we have the following

—-1N-1

Ay, X ZZY 73013, 57) = Y (6,5),

i'=0 j'=0

as we were to show.

Problem 6.2 (separable transforms)

We first recall that to compute the lexicographic row ordered vector x the rows of the matrix
X are ordered sequentially in a column vector. Thus if we let X(4,:) be a row vector from
X then the lexicographically ordered row vector x is given by

X(0,:)T
X(1,)T
X(N — 1,)T

Next recall that if A is a m x n matrix and B is a p X ¢ matrix the Kronecker outer product
of two matrices A and B denoted as A ® B is defined as the mn X pg matrix

anB @B asB -+ a,B
anB axnB axB -+ a,B

Agp=| =7 "mT L (175)
amlB a'm2B amSB T a'mnB
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Thus in terms of the matrices of this problem we have U ® V' given by the matrix

U(0,0)V U(0,1)V U@,2v. -+  UON-=-1V
U(1,0)v U(1,1)Vv U,2v. - ULN-1V
U(N—Zl,O)V U(N—:l,l)V U(N—:1,2)V . U(N—l,:N—l)V

Then when we multiply this by the lexicographic ordered vector x we get

U(0,0)VX(0,)T + U0, DVX(1,)T +---+UO,N - 1DVX(N—1,)7
U(L,00VX(0,) T+ U1, DVX(1,)T +- -+ U1,N-1DVX(N—1,)7

UN-1,00VX(0,)' +U(N —1, 1)VX(1,::)T +-4+UN—-1,N-1)VX(N —1,:)T

This is a block column matrix of size N x 1 where the blocks are N x N matrices with the
m block element given by

Since X (4,:)T is a column vector the product VX (i,:)T is another column vector and the
above is the sum of column vectors. The nth element of this column vector is given by

N-1

V()X (0.5).

=0
Thus the nth element of the mth block in the product (U ® V)z is

N-1N-1

DD X HU(m, i)V (n, ).

i=0 j=0

If we have the desired equality this should equal the value Y (m,n). To show this we can
simply recall that Y = UXV7 and as such we can compute the (m,n)th element of this
product. Using the summation definition of a matrix product we find

Y(m,n) = Z(UX)(m W)V (i,n) ZZUmj i)V (n,1)
= z_: z_: X(j,)U(m, j)V (n,i), (176)

which is equivalent to the expression above showing the desired equivalence.

Problem 6.3 (minimizing the MSSE by using the eigenvectors of R,)

For a fized orthonormal basis e; fori = 0,1,2,--- , N—1, arandom vector x the decomposition
N-1

x=) ylie, (177)
i=0



with y(i) = el'z. Note that since z is random the y(i)’s are also random. The projection of

x in the m-dimensional subspace spanned by the vectors eg, e, -, €,_1 is given by
m—1
= y(i)e; . (178)
i=0

Then as in the book the expectation of the error ¢ defined as ¢ = x — & can be shown to be

given by
N—-1

EllelP] =3 el Rees, (179)

1=m

with R, the correlation matrix of z i.e. R, = E[zz’]. Considering F [||¢||?] as the objective
function to be minimized we seek vectors e; that will achieve this minimum. Obviously
E[|le|]?] > 0 and e; = 0 will make the right-hand-side of Equation 179 zero. To avoid this

trivial solution we need to introduced the constraint that the vectors e; are normalized or

T, _
e;e; = 1.

Question: I'm not sure why we don’t have to also introduce the orthogonality constraint
of efe; = 0 for i # j. I think the answer might be because of the functional form for our
objective function E [||¢||?]. For example, if the vectors for i and j appeared together as
a product like e;Ae; for some matrix A in the objective function we would have to also
introduce the constraint e/ e; = 0. If anyone knows more about this or has an opinion on
this please contact me.

Part (a): Given that we have the constraint el'e; = 1 we use the methods of constrained
optimization to seek the optimum. That is we introduce Lagrange multipliers )\; and form

the Lagrangian
N-1 N-1
L= R = S M- 1).
i=m =0

Then taking the derivative with respect to e; for i = m,m + 1,--- , N — 1 and setting the
result equal to zero gives

2R.e; —2Me;, =0 = Rge; = \e; .

Thus e; is the eigenvector and \; is the eigenvalue of R,.

Part (b): In this case using the normalization properties of e; we have that

E [[lell”] ZA

Thus to make this as small as possible we want to take e; to be the eigenvectors with the
smallest eigenvalues.

Part (c): For the given approximation above consider the magnitude of the variance of .
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We find

Var(

=
S~—
I
&
B
~
2,
I
&

(ij@')ef) (fm)] (150

= B y(i)y(j)e?ej]
Li=0 i=0

= F Zy(z)2 =F Z(e?mf =F ZeiTxxTei] :ZeiTE [z2"] e
i=0 i=0 i=0 i=0

m ) m
T
= E €; Rwei = E )\z .
=0 i=0

Thus since e; are chosen to be the eigenvectors of R, ordered from largest eigenvalue to
smallest eigenvalue we see that this sum is maximal.

Problem 6.4 (Karhunen-Loeve with the covariance matrix X,)

In the same way as earlier we have a representation of our random variable x given by
Equation 177 and now we will take our approximation of x given by

m—1 N-1
T = Z y(i)e: + Z Ci€i, (181)
i=0 i=m

with y(i) = el'z.

)

Part (a): Consider the expected square error E[||z — Z||?]. We find

Ellz—2[] = E

I
&5
—~
&
|
£
~
—~
S
|
@)
~
)
<.
Q)
<.
| I |

= (Elyf] — 2Elyilci + ¢) .

I
3

If we want to pick ¢;’s that make this as small as possible, we can take the derivative with
respect to ¢; set the result equal to zero and solve for ¢; we find

0
802-

Elllr —2|P)=0 = —2E[y]+2¢;=0.
This gives ¢; = Ely,|, fori=m,m+1,--- /N — 1.
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Part (b): We now want to ask for an approximation to = given by
= Yi€i + Elyile,

how do we pick the orthonormal basis vectors e;. We do that by minimizing the square norm
of the error € defined as e = x — . We find using the same techniques as the sequence of
steps around Equation 180 and recalling that y; = el z we have

Bl = B |Y (- Blw)?| - E Z To el Bla))®
B |- Bl | = B Ze?w— x—E[xDTez-]
= Y Bl Bl Blal)e = Y S (182)

Thus to pick the orthonormal basis that minimizes E[||€||?] we minimize Equation 182 subject
to the constraint that el e; = 1. Introducing Lagrange multipliers like in the previous problem
we find e; are the eigenvectors of X,.

Part (b): To make the expression for El||¢||?] as small as possible we we order these
eigenvectors so that they are ranked in decreasing order of their eigenvalues, therefore the
vectors e, émi1, - - - ,en—1 Will be the eigenvectors of X, corresponding to the N —m smallest
eigenvalues.

Problem 6.5 (the eigenvalues of XX and X X are the same)
Let A be a nonzero eigenvalue of X X# with eigenvector v. Then by definition X X v = \v.
Now consider the vector © defined by © = X*v. Then

XTX0o=X"XX"y = X"Tv=No.

This last expression shows that ¢ is an eigenvector of X# X with eigenvalue A. Thus both
XX and X X have the same eigenvalues.

Problem 6.6 (proving ¢ = Y"_ SN "1X(m,n) — X(m,n)]> = -} \)

Recall the definition of €2 where we have

—-1N-1

€ —ZZ|an X(m,n)|?. (183)

m=0 n=0
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Since we have our rank k approximate matrix X given by

k—1
= Z \/ )\ZUZ'UZH s
i=0
while the full decomposition for X is
r—1
X = Z \ )\ZUZ’UZH .
i=0
We have the matrix difference X — X given by
r—1
X—X:Z\/)\iuiv{{.
i=k
Thus the m, nth element of this matrix difference X — X is given by using Equation 172
r—1
> VAU, )V (n, i)
i=k

Now recall that for a complex number |z|?> = zz* when we “square” the above expression we

have
-1 r—1

X (m,n) = Xm,n)? = 37 S VA/AU(m, )V (0, i) Ulm, )V (0, )

i=k j=k
It is this expression that we will sum for m and n both running from 0 to N — 1. When we
apply this summation, then exchange the order of the sums and use Equation 174 we get

r—1 r—1

e = \/7\/72 U(m,i)U(m, j)* iV(n,j)V(n i)

»-tw
szm
Hw

sz <.

= \/)\7@\/7]%7 Z&‘a

@
I
=
<.
I
=
<
I
=

as we were to show.

Problem 6.7 (an example with the SVD)

The SVD decomposition of a matrix X is given by
r—1
X = Z \ )\Z’Ui’UZ-H,
i=0

where u; and v; are the eigenvectors (with common eigenvalue );) of X X% and XX re-
spectively or

XHX’UZ' = )\i'Ui
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It turns out that u; and v; are related more directly as u; = \/%X v;. In the MATLAB
script chap_6_prob_7.m we compute X X7 and X* X and the eigenvector and eigenvalues
for these two matrices. We first find that X X has u; eigenvectors (stored as columns) and

eigenvalues given by

0.8452  0.0998 0.5251
—0.1690 —0.8821 0.4397 and 0.0,1.93,18.06.
—0.5071 0.4604 0.7286

We next find that X X has v; eigenvectors (again stored as columns) with eigenvalues given
by
—0.8649 0.5019

05019 0.8649 | 2nd 1.93,18.06.

To use the SVD decomposition one has to match the eigenvectors of X X# and X# X to use
in the inner product so that their eigenvalues match. This means the decomposition of X is
given by

0.5251 0.0998
V18.06 | 0.4397 | [ 0.5019 0.8649 | 4+v/1.937 | —0.8821 | [ —0.8649 0.5019 | .
0.7286 0.4604

Problem 6.8 (the orthogonality of the DFT)

We begin by proving the following sum

N-1
1 o 1 l=k+rN r=041,42, -
n=0

otherwise

Since the sum above is a geometric sum from [6] we can evaluate it as

N_lex 21 2 = 1—exp(j2ﬁ’r(k‘—l)N)
nz:% p<]N(k l)) B 1—exp(j2ﬁ’r(k:—l))

1 —exp (j2n(k —1))
1—exp (j2(k—1))
This is true only if the expression we are summing powers of is not identically 1 (for which the

denominator would be 0 and division is undefined). This latter will happen if the argument
of the exponential exp ( ]ZWW(]{? — l)) is a multiple of 27. This means the above sum is valid if

k—1

N~ 7T

where r is an integer. If this previous condition holds then the numerator vanishes

1 —exp(j2n(k—1))=0.
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since k — [ is an integer. If % is actually equal to and integer r then [ = k + N and the
sum is N and we have proven Equation 184.

Now consider the (m,n) element of the product WHW. Using Equation 159 and 161 we get

=z

(WHW)(m,n) = Wt

1Nl
k(m n . ex ( —'n,>k) :5mn’

k:O

2]~
=z &
L%

2=

k=

o

when we use Equation 184. Here §,,, is the Kronecker delta.

Problem 6.9 (an example computing a 2-d DFT)

Using Equation 163 or Y = WH XW# we can compute the two-dimensional DFT by com-
puting the required matrix product. To generate the matrix W of order N (as defined in
the book) we can use the MATLAB command dftmtx (N) /sqrt (N). In the MATLAB script
chap_6_prob_9.m given in the input matrix X we do this and perform the required matrix
multiplications. We find that we get

3.6667 —0.3333 0.1667 + 0.86607
Y =] —0.3333 0.1667 — 0.86605 0.1667 — 0.8660;
—0.3333 0.1667 + 0.86607 —0.3333

Problem 6.11 (orthogonality of the discrete cosine transform)

The discrete cosine transform (DCT) matrix C' has elements C'(n, k) given by

C(n,k) = \/LN when k=0
B 2 T(2n+ 1)k
C(n,k) = 7y Cos ( 5N ) when £ >1, (185)

and for 0 < n < N — 1. We want to show that CTC' = I. To do this consider the (i, j)th
element of this product (denoted by (CTC)(i, j)) we have

=

N-1 —1
(CTCY(E,j) =) CT(i,§)C(k,j) = > C(k,i)C(k, ). (186)
k=0

0

e
Il

Lets evaluate this for various values of ¢ and 7. When ¢ = 0 and 7 = 0 Equation 186 gives

2
2

C(k,0)C(k,0) =S C(k,0)* =

0 k=0

1
— =1,
N

e
i

0

e
Il
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When ¢ = 0 and 57 > 1 Equation 186 gives

(CTO)0,5) = C(k,0)C(k,j) = C(k, J)

By writing the summand above as

T2k + 1)\ Tj
cos (T) = cos (ﬁ + Wk ,

we can use the following identity [5]

N-1 N
N -1 5
Z cos(a + Bk) = cos (a + ﬁ) Sn'l ( 255) , (187)
— 2 sin (%)
with o = ”—J and 8 = ”j to evaluate it. In that case we have
g my NB  my N—-1 7 N—-1\nmj mj
2av 0 g T md et e =gt T ) VT
Thus we have _
- ( 2k+1>) (m) sin ()
co =cos | = .
— 2 / sin (2N)
Since for j = 1,2,--- ;N — 1 the value of 7j is a multiple of § where we have cos (TJ) =0
thus Nt
T N T2k +1)\
€re)0.0) = Y cos (TR -
k=0
Next let + > 1 and j = 0 and we have
N-1 ;M
cr'C)(i,0) = C(k,i)C(k,0) = — Y C(k,i
(C7C)(i,0) 2 (k,1)C(k,0) Vﬁho( )

since this is the same sum we evaluated earlier. Finally, let ¢ > 1 and j7 > 1 to get

m%mm:_C@M%ﬁ:%im%ﬂ&ﬂgm%ﬁ%;m)
k=0 k=0

To evaluate this sum we could convert the trigonometric functions into exponentials and
then use the sum of a geometric series identity to evaluate each sum, or we can evaluate it
using Mathematica. In the Mathematica notebook chap_6_prob_11.nb we find it equals

1 ( sin(w(i — 7)) N sin(m(i + 7))

4\ sin (—”g;,j)) sin (—”g;”) ’
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when neither of the denominators is zero, or in this case that i # j. When i # j both terms
in the numerator vanish and this expression is zero. If i = j then we want to evaluate

N-1
(CTC)(i,1) 2 cos( m(2k + 1)i )
0

k:

Using the following identity

N-1 N\ 2 . :
Z m(2k+1)i\° N  sin(2mi)
o8 ( 2N ) 2 * 4 sin (%) ’ (188)

as ¢ is an integer the second term vanishes and we have shown that
(cTey (i) =1.

All of these elements show that CTC = I the desired expression.

Problem 6.12 (the discrete cosign transform)

The discrete cosign transform (DCT) Y of an image X is given by computing
=0'XC,

where C'is the matrix with elements given by Equation 185. This matrix can be constructed
using that MATLAB function mk DCT matrix C.m. Then using the X matrix given in for
this problem in the MATLAB script chap_6_prob_12.m we find Y to be

3.6667 —0.4082 —0.2357
Y = | —0.4082 0 —1.1547
1.1785  0.5774  0.3333

Problem 6.14 (orthogonality of the Hadamard transform)

To begin recall the recursive definition of H,, given by

Hn - Hn—l X Hl

- e ([ 4)

o L{Hn—l Hn—l :|
\/§ Hn—l —diin—1 ‘

We will show that H! = H,, and H;! = H,. To do that we will use recursion, where we will
show that these two relationships are true for n = 1 and then assume that they hold up to

(189)
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and equal to some index n. We will then show that we can prove that the relationships hold
for the index n + 1. Consider H; we see that HlT = H; and

111 1 1 1 1120
T P — —
mn-sn A0 A=l ]
Then assume that H = H,, and H;' = HT. Consider
L [HD HD )1 [H, OH ],
V2 | HY -HY |~ AR | H, -H, | "

showing that H,.; is symmetric. Now consider

T  _
Hn+1 -

1| H, H, H, H,
Hn—l—lH = HppiHopp = 5[ } [ }

H, -H, H, —H,

_ o lfem: oo ) _[10]_,
2l 0 2m2| "o 1| "

n

showing that H,}, = HT ,.

Problem 6.15 (computing the Hadamard transform)

We can use the MATLAB command hadamard to compute the Hadamard matrix H, as
defined in the book. Specifically, we have

! ——hadamard(2") .

H, = T

In the MATLAB script chap_6_prob_15.m given in the input matrix X we compute Y =
H 1X H,, where X is a submatrix of the original matrix X.

Problem 6.17 (the Noble identities)

Noble Downsampling Identity: Recall that downsampling by M produces a new se-
quence y(k) generated by the old sequence (k) according to

y(k) = 4(ME) . (190)

The transfer function for this operation, D( ), when the input signal is g(k) is given by [8].

ME

( 1M o= Tf’f) , (191)

where ¢ = y/—1. Using that we can write the serial affect of downsampling followed by
filtering with H(z) as

| M-l )
i Y (zl/Me M]k> H(z).

k=0
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If we consider the combined system of filtering with H(z™), to get H(z™)Y(z), and then
downsampling we have that the combined affect is given by

]_ ML A 27j 27j M ]_ ML A 27y
3 ¥ (e () ) = Y () )
k=0 k=0
the same expression as before, showing the equivalence.

Noble Upsampling Identity: Recall that upsampling by M produces the new sequence
y(k) generated by the old sample function y(k) according to

~(k k- .
)y (M) when 7 is an integer
yk) = { 0 otherwise (192)

Then the transfer function for this operation U(z) when the input signal is ¢ is given by [§]
Uz) =Y (M). (193)
Then the affect of filtering with H(z) a signal with transfer function Y (z) is H(2)Y ().
Following this by upsampling by M gives the transfer function
H(ZM)Y (2M).

This is the same as taking the input Y (z) upsampling by M to get Y (z) and then passing
that output through the linear system H(z"), showing the equivalence of the two Noble
upsampling forms.

Problem 6.18 (an equivalent filter bank representation)

In figure 6.5 we have three paths to generate the outputs yo, y1, and yo. When drawn without
the traditional system box notation we get these three paths given by
,x(2),2(1),z(0) — Holz) — |2 =y
,x(2),2(1),2(0) — Hi(z) — |2 —Hyz) — 12 —uy
,x(2),2(1),2(00 — Hi(z) — |2 —Hi((z) — |2 —uy.
The system for 1y, matches the same system in Figure 6.6b for y, when we take Fy(z) = Ho(z).
If we then use Noble’s downsampling identity we can write the output expressions for y; and
Y2 aAS
x(2),7(1),2(0) — Hi(z) — Ho(z%) — 12 — 12 —uy
x(2),2(1),200) = Hi(2) —Hi((z%) — 12 — |2 —uy.
We can simplify the two downsampling procedures of size 2 on the right side of these ex-
pressions into one downsampling expression of size 4, and combine the two serial systems to
get
-, x(2),2(1),2(0) — Hi(2)Ho(z*) — 14 —wu
Sx(2),2(1),200) = Hi()H(2*) — 14 —y.
This matches the system drawn in Figure 6.6 when we take Fi(z) = Hi(2)Hy(z?) and
Fy(z) = H,(2)H,(2?) proving the equivalence.
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Feature Generation I1

Notes on the text

Notes on co-occurrence matrices

The co-occurrence matrices provide a way to measure the relative position of gray levels in
an image and as such are functions of a pixel displacement d and an angle offset ¢. They
rely on the joint probabilities that the given image takes gray level values at the angular
direction ¢ and a distance d. Typically d = 1 while ¢ is taken to be from {0,45,90, 135} in
degrees. That is for ¢ = 0 we need to compute

number of pairs of pixels with levels = (I3, I5)
P(I =1,I(m*d,n)=1,) = .
(I(m,n) = I, I{m+ d,n) = b) total number of possible pixel pairs
Probability density functions can be obtained for ¢ = 45 where the probability we are

extracting can be written
P(I(m,n)=L,Im*+dnFd) =1).

To make things easier to understand assume that we have four gray levels then I(m,n) €
{0,1,2,3} and we can define the co-occurrence matrix A (with elements P(Iy, I5) above)
when given a specification of (d, ¢) as

1 nE0,0; nEO,lg T}EO,2§ nEO,Sg
1,0 1,1 1,2 1,3
A9 = 5 | 1ol0) n2n) nz2) n23) | (194)
n(3,0) n(3,1) n(3,2) n(3,3)
(d).

number of pixel pairs at a relative position of (d,¢) which have a gray level pair (I3, )
respectively and R is the total number of pixel pairs in that orientation in the given image.
Lets consider in some detail how to compute the expression R, the number of pairs of pixels
we have to consider, in the co-occurrence matrix above for some common orientations. Lets
first consider the case where d = 1 and ¢ = 0. Then anchored at each pixel of the image we
will try to look left and right (since ¢ = 0) by one (since d = 1) and consider the resulting
image values (1, I5). For simplicity assume our input image has four rows/columns. Now
at the position (0,0) (upper left corner) we can only look right (otherwise we are looking off
the image) which gives one pixel pair. If we are at the pixel (0, 1) we can look left and right
for two pairs of pixels. At the pixel located at (0,2) we can look left and right giving two
pixel pairs, and finally at the pixel (0,3) we can look only left giving one pixel pair. In total
this is
1+42+241=6,

left /right pairs per row. Since we have four rows we have R = 6 - 4 = 24 possible pairs. In
general for an image of dimension M x N with M rows and N columns we have

1+2(N—2)+1=2(N—-2)+2=2N—2,
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pixel pairs in each row, so
Rd=1,=0)= M(2N —2).

If =90 (again with d = 1) we have 1 +2(M —2) +1 = 2M — 2 pixel pairs in each column
so with N columns we have

R(d=1,6=90) = N2M —2),

pixel pairs to consider. If ¢ = 45 the first row has no pixel pairs in the northeast direction
or of the form (I(m,n),I(m — d,n + d)) since we would be looking off the image, but has
N — 1 pairs in the southwest direction of the form (I(m,n), I(m + d,n — d)). All rows but
the last have 2(N — 2) + 2 = 2N — 2 pixel pairs to consider. The last row has N — 1 pixel
pairs of the form (I(m,n),I(m —d,n+d)) and none like (I(m,n), I(m-+d,n—d)). Thus in
total we have

Rd=1,6=45)=2(N — 1)+ (M — 2)(2N —2) = 2(N — 1)(M — 1).

The pair count for R(d = 1, ¢ = 135) should equal that of R(d = 1, ¢ = 45) but with NV and
M exchanged,
R(d=1,¢=135) = 2(M — 1)(N — 1).

In practice, a very simple algorithm for computing the co-occurrence matrix for given values
of d and ¢ is to start with n(/;,I3) = 0 and then walk the image over all pixels looking at
the image values ([, I5) of the two pixels specified by the (d,¢) inputs and incrementing
the corresponding 7n(Iy, Is). The value of A can then be obtained after the fact by summing
all the elements of the n array. In the MATLAB function co_occurrence.m using this very
simple algorithm we compute the co-occurrence matrix for an input (d, ¢). For the sample
input image

00 2 2

1 1 00
I= 3 2 3 31|’

3 2 2 2

for (d, ¢) = (1,0) this routine gives
4 1 10
1 1 2 00
A(l’o)_ﬂ 106 3|

00 3 2

the same as in the book. In the MATLAB script dup_co_occurrence_example.m we duplicate
all of the co-occurrence matrices from this section.

Notes on second-order statistics features

We implemented several of the summary second-order statistics discussed in this section as
MATLAB functions. In particular we implemented
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The Angular second moment in ASM.m.

The Contrast measure in CON.m.

The Inverse difference moment measure in IDF.m.

The Entropy measure in entropy.m.

In general, these routines can take additional input argument parameters d and ¢ that specify
the displacement and angular offset that are used in computing the given co-occurrence
matrix one uses in the feature definition. If these additional arguments are not given then
the functions above compute all four possible co-occurrence matrices, the corresponding
feature from each, and then return the average of the four feature measurements.

Notes on gray level run lengths

For these run length features we pick a direction ¢ as before, then the matrix Qg (¢) has its
(4, j)th element given by the number of time that the gray level i for¢ = 0,1, - - - N,—1 appears
with a run length j = 1,2, - - N, in the direction ¢. Thus Qg is a matrix of dimension N, x
N,.. We implemented the computation of the gray level run length matrix @)y in the MAT-
LAB function Q_RL.m. Using that in the MATLAB function dup_run_length_example.m we
duplicated the examples computing Qr(0) and Qg (45). We then implemented a number
of derivative features based on Qg (¢) such as

The short run emphasis in SRE.m.

The long run emphasis measure in LRE.m.

The gray level nonuniformity measure in GLNU.m.

The run length nonuniformity measure in RLN.m.

The run percentage measure in RP.m.

The above computations are function of the angle ¢. As in the second order statistics above,
to make these features rotation invariant we compute them for each of the four possible
¢ € {0,45,90, 135} values, and then return the average of these four feature measurements.

Notes on local linear transformations

Given the three basis vectors: b; = [ 1 2 1 }, for a local average, by = [ -1 0 1 ] for
local edge detection, and b3 = [ -1 2 -1 } for local spot detection then the N? local
filters are given by all possible outer products or

biby ,biby ,bibs  bobl  bobl byl bsbi  bsbs  bsbh .
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«> <)

Figure 17: Duplicate “petasti” figures used to extract Hu invariant moments from.

For example

1 121
bibp=|2|[121]=|24 2
1 121

1 -101

bibp=|2|[-10 -1]=|-20 2

1 -101

All outer products are computed in the MATLAB script gen_local linear transformations.m,
which duplicate the 9 matrices presented in the text.

Notes on geometric moments

In this section I attempted to duplicate the results in the book on using the Hu moments for
image features extraction. I first got a set of images of the “petasti” symbol, see Figure 17.
Then in the MATLAB code dup_Hu moments.m we load in gif versions of these images and
call the function Hu moments.m. I scaled each image to the z and y ranges [—1, +1] before
computing the moments. The dynamic ranges of the higher center moments is significantly
smaller that the earlier ones (and some seem to vanish to zero), thus to compare the extracted
moments from each images we extract and plot the logarithm of the absolute value of the
direct moments this is suggested in [4]. This gives the following

phi_1 phi_2 phi_3 phi_4 phi_5 phi_6 phi_7
image a: -14.6794 -43.7024 -59.5204 -55.4081 -115.3626 -80.8707 -112.8758
image b: -15.3285 -43.7243 -60.1944 -56.1308 -118.0532 -80.5011 -114.2937
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image c: -14.6794 -43.7024 -59.5204 -55.4081 -115.3626 -80.8707 -112.8758
image d: -14.6794 -43.7024 -59.5204 -55.4081 -115.3626 -80.8707 -112.8758
image e: -14.6794 -43.7024 -59.5204 -55.4081 -115.3626 -80.8707 -112.8758
image f: -17.0347 -36.9026 -57.2860 -56.1632 -113.1657 -74.8205 -113.3142

In general these numbers look very similar for each of the images. I was, however, unable
to duplicate the exact numerical results for the value of ¢; from the book. If anyone sees
anything wrong with what I have done or a way that I can better match the books results
please let me know.

Notes on Zernike moments

The indices for the Zernike moments require that p = 0,1,2,--- and |¢| < p with p — |¢|
even. This means that we have the following valid combinations (for a few value of p only)

e p=0soq=0only.

e p=1soq=1only

p=2s0q¢€{-2,0+2}.

p=3soqe€{-3,—-1,+1,+3}.

p=4soqe{—4,-20,+2,+4}.

p=5s0q€{-5-3—-1,+1,+3,+5}.

The pattern at this point seems clear.

Notes on Fourier features

Consider the complex boundary wuy, with the origin shifted by the index kg or the signal uy_g,.
Then this shifted boundary has Fourier features given by

N—-1—ko N—1—kgo

- 27 _ 27 27 - 2T
§ Ujo— € Nk § uge I Uk+ko) e —j 57 tko E uge —JiN lk

k=—ko k=—ko

. . o . 2
This last sum is e/~ £, since both u; and e 7~

N. Thus we have shown

are periodic in the index k with a period

fi = e IR f (195)

Note that a shift of origin does not change the magnitude of the Fourier coefficients.
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The book then presents an argument as to why the normalized Fourier coefficients are the
index location invariant. We present a somewhat different version of that argument here.
Since the Fourier coefficients change depending on the k origin (see Equation 195 above)
we would like to define Fourier features that are independent of this choice in origin. One
way to do that is the following. One simply computes the Fourier features directly using the
definition

N-1
A=Y weFE (196)
k=0

ignoring any issue of k origin. Then we explicitly write the first Fourier complex number f;
in polar form as f; = |file™7?* (note the negative sign in the angle). With this definition
of ¢ as the polar angle for the first Fourier feature we define the normalized Fourier
coefficients fl as

fi = frexp(jlgn) (197)

that is we multiply each of the previously computed Fourier coefficient by a power of the
complex phase of f;. We claim that these normalized Fourier coefficients are invariant to
the choice of the sampling origin in k. To show this imagine that we had selected a different
origin (say ko) to evaluate uy at. Then from Equation 195 the first Fourier feature would be
transformed to f] given by the product of the old value f; times a phase shift or

fi= fre PR = \J01|€_jd)16_]‘27r%0 = \f1|€_j(¢1+27r%)) :

Thus the angular phase we would extract as the polar angle from f{ is given by

k.
Qsllngl—l—Qﬂ'No

The normalized Fourier coefficients we compute for this shifted & origin path w) using Equa-
tion 197 again

fi = flexp(jld).

Again using Equation 195 to evaluate f] and replacing ¢} by what we found above we get

= e e (Jitor +22)) = hesplton = i

showing that the normalized Fourier coefficients are indeed invariant with respect to where
we start sampling uy in k.

Problem Solutions
Problem 7.1 (the ASM and the CON features)

This problem is worked in the MATLAB script prob_7_1.m.
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Figure 18: Left: A plot of the books “imagel.png”. Right: A plot of the books “im-
age3.png”.

Problem 7.2 (the run-length matrices)

This problem is worked in the MATLAB script prob_7_2.m.

Problem 7.3 (image contrast)

Consider the image

—_ O =
—_ O =

I =

— O = O
— O = O

0

Then notice that this image alternates between 0 and 1 when we look along the ¢ = 0
direction but has the same value when we look along the ¢ = 45 direction. Our routines give
CON(I,1,0) = 1 while CON(I,1,45) = 0. This problem is worked in the MATLAB script

prob_7_3.m.

[en}

Problem 7.4 (feature extraction on various test images)

For this problem we use the MATLAB command imread to load in two test images from
the book. The imread command creates a “matrix” with quantized gray levels that can
be processed by the routines developed on Page 120. The two test images selected (and
converted to postscript for display in this document) are shown in Figure 18. This problem
is worked in the MATLAB script prob_7_4.m. When that script is run we get the outputs
given in Table 1.
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Feature | Image #1 | Image #3
ASM 0.0023 1.6910~%
CON 25.6573 725.08
IDF 0.332 0.04
H,, 9.6371 12.86
SRE 0.8878 0.9890
LRE 2.1792 1.0452
GLNU | 269.6925 | 176.5214
RLN 1.005110* | 1.5680 10*

Table 1: Extracted features for the two images shown in Figure 18. Note that the Image #1
has larger values for the ASM, IDF, LRE features while Image #3 has larger values for the
CON, H,,, and SRE features. From the discussion in the book this means that Image #1
is smoother, has less contrast, and more long runs, while Image #3 has more contrast, has
more disorder, and has more short runs. All of these properties can be heuristically verified
as true by looking at the two images given in Figure 18.

Problem 7.5 (a constrained minimization problem)

This is a constrained optimization problem so to solve it we will use the method of Lagrange
multipliers. Technically this procedure is for finding unbounded optimal. Since in addition
to the summation constraint Zf\il P, = 1 we have the constraints 0 < P, < 1 we need to
make sure that the solution to the unconstrained problem also satisfies these constraints. To
use this method we first form the Lagrangian

N N
L((P1, Py Py)iA) =) PP =\ (ZB —~ 1) :
=1 =1

and then look for stationary points with respect to P = (P, Py, -+, Py) and A\. We have
oL
= 2P, — \ = 1
o 0=2P,—\A=0 (198)
oL al
a—Oé—E P+1=0. (199)

i=1

From Equation 198 we have P; = %,

which when we put these into Equation 199 we get
A
——N+1=0.
5 +
Thus A\ = % When we put this back into Equation 198 we have
Pi =35 x>
2 N

as we were to show. Note that these solutions also satisfy 0 < P; < 1 as required.
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Problem 7.6 (moments translational and scaling invariance)

We will consider the translated image I’ defined by I'(z,y) = I(z — a,y — b). Then

oo = / / I'(x,y)dzdy = / / I(x — a,y — b)dxdy = / / I(u,v)dudv = pig

when we make the substitution u = x —a and v = y — b. The same expression holds for mgg.
That is m{, = moo = oo = poy- Now for m), we have

ml, = / / zl(z —a,y — b)dxdy = / / (u~+ a)l(u,v)dudv = miy + amqg .

In the same way we find
mg; = mo1 + bmgo -

Thus the new means ' and 3 are given by

_ m mio
$/ 10 _

= S _——i—a—j‘i_a
Moo Moo
/
g/:mm me—i—b:y—i—b
; — .
Moo Moo

We find for i,

8
8

Ipq x—2)(y —9)'I'(z,y)dvdy

88
88

[
/ / a)’(y —y—b)(x —a,y — b)dxdy
= /_OO /_Oo(u —2)P(v — ) (u,v)dudv = pu, .

Showing that the central moments are invariant to translations. From all of this we also see
that ,
nz/Jq - /J;pq - M—:(]
(Ho0)” o
showing that the normalized central moments are invariant to translations as we were to
show.

)

Now consider a scaled image I’ defined as I'(x,y) = I(ax, ay). Then

100 :/ / I'(w,y)dvdy :/ / I{az, ay)drdy = E/ / I(u,v)dudv = 2H00,

when we make the substitution u = ax and v = ay. This also equals m(, and mg. Now for
mj, we have

mi, = / / zl(ax, ay)dedy = —3/ / ul (u,v)dudv = —myq .
—00 J —00 « —00 J =00 @
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In the same way we have
1

/
my — —Mo1 -
0L o3

Thus the new means z’ and 3’ are given by

!/
_/_mlo_ 1m10_ ]__
r'=—F=———=-1I
/
= _ Moy :l—
!/
Moo (0%

Using these we find for y,

o= [ [ .ot~ 2ty - 7ydrdy

o] o] 1 p 1 q
:/ / I(az, ay) (:L’——:E) (y——y) dxdy .
oo -0 o o
Let u = ax and v = ay to get
2 Li)”(ﬁj)qd_u@
,upq—/_m/_ool(u,v)<a a/ \a o/ a «
1 0o 0o . . 1
= W ) ](U,’U)(U—IL’) (’U—y) dudv = Wﬂpq.

Thus the central moments y,, are not invariant to scaling but if we consider the normalized
central moments 7, we see that

/ 2y
i = Hpg @ Hpq
Pqa " (, o +q+2 ,,7

(o)™ aPtat2 g,

Now from the definition of v we have 2y = p + ¢ + 2 thus 7, = 1, as we were to show.

Problem 7.8 (rotational invariants)

If our image is rotated by and angle 6, then when we express the image in terms of polar
coordinates we have that the new image I'(p, ) is given in terms of the old image I(p, #) by

I'(p,0) =1(p,0—0).
Then the Zernike moments of the rotated image are given by

, _p+tl / .
=T [ 1)V o 0)pdpt
x249y2<1

p+1
™

/ / I(p,0 — 60)V"(p,0)pdpd? .
x249y2<1

In this integral let ¢ = 6 — 0, so that d¢ = df and we get

/ _p+1
qu_

/ / L0V (5.0 + b0
x2442<

™
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Since

Vi .6+ 80) = By p)e 1M V2 (5, g)eith.

the above expression for A} becomes

/ P+ 1 . B B}
Ao = (—// L(p; 0)V"(p, cb)pdpdqb) =it = A eI
T 22 4+y?<1

In deriving this result we have needed the fact that both I(p, ¢) and V,; (p, ¢) are periodic
in ¢ with period 27.

Problem 7.9 (computing the moments of Hu)

See the notes on Page 122 for a discussion on this.

Problem 7.10 (computing the Zernike moments)

See the MATLAB script dup_Zernike_moments.m which uses the functions Zernike moments.m
and Zernike_polynomial.m to compute the Zernike moments for several values of p and ¢
for the petasti images. When that code is run (after some time) we find the absolute values
of the A1, Ay 9, Az and A moments given by

A B C D E F
A_{1,1} 0.0016 0.0056 0.0016 0.0016 0.0016 0.3993
A_{2,-1} 0.0008 0.0029 0.0008 0.0008 0.0008 0.3204
A_{2,0%} 0.0098 0.0351 0.0098 0.0098 0.0098 2.9708
A_{2,2} 0.0008 0.0029 0.0008 0.0008 0.0008 0.3204

all multiplied by 10°. From these numbers we can see the invariance of the Zernike moments
with rotation.

Problem 7.11 (the variance of the error or o)

We can compute the desired variance O’% as the expectation of

(I(m,n)—Za(k,Z)I(m—k,n—1)> =I(m,n)* = 2I(m,n) > _a(k,))I(m — k,n —1)

k.l

)

+ Y alky, W)alke, ) (m = ky,n — 1)I(m = ky,n — 1)
k1,01 k2,12
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Taking the expectation of the right-hand-side of the above expression gives

o7 =r(0,0) =2 a(k,Dr(k, 1)+ > > alk, l)alky, L)r(ky — kil — 1) (200)

k1,01 ka2,l2

The equation used to solve for a(k,!) requires that

> alky L)r(ky — ki lo — 1) = > vk — ko, Iy — Ip) = r(ki, 1) | (201)

kz ,l2 k2 7l2

Using this expression in the (kg,ly) summation in Equation 200 gives

o7 =7(0,0) = 2> a(k,Or(k, 1) + > a(ky, h)r(ky, 1)

k1,01

=1(0,0) = > alk, l)r(k, 1),

k.l

as we were to show.

Problem 7.13 (a rotation on uy)

To compute the new point (2’,y’) when a point (z,y) is rotated counterclockwise by an angle

0 we compute
2 | | cos(f) —sin(0) x
y | | sin(d) cos(6) y |
Thus the new complex point on the boundary ), is given by
uy, = 2} + jy = (cos(8)xy, — sin(0)yx) + j(sin(0)xy + cos(0)yx) (202)
= (cos(0) + jsin(0))xy, + (—sin(f) + j cos(0))yx
= %21 + j(cos(A) + jsin(6))yx
= % (x, + jyr) = €uy,

as we were to show.

Problem 7.14 (computing the Fourier series coefficients a,, b,, ¢, and d,)

This problem is discussed motivated in more detail in the reference [7]. For the given Fourier
expansions of z(t) we can compute the coefficients ag, a,, and b, by integration



The same type of expressions hold for the coefficients in the Fourier expansion of y(t). Since
we assume that z(t) is piecewise linear it might be easier to consider the ¢ derivative of x(t)
We can express 4(t) in a different Fourier series as

—ia cos 2nmt + B, sin 2t
_nzl " T " T )

The Fourier coefficients «a,, and (5, of &(t) are given by the same type of expression used to
compute a, and b,. Namely for «,, we have

2 (T 2nt
an:T/O x(t) cos (%) dt .

But since the the boundary curve in 4(¢) is constant over the range of times t; 1 <t < t; we
can evaluate this integral by summing several smaller integrals over these segments as

Z/ ) cos <2nTﬂ) dt .

Now on the range t;_; < t < t; we can introduce Ax; = x; — r;_1 and At; = t; — t;_1 and

then take = ~ if?, which is independent of ¢ and the above integral becomes

A{L’Z 2nt Az, (T . [ 2nmt\|"
o / (B) - _;Ati (55 (57

ti—1

_ Z ifl (sin (¢) — sin(¢i—1)) ,

where we have defined ¢; = %Tm The coefficient (3, is defined in the same way and is given
by

B = = 3" 25 (cos (6,) — cos(di1))

Given the original Fourier expansion of z(t) we can compute the time derivative explicitly

where we get
27T 2nmt 2nmt
x(t) = % 321 nb,, cos <%) — na, sin (%) :

Equating the coefficients of cos (%) and sin (Q"T”t) with the definitions of «,, and 3, we get

2w 1 o= Az; .

?nb =Qp = —— - At (sin (¢;) — sin(¢i-1))

27 Axl

— e = B = %Z (cos (¢;) — cos(¢i-1)) -
Thus solving for a,, and b, we get
In =5 52 2 AL (cos (¢:) — cos(di-1))
T <~ Azx;

bn =

27‘(‘272,2 At ( sin (¢z) - Sin(¢i_1)) .
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Expressions for ¢, and d,, for n > 1 can be obtained in the same way but working with the
function y(t).

Problem 7.15 (invariants of the Fourier coefficients a,, b,, ¢,, and d,)

If we consider a rotation of the parametrically described curve z(t) then the transformed
curve 2/(t) = z(t)e’? and the real and imaginary components of 2/(t) are given in terms of
the real and imaginary components of z(t) by

2 = cos(f)x; — sin(0)y;

y; = sin(f)x; + cos(0)y; .

See Equation 202. Therefore the discrete changes in 2’ and 3’ are given by

Azl = cos(f)Ax; — sin(f) Ay;
Ay = sin() Ax; + cos()Ay; .
From the forms of a,,, b,, ¢, and d,, and how the depend on Ax; and Ay; given in Problem 7.14
we have that the Fourier coefficients a,, transforms as
oy - T AT
92?2 — At;

(cos (¢;) — cos(¢pi—1))

271'271,2 1 Atl

1=

= cos(6)a, — sin(0) < (cos(os) — COS(¢¢—1))>

= cos(0)a,, — sin(f)c, .
In the same way we find that b,, ¢,, and d,, transform as follows

b, = cos(0)b, — sin(6)d,,

¢, =sin(f)a, + cos(f)c,

d,, = sin(6)b,, + cos(0)d,, .
Using these expressions we can evaluate I,,, J,, and K, in the rotated frame. Using the
MATHEMATICA file chap_7_prob_15.nb we simplify each expression using the above re-

lationships for a,, b/, etc and show that they equal the original definitions in the original
frame.

Problem 7.16 (more Fourier invariants)

If our original boundary is given in parametric form as z(t) = z(t) + jy(t) then a rotation
counter-clockwise by the angle § produces the boundary 2/(¢) given by 2/(t) = 2(¢)e’’. This
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causes the complex Fourier coefficients a,, to transform as a/, = a,e’’. Then the suggested
features b,, and d,,,,, transform as

/ / 256
yo— Qin@on _ 014n01-n€ a1y

= = = = b
n 2 2,250 2 n
ay aje” aj
/ n_ 1 m n m ,j(n+m)o
d = Aym A A14m Q1 6]( : —d
mn a/lm-l-n - alm—i-nej(n—i-m)e T mn

showing the invariance. Multiplying our boundary by a scalar say « produces the new curve
2'(t) = az(t) which gives new Fourier coefficients of a/, = aa,. The proof above again shows
scale invariance.

Problem 7.18 (derivation of the orientation angle )

Expand the quadratic in the expression given for 1(#) to get

1(6) = Z [(i — %)% cos(8)? — 2(i — Z)(j — §) sin(0) cos() + (j — §)? sin(0)?]

= J190 cos(6)? — 2p11 sin(6) cos(6) + p sin(6)?.
The derivative of this expression with respect to 6 is given by

I'(0) = 2490 cos(0) sin(6) — 2pu17 cos(8)* + 2411 sin(0)* + 2pugo sin(8) cos(6)
= 2102 — fta0) cos(0) sin(6) — 24111 (cos(0)? — sin(6)?)
= (,u02 — ,ug()) sm(%’) — 2,U11 COS(Q@) .

When we set this equal to zero and then solve for 6 we get

2 Ho2 — H20

For some reason the above representation of ¢ has the expression jgs — 2o rather than the
desired pog — g2 (i-e. there is a negative sign difference) if any one sees an error in what I
have done above please contact me.
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Template Matching

Problem Solutions
Problem 8.1 (the edit distance)

The MATLAB function edit_distance.m computes the edit distance between two words.
The call edit_distance(’poem’,’poten’) gives the “distance matrix” (which represents
the optimal path one would take)

NNV S I @]
W N~ O -
N O = N
N~ = N W
N = N WD
N N Wb O,

The value of the corner element (here the value in the 5th row and 6th column) is the edit
distance. From the above we see that it is 2 representing the deletion of the character “t”
and the change of the “n” to an “m”.

Problem 8.2 (slopes of the Sakoe-Chiba constraints)

In the Sakoe-Chiba constraints part a we can take the transition from (i — 1,7) to (4,)
giving a slope of
i—(i—1)
J=J
In the Sakoe-Chiba constraints part b we can take the transition from (i — 2,5 — 1) to (4, j)
giving a slope of

=00.

i—(i—2)

j—0-1
In the Sakoe-Chiba constraints part ¢ we can take the transition from (i — 3,7 — 1) to (4, )
giving a slope of

=2.

i— (i —3)

j—0-1
In the Sakoe-Chiba constraints part d we can take the transition from (i — 3,5 — 2) to (4, j)
giving a slope of

=3.
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Problem 8.4 (a measure of image similarity)

The expression given represents the cross-correlation coefficient between the seven Hu mo-
ments of the test and the reference image. Since the Hu moments have great number of
invariants this measure of similarity might be more robust than using a direct correlation
metric.

Problem 8.5 (the Mellin transform)

Consider the scaled function f” defined by f'(z,y) = f(ax,ay), where a > 0 is a real
constant. Then the Mellin transform for this function is given by

M'(u,v):/ flaz, ay)z™ "1y~ tdaxdy .

Let 2’ = ax and ¢y = ay in the above to get

—Jju—1 N\ —Jv—1 ’og
dx’ d
M’(u’v)://fx y ( ) (y_) _SL’_y
a o
- o~ Ju— 10& Ju— 1042 //-f , T 1y, T 1d95/dy
= 7M( 7 )

a It Iv

since a, and u, v are a real numbers we have |a™7%| = 1 and |a™7°| = 1 showing that the
magnitude of the Mellin transform is invariant to scaling.

Problem 8.6 (computational resources for correlation based matching)

In the motion compensation step we assume we have the original frame taken at the “time”
t and of size I x J that we break up into subblocks of a smaller size say M x N. The camera
or visual recording device then records another frame at the time ¢ + 1 of the same size
M x N. To develop a mapping of the frame at time ¢ to the new frame at time t 4+ 1 each
of the smaller M x N subblocks in the first frame must be searched for in the second frame.

Since there are on order of 17

MN'’
smaller subblocks in the larger I x J frame we have to do this many searches for optimal
cross-correlation points. For the numbers given in this problem M = N = 16, [ = 720,
J =480, and f = 30 frames per second this number becomes 1350.

In the case where we are doing the full cross-correlation computation on every pixel (m,n)
in the test image we must compute

m+M—-1n+N-1

Z Z yr(i —m,j—n), (203)
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at each of the (2p + 1)? pixels in the test image. Each of the sums above requires O(MN)
multiplications and additions giving a total computational cost of

(2p+1)°NM.
for the “full search” technique. Thus the computational resources for the full search technique

1S
IJ
— 2+ 1)’MNf=1J2p+1)>2f =9.9610°
MN(p+) f 2p+1)°f ,

flops per second.

If we consider a two-dimensional logarithmic search we start with a test box of dimen-
sion [—p, +p] X [=p, +p] and in this box compute the cross-correlation at 8 points (and the
center) spaced at a distance of £ around this center. This means that we compute the
cross-correlation at the points

00.(33) (59 G2) 075) (5 -2) (50) . (55) . (03)

From the cross-correlation computed at these points we find the point with the largest cross-
correlation. We now impose a box of size [—Z, 2] x [—Z, 2] on the maximal point and search
the 8 points on the perimeter of a box with edge spaced % from this new center. We will
specify a new center to search about & = [log,(p)| times. Each new center requires 8 cross-
correlation searches thus including the cross-correlation taken at the first center we have
8k 4 1 cross-correlations. Since each of these cross-correlations takes M N calculations the

total operations required using this method is

IJ
—— 8k +1)YMNf =1J(8 +1)f = 0.34210°
MN(8+) f J8k+1)f =0.342 107,

flops per second.

The linear variant of the two-dimensional logarithmic search searches the top and bottom
locations but not the diagonal locations searched in the full two-dimensional search. We
search (0,%) and (0, —g) for the vertical search and (—g,()) and (g,()) for the horizontal
search. This gives four cross-correlation calculations for every central point and again we
have k = [log,(p)] total computations. Since each of these cross-correlations takes M N

calculations the total operations required using this method is

IJ
— (4k+1)MNf=1 1)f =0.176 10°
o (4 + DMN [ = 1J(8k +1)f = 0.17610°,

flops per second.
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Context-Dependent Classification

Notes on the text
Notes on Channel Equalization

The total number of clusters will be equal to the number of possible vectors of the form
Xp = [ Tp Tpo1 Theo v Tpoiwr Twoigr |

where there are [ samples of the noisy x,. The last samples is xx_;1 and from the model of
the noisy transmission channel is given in terms of the binary inputs I as

= f(Lg, D=1, -+ D—nt2, Ti—nt1)

will need a total of n samples in the past of I to determine the value of x;_;,;. Thus to
know the value of x;, defined above we need

I Doy s I+ s I s Do s Ity - T—i—nt3 , To—1—nt2

ork—(k—Il—n+2)+1=1[1+n—1samples of I} starting from [} and working backwards to
Iji—i—pto. If the value of I, are binary valued then we have a total of 2/7"~! distinct inputs
to produce 2/+"~! distinct vectors x (this ignores the value of the noise term 7, which would
only spread the samples x;, about the cluster centers).

From this discussion we can construct Table 9.1 by forming all possible sequences of three
bit patterns for the inputs /5 that we would need to know to determine the lagged vector xj
having two elements i.e. x. = [ Tk Th_1 } That is we can have (I, Iy_1, Iy_2) be (0,0,0),
(0,0,1), (0,1,0), (1,0,0) etc. and the observed outputs of z; and x;_; are computed from
the model (ignoring noise)

T = 0~5Ik + Ik—l .

Notes on Hidden Markov Models

From the initial definition of «(i;41) we can express it as

(k1) = (1, - -, Thp1, 1h11|S) (204)
=" alip) P(ige|in)p(zrsalin) . (205)
i

by using the rule of total probability when we sum over all ways in which we can get into
the state ix,1 from states i, € {1,2,---, M}.
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Problem Solutions
Problem 9.2 (self-transition probabilities)

To be in state i for d successful strategies means that we take d — 1 transitions that result
in no movement of our underlying state. That is d — 1 times we stay put (this happens with
probability P(i|i)) and on the dth transition we move somewhere else (which happens with
probability 1 — P(i]7)). Thus the probability we stay in state ¢ for d successive stages is

P(ili)*71 (1 = P(ili)) .

Note that this expression works for d = 1 since the start state is . This is called a geometric
distribution [10] and has an expected number of transitions needed to leave the state i given

by
1

1— P(i[i)

If P(i|i) ~ 1 then d can be very large resulting in many self transitions.
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Chapter 10 (System Evaluation)

Notes on the text

Notes on the error counting approach

When, for a given classifier, our empirical error rate for the ith class 1 < i < M is given

by the frequency count P, = % With this, an estimate for the total error rate P of this

N;
classifier is given by
M
=> P(w)P,
i=1

Since the random variables k; (the number of misclassifications in class i) is a binomial
random variable with parameters (FP;, V;) we have that the variance in k; given by the
standard formula

ol = N;P(1-P). (206)

Here P; is the true error rate in the ith class. We can estimate the variance in our estimate
of the total error probability P by assuming that the k; random variables are independent.
We then have that

0?5 Z P( ak = ZP I Pi) , (207)

=1

when we put in Equation 206. Warning: I'm not sure I follow the argument that the k;
random variables are independent. I would assume that the error made in classifying class
7 would influence whether or not one made an error in class j for j # i, even if the feature
vectors x are independent. If anyone has a better argument or explanation please contact
me.
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Problem Solutions
Problem 10.1 (the expectation and variance of a binomial RV)

For a binomial random variable (RV) with probability of success p and defining ¢ = 1 — p
we find its expectation given by FE(X)

E(K) = ék‘ < ],j )p'“qN"“
ppyam.

w

eT.
3_

Mz

,p " ),p "

k—1)(n—k

_ = (n—1)! k—1_(n—1)—(k—1
- ”;@_1)!(@_1)_@_1))!1’ e

N
n—1 1 (1) (ke

1

. n—1
- k_(n—1)—k
( )

=np.

=z >
o

I
3
=

k

=l
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Next we need to evaluate E(K?). We find

al N
k=0

N
_ Z L n(n —1)! pk—1+1q(n—1)—(k—1)
(k—1Dl(n—k)!
k=1

N
n—1 1 (1) (k—
= ”pz(k—lJrl)(k_l)pk Lgn=D=(k=D)
k=1

N N
_ B n—=1\ k1 (m-1)—(k-1) n—=1\ k1 (m-1)—(k-1)
= npy (k 1)<k_1)p q +np o1 )P
k=1 k=1
N N-1
_ . Z(k _1) n—=1Y\ 51 t—1)—(k—1) i Z n—1Y\ 5 (n-1)—k
= np E—1 b q np k b q
k=2 k=0
N
_ (n —1)(n —2)! k—2+1 (n—2)—(k—2)
- ”p;(k—z)!((n—n—(k—m!p 1 Ty

N
n—2 —9 (n—2)—(k—
= n(n—l)p22<k_2)pk 22702 4

N2 rn—2
= n(n—1)p* ( . ) " F np
k=0

Thus the variance of a binomial random variable is given by combining these two results as

Var(K) = E(K?) - E(K)?=n(n—1)p* +np — n’p”
= np(l —p)=npq. (208)
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Clustering: Basic Concepts

Notes on the text
Notes on similarity measures for real-valued vectors

The Tanimoto measure/distance is given by

zTy
) = e P = Ty 20
Since (x — y)T(z —y) = ||z]]* + ||y||* — 22Ty we have that sz(z,y) becomes
s B xTy B 1
L P L B i = =g
If ||z|| = ||y|| = a, then we have
Ty 1

ST(.CC’y) = 2a2_xTy = _1+2xaT2y .

Problem Solutions

Problem 11.1

If s is a similarity measure on X with s(x,y) > 0 for all z,y € X by defining d(x,y) = e}

with a > 0 we claim that d(z,y) is a dissimilarity measure. To be a dissimilarity measure
we need to satisfy several things. Note that since s(x,y) is a positive similarity measure we
have that 0 < s(z,y) < sg and thus
a _ _a
so — s(z,y)

< +00.

Thus d(z,y) is bounded as ;= < d(z,y) < +oo. Next for notational simplification lets define
dy = . Note that d(x,z) is given by

a a

d = =—=d.
(z,2) s(x,z)  sg "
Next the arguments of d are symmetric in that
a a
d(z,y) = = =d(y,z).

s(v,y)  s(y,)
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Thus we have shown that d is a dissimilarity measure (DM) on X. If we have d(z,y) = dy
then this implies that s(x,y) = s¢ which happens if and only if = y, since s(x,y) is a
metric similarity measure. Finally, by the property of s(z,y) we have

s(z,y)s(y, 2) < [s(x,y) + sy, 2)]s(x, 2) Vo,yeX. (210)
We can write this in terms of d(z,y) as

a a [ ¢« . _a } a
d(z,y) d(y,z) ~ [d(z,y)  d(y,2)] d(z,2)
As d(z,y) > 0 this equals

d(z,z) < d(y,z) +d(z,y),

or the final condition for a metric dissimilarity measure.

Problem 11.2

Note that if we take p = 2 in the Minkowski inequality we have
|z +yll2 < [zfl2 + [yl]2- (211)

To make this match the normal definition of the triangle inequality lets introduce three new
vectors a, b, and ¢ such that

r+y = a—c
r = a-—>.

These two equations require that y is given by
y=a—c—xr=a—c—a+b=b—c.
Then using Equation 211 we get
lla —cll2 < [[a = bll2 +[|b — ]2,

or

d(a,c) < d(a,b) +d(b,c),

which is the triangle inequality.

Problem 11.4

Consider dy(x,y) = f(d(x,y)) where d(z,y) is a metric dissimilarity measure. Then
dQ(ZL',[L’) = f(d(l’,l’)) = f(dO) Vz € X>

and
do(z,y) = f(d(x,y)) = f(d(y,v)) = da(y,z) Va,y € X.
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If we have dy(x,y) = f(do) or f(d(x,y)) = f(dp) then since f is monotonic we can invert
the above equation to get d(x,y) = do. From the properties of d we know that this happens
if and only if x = y.

Next since f(+) is increasing and d(z, z) < d(z,y) + d(y, z) we have

fld(z, 2)) < f(d(x,y) +d(y, 2)) -

Using the stated properties of f this expression on the right is bounded above by

fld(z,y)) + f(d(y, 2)) = da(, y) + da(y, 2) -

These show that dy(x,y) is a dissimilarity metric.

Problem 11.5

For this problem we will look at the various properties that a dissimilarity metric must
satisfy and then show that d(x,y) = f(s(z,y)) satisfies them, when f is a function that
has the properties specified. To begin note that d(x,z) = f(s(z,x)) = f(so) for all z € X.
Lets define dy = f(so) for notational simplicity. As a second property of d note that d is
symmetric in its arguments since

d(z,y) = f(s(z,y)) = f(s(y,2)) = d(y,z) .

Now if d(z,y) = do = f(s¢) then since f is monotone and increasing we can invert this last
equation to get s(z,y) = so which imply that x = y. Next consider d(z,y) + d(y, z) which
from the assumed hypothesis is greater than

; _ s(z,y)s(y, z)
f(s(#+#z)> f<3(17,y)+s(y,z)> ’ (212)

zy) sy,

Since s(z,y) is a similarity metric it must satisfy Equation 210 so that

s(z,y)s(y, z)
s(z,y) + s(y, 2)

< s(x, 2).

Since f is monotonically increasing the right-hand-side of Equation 212 is less than f(s(zx, z)) =
d(x, z). Thus we have shown that d(x,y) + d(y, z) < d(z, z) so d is a dissimilarity metric.

Problem 11.6

For this problem we want to show that

doo(x,y) < d2($ay) < dl(x>y) ) (213)
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when all of the weights w; in their definitions are equal to one. This is equivalent to showing

l

1/2 .
maxi<i<i|i — yi| < (Z |z —yz‘|2> <D vl
=1

i=1

To show this later expression consider the first inequality. In that expression let i* be defined
as
it = argmaxlgiglm — i -

Then we have

. 1/2 ; 1/2
(lez yz\2> = <|xi*—yi*2+ > \xi—yilz)

i=1 i=Tsizki*

) | 1/2
<1+|.7. )3 |$i—yi|2> -

Tis — Y| i=Ljii*

—_= |xz* — Yi*

Since \:viiy\ Zizl,i#* x; — y;|* > 0 we see that the right-hand-side of the above equality is

greater than or equal to |x;« — y;»

, showing
dg(l‘, y) > doo(l', y) :

Next consider d2(z,y) = S, |z; — vi|? in comparison to d?(z,y). This later expression is
equal to

di(w,y) = <Z|w yz> lez y2|2+2ZZI:BZ villz; = ys1-

i=1 j=i+1

Note that the right-hand-side of the above is larger than the sum

l
Z |2 — ysl* = d5(2,y) .
i=1
Thus
d%(l’,y) 2 d%(![’,y) or dl(xay) Z d2($ay)>

showing the second half of the requested identity.

Problem 11.7

Part (a): That the maximum of s%.(z,y) is [*/9 can be seen since each term in its sum has
the property 0 < s(x;,y;) < 1 and so

l

l
2 sl < 1=
i=1
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Thus
sh(z,y) < 1M/ (214)

Question: How show that sp(z,y) > 111/4?
Part (b): If we let i* = argmax;s(z;, y;) then

s(zi, yi)

<1 for 1<i<I.
S(xi*7yi*)

Then writing s%.(x,y) as
! q 1/q
s(i, yi)
st(2,y) :S(SCi*,yz*)( Z (W) +1> :
i=13i7 i*) Yir
Since lim, o 29 = 0 if |z| < 1 we have
lim s%(2,y) = s(@, yix) = max s(z;, ;) -

q—00 1<4<]

Problem 11.8

Question: How to show for these similarity functions that

s(x,y)s(y, 2) < [s(x,y) + 5(y, 2)]s(x, 2)

for all z,y,2 € X.

Problem 11.9

A proximity measure is a general notation for either a dissimilarity measure or a similar-

ity measure. Consider the definition of sk, (z,C) which is the point-set average similarly

between the set C' and the point x given by
Eu(,C) = sy
avg ne

Since d2, (z, C') is equal to

avg

< 1
dSVg(z? C) = % Zd(l',y) ’

yeC

1
dmax = % Z dmax ’

yeC

and d,.x can be written as
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the difference between these two expressions gives

. 1 1
Qo — A% (2,C) = = > diax — o > d(x,y)

yel yeC

= 3 (e dla)

yeC

1 S
= Z s(7,y) = sh(r,C).

yeC

Problem 11.10

Recall that diamming (7, y) is equal to the number of places where the two vectors differ. Using
the contingency table A we can write

k—1 k-1
dHamming(za y) = E Q45 ,
1=1 j=0;j7#i

or the sum of the off-diagonal elements of the contingency table A. Recall that

dy(z,y) =

S (@i -y

1=1

Now if o,y € {0,1} then if #; = y; then (z; — y;)® = 0 (as always) while if x; # y; then
(x; —y;)* = 1. Thus the sum above Zézl(l’i —y;)? equals the number of elements that differ.
This is the same definition of the Hamming distance.

Problem 11.13

In general we can determine proximity functions between a point and a set from proximity
functions between two sets by converting one of the sets to a set with a single point {z}.
For example the “max” set-set similarity measure

Spax(Diy Dj) = max  s(x,y),

max v€D;eD;
would be converted to a point-set similarity function in the straight forward way as

Stnax (7, Dj) = max s(z, y) .
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Clustering Algorithms I:
Sequential Algorithms

Notes on the text
Notes on the number of possible clusterings

In this section of the text we would like to evaluate the numerical value of S(N,m) so that
we can determine if we need a clustering with m clusters from N points how many different
clusterings would we have to search over to find the optimal clustering given some clustering
criterion. We can compute S(N,m) in terms of smaller values of N and m in the following
way. Assume that we have N — 1 points and we will add another point to get a total of V.
We can add this additional point /N in two ways and end up with m clusters

e If we have m clusters of NV — 1 points we can add this new point as a member of any
of the m clusters to create m clusters of N points. This can be done in mS(N — 1, m)
ways.

e If we have m — 1 clusters of N — 1 points we can add this new point as a new singleton
cluster to create m clusters of N points. This can be done in S(N — 1, m — 1) ways.

Since each of these is exclusive we can enumerate the totality of S(N,m) ways to form m
clusters from NN points as

S(N,m)=mS(N —1,m)+S(N—-1,m—1).

We are told that the solution to this is given by the Stirling number of the second kind or
1 - m—1 m N
S(N,m) = mZO(—U ( . ) W
If m = 2 we can evaluate the above expression as

S(N,2) — %ZQ:(—D%Z'(?)W:%((;)ON— < 3)1N+2N)

= 2Nt 1,

or the books equation 12.3.

Notes on sequential clustering algorithms (BSAS) and (MBSAS)

In the MATLAB/Octave code BSAS .m and MBSAS .m we have implemented the basic and modi-
fied sequential algorithm schemes. To verify their correctness, in the script dup_figure 12 _1.m
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Figure 19: A duplicate of the books figure 12.1. Left: Running BSAS with ¢, the maximum
number of clusters, taken to be ¢ = 3 (or larger) Right: Running BSAS with ¢ = 2.

we duplicated data like that presented in the books figure 12.1. Next we provide Mat-
lab/Octave code that duplicates the books figure 12.2. The script dup_figure_ 12 _2.m gener-
ates a very simple two cluster data set and then calls the function estimateNumberOfClusters.m
which runs the BSAS algorithm many times each time with a randomly selected data order-
ing. When we run that script we obtain the two plots shown in Figure 20.

Notes on a two-threshold sequential scheme (TTSAS)

Next we provide Matlab/Octave code that duplicates the books figure 12.3. The script
dup_figure 12 3.m creates the data suggested in example 12.3 (a very simple two cluster
data set) and then calls the function MBSAS.m and the TTSAS.m. Where the Matlab/Octave
code in TTSAS.m is an implementation of the two-threshold sequential scheme described in
the book. When we run that script we obtain the two plots shown in Figure 21. Note
that I was not able to get the MBSAS algorithm to show the three class clustering claimed
in the book. Using the suggested value of © = 2.5 gave the plot shown in Figure 21 (left).
Increasing the threshold value for © to 3 however gave the same two clustering result that
TTSAS gave shown in Figure 21 (right).

Notes on refinement stages

On the web site that accompanies this text one can find the Matlab procedure merging.m
that implements the merging procedure discussed in in section of the text. To demonstrate
the usage of the merging.m routine, in the Matlab script merging example.m we consider
the same data from Example 12.3 and clustered using the routine MBSAS.m. The results
from running this clustering are presented in Figure 22 (left) there we see four clusters
have been found. We next run the merging.m code on the resulting clusters and obtain
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Figure 20: A duplicate of the books figure 12.2. Left: The initial data chosen to run the
estimateNumberOfClusters.m function on. Right: A plot of the most frequent (mode)
number of clusters found for each value of ©. This plot looks similar to the one presented
in the book. The long stretch of values of © where the mode is 2 indicates that 2 maybe a
good value for the number of clusters present.

Figure 21: Plots duplicating the books figure 12.3. Left: The cluster labels produced using
the MBSAS algorithm on the data set of example 12.3, and using the parameters given in the
book. Note that I was not able to exactly duplicate the cluster results given in the book.
Right: The result of apply the TTSAS algorithm on the data set of example 12.3.
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Figure 22: Plots to show the results from using the merging.m routine. Left: The cluster
labels produced using the MBSAS algorithm on the data set from example 12.3. Note that we
found four clusters. Right: The result of applying the merging algorithm on the resulting
data set. We have merged two of the original clusters leaving two larger clusters.

Figure 22 (right). Note that we need to use a larger value for M; = 2.85 than the value of
© = 1.5 that which we used in clustering with MBSAS.

Problem Solutions
Problem 12.1 (the number of binary divisions of N points)

In this problem we prove by induction that given a set with N points the number of binary
divisions (divisions into two non empty sets) is given by 2V~ — 1. See also page 157 where
some alternative derivations of this same result are given. To begin note that from exam-
ple 12.1 in the book that when N = 3 the number of binary divisions S(3,2) = 3 which also
equals the expression 2¥~! — 1 when N = 3. Thus we have shown the required base case for
an induction proof. Lets assume that

S(N,2)=2""1—-1 for N <Ny,

and consider the evaluation of S(N; +1,2). We can count the number of binary divisions of
a set with Ny + 1 points (and evaluate S(NV; + 1,2)) in the following way. First we can take
each of the pairs of sets formed from N; points (of which there are S(Vy,2) of them) and
introduce this Ny + 1-st point into either of the pairs. This would give 25(Ny, 2) sets with
Ni + 1 points. In addition, we can add this Nj-st point as a singleton set (a set with only
one element) to the set with all other N; points. This can be done in only one way. Thus
we have expressed S(N; + 1,2) as

S(Ny +1,2) = 25(Ny,2) + 1.
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Using the induction hypothesis we find
S(Ny+1,2) =202 1) +1=2"M 1,

as the number of binary divisions of a set with N7 + 1 points. As this satisfies our desired
expression for Ny + 1 points we have proven the requested expression is true.

Problem 12.2 (recursively updating the cluster mean vector)

Since the mean vector of an “old” cluster C¢' is defined as

1
ngld = E Z;,

we can represent the sum over all points in C9! cleanly as the product N Mold. If we merge

another cluster D with np points into C{M to make a new cluster such that Cp*¥ = C¢duU D
then the new mean vector over this merged cluster is given by

Mmepew = 1 Z T+ Z x| = L (ncgldmcgld + Z x2> .

T Cnew N mew
i z;€CPM z;€D Ci z,€D

If we only have one point in D denoted as x then ngpew = Neold + 1 and using the above we
get
(nclr;cw — 1)mcgld +z

anCW =
k nczcw

the requested expression.

Problem 12.3 (experiments with the BSAS and MBSAS algorithm)

Problem 12.4 (more experiments with BSAS and MBSAS)

Problem 12.5 (clustering in a square)

Problem 12.6 (estimating the number of clusters)
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Figure 23: Some examples using the MATLAB function histfit function to plot normal
densities on some “toy” data sets. Left: Center: Right:
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Figure 24: Some examples using the MATLAB function histfit function to plot normal
densities on some “toy” data sets. Left: Center: Right:
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Clustering Algorithms II:
Hierarchical Algorithms

Notes on the text
Notes on agglomerative algorithms based on matrix theory

In this section of the book some algorithms for agglomerative clustering are introduced.
These algorithms are presented in an way that involves modifications of the starting input
dissimilarity matrix Py = P(X) by modifying this matrix as clustering proceeds in stages
from the initial singleton clusters of Ry which consist of only the points {z;} to the cluster
Rn_1 that contains all points in one cluster. What is not sufficiently emphasized in this
section is that these clusters can be formed based only on the specified pairwise proximity
measure between points. In normal clustering problem we initially have access to the sample
points x; from which we can then form the initial proximity matrix Py = P(X), which
has elements P(x;,x;) for 7,5 € {1,2,---,N}. Once this initial matrix is formed we can
effectively “forget” the original data points x; and work only with these proximity matrices
P,. At the step t > 1, once we have decided to merge two clusters C; and C; into a new cluster
C, the first step in obtaining the new proximity matrix P, from the old P,_; is to remove
the ith and jth rows and columns of P;,_;. This corresponds to removing clusters C; and C}
since their data are now merged into the new cluster C;. Next, a new row and column is
added to the modified proximity matrix P;_;. This added row measures the cluster distances
between the new cluster €, and all existing unmodified clusters Cy for s € {1,2,--- | N —t}
and s € {7,j}. The values in the new proximity matrix P, are created using elements derived
from

d(Ctb Cs) = f(d(Cu Cs)7 d(Cj7 Cs)7 d(Clu C])) ) (215)

for some function f(-, -, -) of three arguments. As a final comment most clustering algorithms
can be express f in a simpler form as

d(Cq, CS) = CLid(CZ', Cs) + CLjd(Cj, Cs) + bd(CZ, Cj)
+ |d(C;, Cs) — d(Cy, Cy)l, (216)
for various values of a;, a;, b, and c. Note that in the above expression all of these cluster

distances d(-, -) have already been computed previously and can be found in the old proximity
matrix P;_q.

Notes on the minimum variance clustering algorithm (Ward)

In this section of these notes we derive the result that Wards linkage algorithm is equivalent
to merging the two clusters that lead to the smallest possible increase in the total variance.
We assume that the clusters C; and C; are to be merged at the iteration ¢ + 1 into a cluster
denoted C, and all other clusters remain the same. We begin by defining the total variance
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E; over all clusters at step t by
E, =Y e, (217)
where e, is the scatter around the rth cluster given by

er =Y |lz—ml (218)

Then the change in the total variance denoted by FE,,; — F; where E; is the total cluster
variance at step ¢ defined above under the merge of the clusters C; and C; will be

AEY, =e2—el — el (219)

Noting that we can express Y. .. ||z —m,||* as

D Nl =melP = (]l = 20 e + llm| )

zeChr zeChr

= > -2 <Z xT> my + n,||my||?
zeC) zeCy

= Z 2| * = 2n,m]m, + n,|jm,||?
ZBGCT

= D Ml = 2nlfme P+ [P
ZBGCT

= D> =P = nllme | (220)
zeCr

This last equation is the books equation 13.16. If we use expressions like this to evaluate
the three terms e, e; and e; we have

AEL = Y el = ngllmgl P =Y [l + mallmal P = Y [[l]” + nymy| 2
mGCq zeC; ZEGC]‘

= gl [mil|* =+ ny | fmyl[* = ngl[mg | (221)

Since when we merge cluster C; and C; into C; we take all of the points from C; and C} in

forming C; we have
Dol =D Ml + > =l

x€Cy zeC; zeC;

An equivalent statement of the above in terms of the means m; and the number of elements
summed in each mean n; is
n;m; + n;m; = ngmy ,

since the product n;m; is just the sum of the x vectors in C;. From this last expression we
compute

1
Imgl]* = ﬁ\\nimi + nmy]
q
T

1
= (7| |mal]? + 2ningm] mj + n3l|my| ) .

n2
g
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Thus using this expression in Equation 221 we can write AEZL as

T

g 1
AB = nillmal* + gl fmy | = — (][ §my + 3| myl[?) .

q

+ 2nmjm

Since we have n, = n; + n; this simplifies to

g 1
AEY, = — [2211mal|* 4+ nangl|ma| |* + ngng| [mj | [* + 02| my||*
q
— ng||mi|[* = 2ngmym] my — n3||my||?]
n;n;
= —ZLl|lm|]* = 2m]m; + ||m;|*]
Ng
= "y — oy

q

This last equation is the books equation 13.19.

Notes on agglomerative algorithms based on graph theory

In this section it can be helpful to discuss Example 13.4 in some more detail. Now in going
from the clustering Ro = {{x1, 22}, {23}, {z4,25}} to R we are looking for the smallest
value of a such that the threshold graph G(a) has the property h(k). Thus we compute
Gnk)(Cr, Cs) for all pairs (C;, Cs) of possible merged clusters. In this case the two clusters
we would consider merging in the new clustering R3 are

{ZL’l, IQ} U {1’3} 3 {253} U {.174, 1’5} y or {Il, .CL’Q} U {LE‘4, LU5} .

The smallest value of g1y using these pairs is given by 1.8 since when a = 1.8, the threshold
graph G(a) of {z3} U{z4, 25} is connected (which is property h(k) for this example).

Another way to view the numerical value of the function gy )(C;, Cs) is to express its meaning
in words. In words, the value of the function

ny (Cr, Cs)

is the smallest value of a such that the threshold graph G(a) of the set C,. U Cy is connected
and has either one of two properties:

e The set C, Uy has the property h(k).

e The set C,. U, is complete.

Thus we see that the value of gnu({x1, 22}, {®s, 24, 25}) is 2.5 since in this example this is
where the threshold graph G(2.5) of {z1, 22} U {x3, 24,25} = X is now connected which is
property h(k) for the single link algorithm.
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Notes on divisive algorithms

The book claims the result that the number of possible partition of of N points into two sets
is given by 2¥=! — 1 but no proof is given. After further study (see Page 148) this result
can be derived from the Stirling numbers of the second kind S(N,m) by taking the number
of clusters m = 2 but we present two alternative derivations here that might be simpler to
understand.

Method 1: The first way to derive this result is to consider in how many ways could we
label each of the points x; such that each point is in one cluster. Since each point can be in
one of two clusters we can denote its membership by a 0 or a 1 depending on which cluster
a given point should be assigned. Thus the first point z; has 2 possible labelings (a 0 or a
1) the second point zs has the same two possible labelings etc. Thus the total number of
labeling for all NV points is

2x2---2x2=2N.

This expression over counts the total number of two cluster divisions in two ways. The first
is that it includes the labeling where every point x; gets the same label. For example all
points are labeled with a 1 or a 0, of which there are two cases giving

oN _ 9.

This number also over counts the number of two cluster divisions in that it includes two
labelings for each allowable cluster. For example, using the above procedure when N = 3
we have the possible labelings

=
5
[N}
5
w

— === O O OO
=0 O == OO

—OoO RO~ O~ O
D W W D = e

In the above we have separated the labelings and an additional piece of information with a
vertical pipe |. We present the two invalid labelings that don’t result in two nonempty sets
with an X. Note also that the labeling 0,0,1and 1, 1,0 are equivalent in that they have the
same points in the two clusters. To emphasis this we have denoted the 3 pairs of equivalent
labelings with the integers 1,2 and 3. Thus we see that the above counting represents twice
as many clusters. Thus the number of two cluster divisions is given by

as we were to show.

Method 2: In this method we recognize that the total problem of counting the number
of partitions of the NV points into two clusters has as a subproblem counting the number of
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ways we can partition of the N points into two sets of size £k and N — k. This subproblem

can be done in ways. Since we don’t care how many points are in the individual

k

clusters the total number of ways in which we can perform a partition into two sets might

be represented like
r ]

k=1
Here we have exclude from the above sum the sets with & = 0 and K = N since they

correspond to all of the N points in one set and no points in the other set. The problem

with this last expression is that again it over counts the number of sets. This can be seen

from the identity ( ]]\Cf ) = ( N]X 2 ) Thus to correctly count these we need to divide

(V)

We can evaluate this expression if we recall that

£(1)-

k=0

this expression by two to get

(222)

Using this the above becomes

()4 (5)- (1) b o

the same expression as earlier.

Problem Solutions
Problem 13.1 (the definitions of the pattern / proximity matrix)

Part (a): The pattern matrix D(X) is the NV x [ matrix whos ith row is the transposed ith
vector of X. This matrix thus contains the NV feature vectors as rows stacked on top of each
other. Since the proximity matrix P(X) is the N x N with (7, j)th elements that are given
by either s(z;,z;) if the proximity matrix corresponds to a similarity matrix or to d(xz;, z;)
if the proximity matrix corresponds to a dissimilarity matrix. The term “proximity matrix”
covers both cases. Thus given the pattern matrix D(X) an application of the proximity
function will determine a unique proximity matrix

Part (b): To show that a proximity matrix does not determine the pattern matrix one

would need to find two sets feature vectors that are the same under the Euclidean distance.
The scalar measurements 1, 2, 3 with the dissimilarity metric d(x, y) = |z —y| has a proximity

158



matrix given by

o o= O
T =k O
O = DN

While the scalar values 3,4, 5 have the same proximity matrix. These two sets have different

pattern matrices given by

1 3
2 and 4
3 5

Problem 13.2 (the unweighted group method centroid (UPGMC))

To solve this problem lets first show that

ny|lmy — ms||? + nal|ma — m||* = |lmy — mol|? (223)
2

Since nz = nq1 + ny and C3 = C7 U Cy, we can write mg as

my %Zx:%[zﬁle

zeCls xzeCq zeCh

= — [numy + namy] .
nsg

Now the left-hand-side of Equation 223 denoted by

LHS = n1||m1 — m3||2 + n2||m2 — m3||2,
using the above for mg is given by
s N9 N9 nq
(1——)m1——m2 (1——)m2——m1
ns ns ns N3
2 2
n n n
= m (1 - —1) |[mal]? — 2n, (1 - —1) (—2) mTms + ni—2||mo||?
ng ng ns ns
2 2
ny N9 ny n
+ N9 (1——) [|mal|? — 2ns (1——) (—) mipm2+n2—§||m2||2
ns ns ns ns
ny  n? n?
= (22 2 e ()] ol
n n
=2 (=) () e (52 ()
ns ns ns ns

n2 ne n2
+ {nl—; + ngy (1 —22 4 —3)} [|ma]|* .

2
+7’L2

2
LHS = ny

Next consider the coefficient of ||m4||?>. We see that it is equal to

2 2
ni, 9 2 n n 2 ny
—(n; —2nns+nj)+n | =) = Shs—n) +na| —
n2 n2 n2 n2

3 3 3 3
ning ning
= 5 (ng + nl) = .
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The same type of transformation changes the coefficient of ||my||? into #1112 also. For the
coefficient of mTmsy we have

() () (-R) @) - s
ns nsg ns nsg nsg nsg ns

ns ns
. T N9
=
Using all three of these results we have that
n1Nsg ning

LHS = [||ml||2 —2mimy + ||m2||2] =
which we were to show. Now we can proceed to solve the requested problem. We begin by
recalling that the recursive matrix update algorithm for UPGMC when we merge cluster C;
and C; into Cy is given by

d.= ¢ - 2 J - 2 "I s — mall? 294
= (o = P 2y = P = g (220
If we use Equation 223 with m; = m;, ms = m; and mz = m, to express ||m; —m;||? in the
above as
n; +n;
[lmi —myl|* = (Q) [l — mg ||+ nyl[my — my| ]
il
Using this we can then write dys as
n; n;
= = 22—
n; n;
= —llmi —mg||* = —[m; — my||?
g q

I

= — [nalllmi = mal[” = [lmi = mql[*) + nj([[m; = m|* = [lm; — mql[*)] -

q

To simplify this recall that for any two vectors a and b we have
lall* = 1[ol]> = (a = b)" (a+0) = (a+b)"(a = b),

as one can prove by expanding out the product in the right-hand-side. Using this we can
write d,s as
1 T
dys = — [ni(m; — mg +m; —mg)" (m; —my — (m; —my))
q
+ n(mg —ms +m; — mq)T(mj —ms — (m; — mq))}
1

- [n,(2m, — g —mg)" (mg —my) +m;(2m; — mys —mg)" (my — mS)]
q
1
= [ni(2m; — my — mg) +m;(2m; —my — mq)]T (mg —ms)
q
1 T
= — [2nym; + 2n;m; — nymg — nimy — nyms — nymg)" (mg — my) .
g
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Since n;m; + n;m; = nym, the above becomes

dys = — [(n; +nj)mg —nymy — njms]T (mg — ms)
q
1
= . [ni(mq —ms) + nj(mq - mS)]T (mq — M)
q
= —(n; +15)(mg —my)" (mg —my) = |Jmg — m,||?,

g

which is the result we wanted to show.

Problem 13.3 (properties of the WPGMC algorithm)

The weighted pair group mean centroid (WPGMC) algorithm has an update equation for

d,s given by
1 1 1
dqs — §d25 + §dj5 - Zd” .

That there exists cases where d s < min(d,s, d;s) is easy to see. Consider any existing cluster
Cs that is equally distant between C; and C; or d;s = d;s = min(d;s, d;s). A specific example
of three clusters like this could be created from single points if needed. Then in this case
using the above WPGMC update algorithm we would have

1
dqs = dis - de < dis = min(disa djs) .

Problem 13.4 (writing the Ward distance as a MUAS update)

The Ward or minimum variance algorithm defines a distance between two clusters C; and

Cj as
= iy — |

i =
J ni—i-nj

We want to show that this distance update can be written in the form of a MUAS algorithm
d(Cq, CS) = aid(C’i, Cs) + ajd(C’j, Cs) + bd(CZ, C]) + C‘d(CZ, Cs) — d(Cj, CS)‘ . (225)

In problem 3.2 we showed that

n; n,;
dis + — 2 —djdyy — —
n; + n; n; + nj (nl + nj)

nin;

dgs = dij = ||mq — msl]?.

(nitn;)ns
ng +nj +ns

As suggested in the hint lets multiply both sides of this expression by the expression
to get
(ni + nj)ns
n; + n; + ng

2 MNiNg ning
[[mg —ml||° = —————dis + ————dj,
ni+nj+n8 ni+nj—|—ns
nin;ns

d;i .
(n,- + n])(n, + n; + ns) J
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Writing n, = n; + n; the left-hand-side of the above becomes

NgMNig
Ng + N

dys = d.

gs >

while the right-hand-side becomes

n; + Ng ;Mg n; + ns n;jng Mg n;n;
dis + djs - dij )
ni+nj+ns ni—i-nj ni+nj—|—ns nj—i—ns ni+nj—|—ns ni+nj

or introducing thee definition of d’ and equating these two expressions we have

;o n; + Ng , n; + ns ;o Ng ,
qs Js iJ "
n; +nj + ng n; +nj + ng n; +nj + ng

1S

This is the books equation 13.13 which we were to show.

Problem 13.5 (Wards algorithm is the smallest increase in variance)

This problem is worked on Page 154 of these notes.

Problem 13.7 (clusters distances from the single link algorithm)

The single link algorithm in the matrix updating algorithmic scheme (MUAS) has a dissim-
ilarity between the new cluster C;, formed from the clusters C; and C; and an old cluster C;
given by

d(CQ? Cs) = mln(d(oza Cs)a d(0j> Cs)) : (226)

We desire to show that this distance is equal to the smallest pointwise distance for point
taken from the respective clusters or

d(Cy, Cy) = xegql}yréos d(z,y) . (227)
At step Ry when every cluster is a single point Equation 227 is true since C, and Cy are
singleton point sets i.e. sets with only one element in them. Assuming that at level ¢ the
clusters at that level in R; have clusters distances where Equation 227 holds we will now
prove that the clusters at level ¢ + 1 will also have distances that satisfy this property.
Consider the next cluster level Ry, where we form the cluster C; from the sets C; and C;
say picked as specified by the Generalized Agglomerative Scheme (GAS) with

g(CZ> Cj) = ming(CT’> CS) )

where ¢ is a dissimilarity measure. Thus to show that Equation 227 holds between the new
set C, and all the original unmerged sets from R; we use Equation 226 to write

d(C,, Cs) = min(d(C;, Cy), d(C;, Cy))
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Cluster Dendrogram Cluster Dendrogram

Height
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Figure 25: Left: Single link clustering on the dissimilarity matrix for problem 13.10. Right:
Complete link clustering on the dissimilarity matrix for problem 13.10.

and then use the induction hypothesis to write the above as

d(Cy,Cs) = min( min  d(z1,y1), min d(xQ,yg))

z1€C;,y1€Cs IzGCj,yQECS

= ‘ d .
xECiggjr,lyECs (ZL’, y)

This last expression is what we wanted to prove.

Problem 13.8 (clusters distances from the complete link algorithm)

All of the arguments in Problem 13.7 are still valid for this problem when we replace minimum
with maximum.

Problem 13.9 (similarity measures vs. dissimilarity measures)

For this problem one simply replaces dissimilarities d(x,y) with similarities s(x,y) and re-
places minimizations with maximizations in the two earlier problems. All of the arguments
are the same.

Problem 13.10 (some simple dendrograms)

Note that for this proximity matrix we do have ties in P (for example P(2,3) = 1 =
P(4,5)) and thus as discussed in the book we may not have a unique representations for the
dendrogram produced by the complete link clustering algorithm. The single link clustering
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Figure 26: Left: Single link clustering on the dissimilarity matrix for problem 13.12. Right:
Complete link clustering on the dissimilarity matrix for problem 13.12.

algorithm should produce a unique dendrogram however. We can use the R language to
plot the associated single and complete link dendrograms. See the R file chap_13_prob_10.R
for the code to apply these clustering procedures to the given proximitry matrix. Two
dendrograms for this problem that are output from the above script are shown in Figure 25.

Problem 13.12 (more simple dendrograms)

Part (a): Note that for this proximity matrix we have ties in P (for example P(2,3) =
3 = P(4,5)) and thus we may not have a unique representation of the dendrogram for the
complete link clustering algorithm. The histogram may depend on the order in which the two
tied results are presented to the clustering algorithm. The single link clustering algorithm
should be unique however. See the R file chap_13_prob_12.R for numerical code to perform
complete and single link clustering on the given proximity matrix. Results from running this
code are presented in Figure 26.

Problem 13.13 (a specification of the general divisive scheme (GDS))

To begin this problem, recall that in the general divisive clustering scheme the rule 2.2.1
is where given a cluster from the previous timestep, C;_;;, we consider all possible pairs of
clusters (C,, Cs) that could form a partition of the cluster Cy_; ;. From all possible pairs we
search to find the pair (C’tl_u, CE_M) that gives the maximum value for ¢g(C,., Cs) where g(-, -)
is some measure of cluster dissimilarity. In this problem we are further restricting the general
partioning above so that we only consider pairs (C_, ;, CZ_, ;) where Cy_1; = C}_ |, UCZ |,
and C’tl_u only has one point. We can consider the total number of cluster comparisons
required by this process as follows.

164



e At t = 0 there is only one cluster in Ry and we need to do N comparisons of the values
g({z;}, X —{x;}) fori =1,2,--- | N to find the single point to split first.

e At t = 1 we have two clusters in Ry where one cluster a singleton (has only a single
point) and the other cluster has N — 1 points. Thus we can only possibly divide the
cluster with NV — 1 points. Doing that will require N — 1 cluster comparisons to give
Rs.

e In general, we see that at step ¢ we have N —t¢ comparisons to make to derive the new
clustering R,y from R;.

Thus we see that this procedure would require
N+(N-1)+(N-=-2)+---+3,

comparisons. The above summation stops at three because this is the number of comparisons
required to find the single split point for a cluster of three points. The above sum can be

evaluated as
al N(N +1) N2+ N —6
Sk)-1-2=" 2 3= T .
— 2 2

The merits of this procedure is that it is not too computationally demanding since it is an
O(N?) procedure. From the above discussion we would expect that this procedure will form
clusters that are similar to that formed under single link clustering i.e. the clusters will most
likely possess chaining. Note that in searching over such a restricted space for the two sets
C} 1, and C7_, ; this procedure will not fully explore the space of all possible partitions of
Ci—1, and thus could result in non optimal clustering.

Problem 13.14 (the alternative divisive algorithm)

The general divisive scheme (GDS) for ¢t > 0 procedes by consideing all clusters Cy_;; for
i=1,2,---,t from the clustering R,_; and for each cluster all their 2!¢-1:=1 — 1 possible
divisions into two sets. Since the procedure we apply in the GDS is the same for each
timestep t we can drop that index from the cluster notation that follows.

The alternative divisive algoithm searches over much fewer sets than 2!/~ — 1 required by
the GDS by instead performing a linear search on the |C;| elements of C;. Since for large
values of |C;| we have

|Cy] < 21911 — 1,

this alternative procedure has a much smaller search space and can result in significant
computational savings over the GDS.

The discription of this alternative partiioning procedure for C; is as follows. We start with
an “empty set” C! = () and a “full set” C?, where the “full set” is initialized to be C;. As a
first step, we find the vector  in the full set, C?, who’s average distance with the remaining
vectors in C? is the largest and move that point z into the emtpy set C}. If we define g(z, C)
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to be a function that measures the average dissimilarity between a point x and the set C
the first point we move into C;} will be the point x that maximizes

9(z,CF —{z}),

where C? — {x} means the set C? but without the point {x} in it. After this initial point
has been moved into C} we now try to move more points out of the full set C? and into the
empty set C} as follows. For all remaining = € C? we would like to move a point z into C}
from C? if the dissimilarity of z with C} is smaller than that of z with C? (without z) or

9(z,C}) < g(x,C7 —{x}).

Motivated by this expression we compute
D(z) = g(x,C7 — {2}) — 9(z,C}),

for all z € C?. We then take the point z* that makes D(z) largest but only if at 2* the value
of D(x*) is still positive. If no such point exists that is D(z) < 0 for all x or equivalently

g(x>0i1) > g(Ia sz - {ZL’}) )

then we stop and return the two sets (C}, C?). Note that this procedure cannot gaurentee to
give the optimal partition of the set C; since we are limiting our search of possible splits over
the much smaller space of pairwise sets than the full general divisive scheme would search
over.

Problem 13.15 (terminating the number of clusters on 6 = p + \o)

This problem refers to Method 1 for determining the number of clusters suggested by the
data. To use this method one needs to introduce a set function h(C') that provides a way of
measuring how dissimilar the vectors in a given set are. Common measures for A(C) might
be

h(C) = maxd(z,y)

z,yeC

h(C) = medianm,yecd(xuy)v

where d(-,-) is a dissimilarity measure. Then we stop clustering with R; at level ¢ when there
is a cluster in R;11 (the next level) that is so “large” that it has points that are too dissimilar
to continue. Mathematically that means that we keep the R, clustering (and cluster farther
than the R,,; clustering) if

1C; € Ry+q such that h(C;) >0,

where the threshold 6 still has to be determined experimentally. To help in evaluating the
value of # we might write it as
0=pu+ Mo,
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where p is the average dissimilarity between two points in the full set X and o is the variance
of that distance. These can be computed as

9 N N
i=1 j=i+1

(i, z;) — p)*.

1

WE
WE

NN —1)

T

i=1 j=i

Thus when the choice of the value of the threshold 6 is transfered to the choice of a value for
A we are effectivly saying that we will stop clustering when we get sets that have a average
dissimilatrity greater than A standard deviations from the average pointwise dissimilarity.
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Clustering Algorithms III:
Schemes Based on Function Optimization

Notes on the text
Notes on compact and hyperellipsoidal clusters

The equations presented in the book for estimating p; and X; are derived earlier in these
notes, see Page 26.

Note I believe there is a typo in the books more general expression for the M-step in the ex-
pectation maximization (EM) algorithm. The book starts by defining our objective function

Q(©;0(1)) given by

N m
=YY P(Cilas; ©(1) In(p(w:| C; 0)P) (228)
i=1 j=1
and then argues that the parameters of the jth cluster 6; are functionally independent of the
parameters of the kth cluster when & # j. Thus when we take the 6; derivative of the above
expression to find the maximum of Q(0;©(t)) we loose any reference to any other clusters
k # 7. Thus the sum over j falls away and we get

ZP (C)|zi;© )—m( (2:]Cy;6;) = 0. (229)
The book has an additional sum over the index 7 which I believe should not be there.

Even though the EM algorithm for the multidimensional case is derived on Page 26. I found
the derivation given in the Appendix of this chapter informative and wanted to further
elucidate the discussion there. In this derivation we wish to consider Equation 229 where
the elements of 6; are the individual elements of the jth covariance matrix ;. To this end
we take the derivative of In(-) with respect to the (r,s) element of the inverse of ¥;, which
we denote as o,5. This means that

9 iy 0 DR s
9o In(p(z|C;: 0;) = 90, (hl ((27T>l/2 - §($ — 1) Ej (z — )

11 9 ot 1
2| Doy T 2

(Tr — ) (Ts — Hjs)

.—1‘_1

1 0
= §|Ej ) 5(% - ujr)(xs - Mjs) .

To evaluate the partial derivative of |Z;1| with respect to one of its elements we will use one
way of computing the determinate [11]. For example with a general matrix A, by using the
cofactor expansion of the determinant about the ith row we can write

|A| = ai1Ci1 + aiCiz + - - - + @i Ciyy -
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Where Cj; = (—1)""7|M;;]| is the cofactor of the (4, j)th element and M;; is the minor of the
(,7)th element. In that case we see that the partial derivative of |A| with respect to one of
its element, say a;; is given by

oAl _

8aij

Cyj. (230)

From this fact we see that

1
5(

1
In(p(z|Cy;0;) = §|Ej\crs — —(zp — pjr) (25 — pjs) -

00,5

Thus letting C; be the matrix with cofactor elements Cj; corresponding to the matrix Zj_l
we have that in matrix notation the above is

1 1
In(p(x|Cj; 0;) = §|Ej\Cj — —(z— )z —py)".

—
0% 2

The cofactor matrix C; is special in that it is related to the inverse of the generating matrix
(here Zj_l). One can show [11] that

1, -
%5

Thus CT = |£7'%; and since X is a symmetric matrix this gives that the product |3;|C;
in 8%5 In(p(z|Cy; 0;) above simplifies to |2;|C = X; and we have

1 1
el In(p(2Cj30;) = 555 — 5 (2 — p)(2 = i)' (231)
Now when we put this into Equation 229 we get

1N

%Ej Z P(Cilzi; ©(1) = 5 Y P(Cylas ©()) (s — ) (s — )" =0,

i=1

or when we solve for ¥; we get

o N P(Cylass 0) (s = i) (i = 1)
j Sy P(Cjlai ©(1))

(232)

The expression given in the book.

Notes on Example 14.4 (hard clustering vs. fuzzy clustering)

Recall the expression for the fuzzy objective function J,(,U) which is given by
N

T0.U) =" uld(x;,0)).

i=1 j=1
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In this example for the hard clustering we take Upaq = so that J becomes

OO R -
— = O O

4 2
Trrd(,U) =)0 ubid(w;,05) = d(w1,61) + d(w2,01) + d(ws,05) + d(z4,05)

=1 j=1
=14+14+1+1=4,
which has a value independent of q. Now take ¢ = 1 and fuzzy clustering where we find
J(0,U) = und(wy, 01) + wiad (21, 62)
+ Ugld(l’g, 91) + Uggd(l’g, 92)
+ U31d(l’3, 91) + U32d(l’3, 92)
+ U41d(l’4, 91) + U42d(l’4, 92)

From facts like d(21,60;) = d(x2,60,) = 1 and d(z1,0;) = V1 + 3% = V10 = d(x2,0,) the
above is given by

S0, U)

U1l + U12 V + U21 + U922 \/ —|- Uus \/ —|- Uus2 + U4g1 V + U492
= Z(uzl + Uz V1 ‘I’ Z Uil V 0+ UZQ)

i=1
Since 0 < wu;; < 1 and u; = 1 — u;s we can write the argument of the first summation as

wy + V10 = V10 + (1-— m)uzl .

Since 1 — v/10 < 0 to make this expression as small as possible we take wu;; as large as
possible. Thus take u;; = 1 and we get

U;1 + uig\/ﬁ Z 1.
For the argument of the second summation we have
U1V 1O+u22 = U1V 10"‘ (1 — uil) =1 + (\/ 10 — 1)U11 .

Since v/10 — 1 > 0 to make this expression as small as possible we take u;; as small as
possible. Thus take u;; = 0 and we get

uilvl()—l—u,g 2 1.
Thus we have shown that

4
JE0,0) =) 1+ Y 1=
=3

i=1

If we next take ¢ = 2 then our fuzzy objective function is given by

2

4
T (0,U) = Z(Ugl +uV10) + Z(Uflm + ).
i=3

i=1
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Consider the argument of the first sum u? + u%v/10 as a function of u;y or the expression
(1—u2)*+ubv/10. If we seek to find the extrema of this function by taking the u;, derivative
of it we see that we need to solve

2(]_ — ulg)(—]_) + 2Ui2\/ 10 = 0,
for u;s. A second derivative of this expression is given by
2+2V10>0,

showing that the extrema found would be a minimum. Thus the maximum of this expression
happens at the end points of the u;; domain. If we consider the two end points u;; = 0 and
u;o = 0.48 we get

=1

u;2=0

(1 — ui2)2 + U?Q 10

1 —up)? +u3V10
( 72

= 0.998,
u;2=0.48

where we see that we have a maximum value of one over the interval u;y € [0,0.48]. If the
same expression holds for the argument of the second sum we have

2 4
BUO,U) <> 1+ > 1<4,
=1 =3

as we were to show. Thus fuzzy clustering with ¢ = 2 produces an objective function of
lesser value that of hard clustering.

If we next take ¢ = 3 then our fuzzy objective function is given by
2 4
J?Euzzy(ea U) = Z(Ug +upV10) + Z(U§1 V10 + ug)
i=1 1=3
Consider the argument of the first sum v, + u3,v/10 as a function of u;y or the expression
(1—u2)®+udV/10. If we seek to find the extrema of this function by taking the u;, derivative
of it we see that we need to solve

3(1 — ui)?(—1) + 3ufbV10 =0,
for u;s. A second derivative of this expression is given by
6(1 — us) + 6V 10ui =6 4+ 6(vV10 — 1)u; > 0,
showing that the extrema found would be a minimum. Thus the maximum of this expression
happens at the end points of the u;, domain. If we consider the two end points u;; = 0 and
u;o = 0.67 we get
=1

ujo=0

(1 — ui2)3 + U§2 10

(1 — ug)® + u, V10 = 0.987,

u;2=0.67

again showing that the maximum is given by the value 1. The same expression holds for the
argument of the second sum and in the same way as before we have

T3 (0,U) < 4,

as we were to show.
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Notes on the minimization of J,(6,0))

Recall that the objective function J, that we want to minimize is given by

=> iujd (24,6,) . (233)

i=1 j=1

where 6; are “cluster representatives” (numerical parameters that determine the type of
cluster) and U is a matrix with (4, j)th element w;(x;) or the membership of the z; sample
1=1,2,--- N in the jth cluster j = 1,2,---m. We would like to minimize this with respect
to both the cluster representatives ¢; and the sample memberships U. Since the cluster
memberships are constrained such that u;; € [0, 1] and

» uy=1 for i=1,2---N,

we must use the methods of constrained optimizing. In this direction we introduce Lagrange
multipliers \; (one for each sample) and the Lagrangian J defined by

- Z Z uid(zi; 0 Z Ai (Z Uij — 1) (234)

i=1 j=1

With this Lagrangian we first take the derivative of [J with respect to the (7, s) element of
U, set the result equal to zero and solve for u,,. We find the derivative set equal to zero
given by

oT

= qui;'d(x,,0,) — A, = 0.
Oty

or U,s given by
1

U = (ﬁ) . (235)

When we put this into the constraints

iuijzl = ( ) Y :17
j=1

1 dxr,e )q

or

: (236)

/~
|
~—
1
I

]

3
—_

1
1 a—1
=1\ @Gr05)

A = (237)

and solving for A\, we get
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When we put this expression for A, in the form of Equation 236 into Equation 235 we see
that u,, is given by

= — (238)
m d(zr,0s | a1
2= <d(xr,ej)>
which holds for »r = 1,--- N and s = 1,2,---m. Now that we have found the optimal U

given a fixed values for 6; we now search for the optimal 6; given values of U. To do this we
need to solve % = 0 for 6;. We find this last equation given by
J

0T o~ , 0d(z;,0;)

Unless we specify a functional form for d(-,-) we cannot go further.

The algorithm for finding the full solution (both U and 6, for j =1,2,--- ,m) then becomes
to iterate between the two routines above. One way to do this is to pick initial values for the
cluster representatives ¢,(0) for each j and then use Equation 238 to compute u;;(1). With
these new values for u;;(1) we solve for §;(1) in Equation 239. This procedure is iterated by
stepping from 6;(t) to w;;(t) to 6;(t + 1) to w;;(t + 1) etc. until convergence.

Notes on the minimization of J,(6,U) with point represented clusters)

We can now specify Equation 239 to some special cluster types and representatives. As a
first case we consider #; to be a point representation of a cluster (and thus it is simply a
vector of dimension /) and take d(z;,6;) to be a typical dissimilarity metric. Two simple
cases are

e A Mahalanobis type distance for d(z;, 6;)

d(zi, 0;) = (0; — x;)" A(6; — 7). (240)
Then the derivative of d(z;, 6;) with respect to 6; is
ad(x,, 6)])
IR T5) 9410, — 7).
aej (HJ xl)

With this Equation 239 is

N

> ufi(t — 1)A@O; —x;) =0.

i=1
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or by multiplying by A~! we get
N N
i=1 =1

0. — Zf\; Ugj(t — Dz,
! Zf\; ugj (t—1)
A Minkowski distance for d(z;, 6;)

SO

(241)

z v
k=1

Then the derivative of d(z;, 6;) with respect to the rth component of 6; is

-1

0d(z;,0,) 1 (< ’ .
T-j - (Z(%k - ij)p> p (@i = 05)"

p k=1

_ (0;r — @i )P ! ‘ (243)

14

(Ziﬁ:l(wik - ejk)z’> ’

for r =1,2,---,1. This means that using Equation 239 specified to the 0, derivative
we must solve

N )1
Zugj(t—l) (9]7“ xzr) - =0 for r=1,2,---,1.
= (kaﬂ(%k - ij)p)

Since there are [ equations above and [ components of §; we expect there to be a unique
solution.

L A

Notes on quadratic surfaces as representatives

In the quadratic surface representation

2T Ar + ' +c=0, (244)

since x is of dimension [ and the matrix A is symmetric it therefore has %l (I — 1) unique
elements in its upper (or lower) triangular part. There are [ additional elements on its
diagonal. Thus to specify the unique values of the matrix A we have to specify

1 1
Ul-1)== 1
l+2l(l ) 2l(l+ )

numbers. There are [ numbers needed to specify the vector b and 1 number needed to specify
the number ¢. Thus if we recast the quadratic surface representation above into the form

q(z)'p=0, (245)
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the vector p must have
1
§l(l+1)+l+1,

numbers.

Notes on computing the perpendicular distance

In this section of these notes we discuss how to evaluate the perpendicular distance between
a point x and a quadratic surface () defined by

& (2,Q) = min ||z — =] (246)

subject to the constraint on z such that 27 Az + 72 + ¢ = 0. We form the Lagrangian D
D(x,Q) = ||z —2|]*> = MTAz + bz 4 ¢). (247)
and take derivatives in the normal way. The z derivative gives

oD

On expanding
20 — (21 +20\A)z — b =0,

2= (21 +20A) " (2x — \b) = %(1 + AA) N2z — AD). (248)

We then put this into 27 Az + b7z + ¢ = 0 to get a polynomial in A\ which gives several roots
for \x. For each root \; we can evaluate z, = z(\;) using Equation 248 and then select the
value for d2(x, Q) that gives the smallest value

d2(x Q) = mln ||:17 — 2|
Notes on adaptive fuzzy C-shells (AFCS) clustering algorithms

We start with our objective function

Jor(0,0) ZZugjdfw i, Q) (249)

=1 j5=1
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and set derivatives equal to zero to get the equations we must solve for optimal solutions.
We start with aicj of 2, (x,;¢;, Aj) where we get

D (e A) =2 (= )T A — ) 1) - () Ayl — )]
aCj Ocj
—1/2 8 T
= dur(w¢5, A45) [(2 = ) A (2 — )] 5 (0 — ) Aj(o = ¢)
J
e A
_ dnr(zvc]? J) 7 (2Aj(cj _ ZE'))
[(z = ¢;)Aj(z — ¢5)]
dpr (505, Aj)
=2 VI A(r — ). 250
o(z; ¢, Aj) (=) (250)
Using the definition of ¢*(z;¢;j, A;). Next we let a,; be the (r,s) element of A;. Then
&is d2.(z;c;, Aj) is given by
0 1 1 0
e i3, A5) = 25 ) (5 ) S o = ) A )

_ dpr(w5 ¢4, Ay)
o(x; ¢, Aj)
When we write this in matrix form we get

0 dpr(z, 5, Aj)
@2 (e, Ay = LB G )
(w5, 45) o(x; ¢, Aj)

0A;
We then put Equation 250 and 251 into the “parameter update” step in the Generalized
Fuzzy Algorithmic Scheme” (GFAS) which for reminder is the expression

(zr — cjr)(Ts — ¢5s) -

(x —c¢j)(x — cj)T . (251)

al 0
;u;@(t ~ 1) ggd(wi6) =0,

we get the parameter update step for this algorithm quoted in the book.

Notes on the fuzzy C-ellipsoid shells (FCES) clustering algorithms

Using the definition of ¢* = (z — ¢)T A(z — ¢) with Equations 267 and 268 developed below
we have that

2
d2<x;c,A>=<1—a>2||x—c||2=(1—%) e — el

Using this expression we will take the derivatives needed for the parameter updating algo-
rithm. We find

:%0_%) e —ell> 2 <1—%)2(:c—c)-
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Now from the definition of ¢ we have that

o 11 1
e = 55(2/1(0— x)) = —EA(DS —c).

Using this we get for the derivative %d?(z; c, A)

%df(m;c,fl) 2 <1——> 2 — el [PA(z — ¢) — 2 (1—1) (z — )

K 3
2 , 1
— -2 -9l -dPae - -2(1- 1) -0

Thus one of the parameter updating equations

Zuwt—l dQ(ch)—O

when we divide by 2 and put back in the index j specifying the cluster becomes

o [JrmdP=e) (N
Zuij(t 1)[ ¢4 AJ (1 ¢) I]( ])_07

i=1

(252)

the same equation as in the book. Next we need to evaluate -%d?(z; ¢, A) where we find

A%y
0 (%
Since 96 1 5 11
94~ §(¢2)_1/28—A((5€ —o)f Az —¢)) = 55@ —c)(z o),

we have that

D wic,4) - (1 - %) (¢i) e = (e — 7 (z — )T

Thus the second parameter updating equations

Zu” (t—1) a—Adf(x ¢, A) =0,

with the index j specifying the cluster becomes

Zuw (t—1) ( ¢41) 2 — el 2z — &)z — )T =0,

the same equation as in the book.
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Notes on the fuzzy C-quadric shells (FCQS) algorithm

For this clustering our distance function for a point z and a cluster () is given by the algebraic
distance

d(2;Q) = (2T Az + bTx 4 ¢)? = p" M(x)p

where we have written M as a function of = since it depends on the point = where we want
to evaluate this distance. Here p is a parameter vector that determines the “shape” of the
quadric that we are considering. We want to impose the constraint on the vector p; of the

form
Zp]k +35 Z P]k

k I+1

~1. (254)

Since the quadratic we seek to describe is given by the equation ¢(z)Tp = 0 we can modify
the definitions of ¢ and p by introducing v/2 so that the inner product remains unchanged
and so that we can explicitly introduce the constraint Equation 254. To this end we introduce
the vector a, b, r, and t such that

ﬁ:[aT bT}T and c]:[rT tT}T,

then ¢'p = ¢'p = rTa + tTb and pTMZp] = ]5]-]\;[,-}5]-. The cost function (without any
constraint) for the FCQS algorithm can then be written as

Z i M ()P
i=1 j=1
N m T T
T Titi aj
Sl [ e ] 259

i=1 j=1

J

1=

To enforce the constraint from Equation 254 we need to modify J to include this constraint

by adding
=> N(llasl* = 1),
j=1

to get J,(0,J). Expanding the block inner product in Equation 255 we get

N m
ZZuq [aan aj + th th + 2a; thTb] )

i=1 j=1
Consider now a%_ja. When we recall that for symmetric A

0

%(?JTA!L") = ATy and 3(:)J"TA:)J) = 2Azx,

Ox
we then find (%_ja given by

0

N
8—bjja = ; ufj(Qle] + QSZ'CLj) .
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Let
N N
H; = Zungi and G; = Zuij,-,
i=1 i=1

and setting aibjja equal to zero we get for b;
bj = —Hj_lGjaj . (256)
Now we need to evaluate a%jja' When we recall that

0
%(xTAy) = Ay>

we get for this derivative
9 N N
%ja = Zufj [2Riaj + QTthb]] — )\j(2aj) = Z Ugj [2RZ’CI,]’ + QSZTb]} — 2)\]'&]' .
J i=1 i=1

Let
N
Fy=) ulli,
i=1
and set %ja equal to zero we get Fja;—\;a; = —G;Fbj. Since we know b; using Equation 256
we get Fja; — Aja; = GTH;'Gja; or
(Fj — G?H]-_IG]')CL]' = )\j(l;j . (257)

Thus )} is an eigenvalue of the matrix F; —G] H; 'G; and a; is the corresponding eigenvector
with length 1 due to the constraint Equation 254. We now specify how to pick A; from all
of the eigenvalues of F; — G;FHj_lGj. Since we know that b; = —Hj_lGjaj when we are at
the optimum solution the value of J, will be given by the value of J at this optimal solution
where J is given by Equation 255. This is because the constraints must all be satisfied
(and therefore vanish) at the optimum solution and won’t contribute to the value of the cost
function. The argument of the summation in Equation 255 using the value for b; calculated
above is given by

a;FRiaj + b?nb] + 2&?5}16] = a;FRjaj + G?Gij_TT‘iHj_lGjaj — 2&?S?H]-_1Gjaj .

When we multiply this by u?j and sum over ¢ we get

N N
a; ((Z uiji> +GIH T (Z ungZ) H'Gj -2 (Z u%S?) ) aj,
i=1 i=1

or recalling our previous definitions of F}, G, and H; we have
a; (F;+ G H:"H;H;'G; — 2GTH; 'G;) a;
Since H; is a symmetric matrix this becomes
aj (Fj — G;*-FH]-_lGj)aj :
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If a; is an eigenvector (with unit norm) of the matrix F; — G, H j_lGj then this inner product
is given by
)\ja;raj = )‘j .

Thus to make the sum of these terms over j as small as possible (to minimize J) we pick

Aj as small as possible. This motivates picking the smallest values for the eigenvalues of
F; — GjHj_lGj in this algorithm.

Notes on hyperplane representatives (the Gustafson-Kessel algorithm)

In this formulation the distance we use is given by
dag (2:6;) = |55V (2 — )5 (@ — ¢5) (258)

and our objective function is given by

JGK 0, U ZZU dGK ;0

=1 j5=1

To find the minimum of this expression we take derivatives with respect to ¢; and X;, set
the results equal to zero and solve for these expressions. Taking the derivative of Jok (0; U)
with respect to ¢; we have

9 Y0

—Jax(6;U) = ul —d% (x5 ¢, 25) .

aCj GK( ) ; ij acj GK( J J)
Note in the above expression that since we are explicitly specifying the jth cluster in this
derivative (and in the subsequent X, derivative) the derivative of the other terms with

different indices are zero. Thus we can drop the j index on ¢ and ¥ and only consider how
to evaluate %déK(x; ¢, Y). This procedure makes the notation cleaner. Thus

© lre,m) = [9125 (e~ ) = 2185 e o). (259)
C

When we put this last expression into the previous one, equate the result to zero and cancel

common terms, we get
N
q —
E um(:z:Z —¢c)=0,
i=1

or solving for ¢ we find

SVl T
- =51 (260)

Zz’:l uij
This depends on j via the right-hand-side. We now need to evaluate the optimal value for
¥ via taking the derlvatlve of Jax with respect to ¥. Rather than evaluate 5 dGK(:c ¢, X)
directly we will evaluate 52 d2 (z;c,X) or the derivative of dy with respect to £~'. To
do this we first write dZg(z; ¢, X) as

A (36, 2) = (87 V(2 — )"z —¢).
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Let f.s be the (r,s) element of X!, Then

id2 (x;¢,2) = —1|Z_1|_l_18‘27_1‘(x —o) 'Sz — o)+ |27 Yz, — o) (s — c)
afrs GK ) l 8_]‘;5 T T S S) -
As we discussed on Page 168 and expressed via Equation 230 we have
o151
= Ors
Ofrs

where o, is the (r, s) cofactor of the matrix ¥~!. When we put this into the above and then
consider the matriz form of the above expression we get

0

11 _ 1
0 e n) = MO - TS - )+ 57 e — e - o

where C is the matrix of cofactors of ¥71 i.e. the (r, s) element of C is ,,. Then again from
earlier we know that the cofactor matrix C and the inverse of X! are related as

—1\—1 C” T -1

Since ¥ is symmetric so is C (just take the transpose of the previous equation) and we have

i, B) = 57 |40 = O o - B+ (o= e — o

Setting az =2 J&x (0; U) equal to zero using this result we get

~| =

Zu?j(:ﬂi —o)'s Nz — o)X = Z uli(z; —¢)(z; — )" (261)

The book then presents

(262)
as the solution to Equation 261.

Warning: Note [ was not able to derive the given expression for . If anyone knows how
to get this expression please email me.

Notes on possibilistic clustering

For the cost function in the possibilistic framework of

Z Z ugjd l’“ Z Z uu 5 (263)

i=1 j=1
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setting the wu;; derivative equal to zero gives

0

81,62‘]'

J(97 U) = qu;}j_ld(ajla 0; ) qny(l - uij)q_l =0.

Dividing this by ugj_l and by ¢ we get
1 q—1
d(z:;0;) —n; (u—w — 1) =0.
Solving for u;; gives

1

U5 = 1

14 (d(x;;@)) g1

When we solve Equation 264 for d(z;;0;) we get

1—u2-- -1
d(%@)—m( ]) .

uij

When we put this into

N

J; = Zuqd 1z, 0 +mZ(1 — wij)?,

i=1
we get

N N

= Z i (1= ui)™ 40 > (1= i) =y Y gy + (1= )] (1 = ;)"

i=1 =1

(1 — )"

'Mz 1§

Ui

i=1

Problem Solutions

Problem 14.1 (a known covariance matrix in the GMDAS)

(264)

(265)

(266)

If the covariance matrix is known then we don’t need to take the derivative with respect to
¥.; in the M-step of the expectation maximization (EM) algorithm. Thus the ¥; update step

drops away and there is only the p; update step.

Problem 14.2 (GMDAS when the covariance matrices are diagonal)

If the covariance matrix is diagonal then
!
2
|E]| = H Ok
k=1
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SO

~ (2 — pye)?
In(p(z;|C};©;)) = ——hl 2m) Zln Oik) — = Z Zkifjk

o*

k_l gk
The M-step for estimating 6; (where 6; is a vector representing the mean p; and the elements
of the covariance matrix) is given by (see the notes on Page 168 around the Equation 229).

ZP Cj|zs; © —ln( (2:]C;;60;) =0

The evaluation of i does not change for the elements of the mean vector p; from before

and we need to evaluate for the elements of the covariance matrix. Consider just one
o
term Do where we get
1 (e — o)’
In(p(z;|Cy; 0;) = —— + L.
0o R Ok aj??k

Thus in Equation 229 we get
N
1 ik — k)
> P(Cjlzz0) [ —— + M =0 for 1<k<I.
i=1 Tjk Tjk
If we solve for sz»k in the above expression we get

N P )2
O_j2k — Zi:l P(Cj|x17@(t))($lk :ujk) fOI' 1 S k S l

N
> iz P(Cjlzi; ©(1))
Note that this gives the same result for the diagonal elements as does Equation 232 which
computes the full covariance matrix.

Problem 14.4 (running GMDAS on a given data set)

For this problem I considered the second set of points x; for ¢ = 9,10, --- , 16 to be generated
by

x; =216-41 +6 for ¢=09,10,---,16.
Thus zg = x3 + 6, x19 = x7 + 6, etc. This problem is implemented in the MATLAB script
chap_14_prob_4.m. For this problem we use MATLAB code from the NETLAB toolbox for
pattern recognition [1]. The EM algorithm finds

[ 6.0069 [ 0.0225
71 —0.0053 271 0.0052

for the means and for ¥; it finds

e _ [ 20047 —1.4131 s _ [ 2:0886 0.0232
V7| —1.4131 2.0016 271 0.0232 1.9984

If one looks at a scatter plot of the initial points one sees that the returned EM results look
like they “fit” the generated data shown in Figure 27 (left).
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-151 b -151

Figure 27: Left: Sample data for Problem 4. Right: Sample data for Problem 5. Green
points correspond to the first eight samples while red points correspond to the remaining
eight points.

Problem 14.5 (running GMDAS on another data set)

This problem is implemented in the MATLAB script chap_14 prob_5.m. For this problem
we again use MATLAB code from the NETLAB toolbox for pattern recognition [1]. The EM
algorithm finds

[ 0.4761 ] [ 3.6173
Sl o0 ) T 0 |
and for ¥; )
g _[19393 0 s _ [00777 0
"Tl00 21388 P | 0 13067 |

The data for this problem is shown in Figure 27 (right). In this case the value found don’t
exactly correspond to the centers of the generated data. This “error” is compounded the
closer the clusters are to each other (and how much over lap they have).

Problem 14.7 (the objective function J after clustering)

See the notes on Page 169 for this exercise.

Problem 14.8 (an equivalent relationship to z7 Az + 'z + ¢ = 0)

When we write out in components the relationship given by Equation 244 we have

l

l
ZZaijxi:ﬁj—l—Zbiszc:O.
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or factoring out the z? terms

Za,,x + Z a,jxx]+2bxl+0—0

1,5517#]

If we expand the second sum by taking ¢« = 1 with j = 2,3,...[, then taking ¢ = 2 with
7=1,3,---,1, then take i = 3 and j = 1,2,4,---,[ etc we can group the sum of the terms
a;;x;x; where i # j (i.e. the second sum above) as

I
g g (ai; + aji)xiz; .

i=1 j=I+1
This gives the representation for the vector p as

Pz[all agp agz -+ ay @2+ax az+as - aq_igtag_ b by - b C}-

Problem 14.9 (finding d2(z, Q) via polynomial roots)

11 Q12

When [ = 2 then A is 2 X 2 symmetric matrix A = [ @
aiz2  G22

},bisanlvector,xisa

2 x 1 vector and then

! - 1 1+ a22)\ —CL12)\
—(I+XA) = .
2( i ) <(1 + )‘all)(l + )\a22) - )\2&%2> |: —appA 1+ ap

Thus the expression used for z given by Equation 248 is given by

L a0 — )

"2
o ( 1 ) |: (1 + )\&22)(21’1 — )\bl) — )\a12(2:)52 — )\bg) :|
O\ 2((1 + Aa) (1 + Aag) — A2a2,) —Aa12(221 — Aby) + (1 + Aagy) (222 — Abg) |

When we put this into Equation 244 or 27 Az +b" 2 + ¢ = 0 and multiply by the denominator

(1 4+ Xan) (1 + Aag) — Nad,y,

squared (because of the quadratic term 27 Az) we will obtain a fourth order polynomial in
A

Problem 14.10 (a relationship between d2 (z,Q) and d?(z,Q))

Since d?(z, Q) = ||z—z||> with z on a line from z to ¢ on the hyperellipsoid i.e. z—c = a(z—c)
and (z — ¢)TA(z — ¢) = 1. When we put this first equation into the second equation we see

that ]
a’(x —c¢) ' A(lx —c)=1 or a:(x—c)TA(x—c)’ (267)
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Then since z — ¢ = a(x — ¢) we have

[z =l =@®lz —cl[* or [l —c|’ = =llz =,
with a? given by Equation 267. Now consider
d;(z,Q) =lz —z|" = [lz —c —a(z — )" = (1 — a)*||lz — c|* (268)
1 2
~(5-1) e-a?
a
= (((z = )" A(z — )2 = D]z — |, (269)

as we were to show.

Problem 14.11 (deriving the fuzzy C-ellipsoidal shells algorithm)

See the notes on this algorithm on Page 176.

Problem 14.12 (deriving the fuzzy C-quadric shells algorithm)

See the notes on this algorithm on Page 178.

Problem 14.13 (the modified fuzzy C quadratic shells algorithm)

In this scheme the goal is to use the generalized fuzzy algorithmic scheme (GFAS) with
the perpendicular distance, d,(x,0), for the degree of membership. Rather than use this
distance measure everywhere in the GFAS, in the parameter updating step we replace it
with a distance measure that is easier to calculate. Recall that the perpendicular distance is
computationally difficult to compute since it relies on finding roots of polynomial equations.
Due to the iterative nature of many root finding algorithms that would be used in the
parameter updating step we would need to compute d,(x, ) for many values of #. To avoid
this computational difficulty in the parameter updating step we will use the algebraic cluster-
point distance instead. This distance is given by

d2(z,Q) = (z" Az + bz + ¢)* = p" Mp.

Problem 14.14 (relationships between the radian and perpendicular distance)

In general the perpendicular distance will be the smaller distance. That is dy(z; Q) < d.(z; Q)
will hold.
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Problem 14.15 (spherical clusters)

The AFCS algorithm was derived on Page 175. Here we modify the arguments there to
account for the new distance measure for the jth cluster is d?(x;60;) = (|| —¢;|| —r;)?. Thus
the parameters 0; are given by the vector ¢; and the scalar r;. We start with out criterion

function to minimize
N m
_ } :2 : q 2
- zyds x“
=1 :

Then to minimize this expression we take the derivatives with respect to ¢; and 7}, set the
results equal to zero and then solve (numerically or analytically) for ¢; and r;. We find the
¢ derivative of d? given by

0 o 0
5o da(@:0) = 2||z el = )5 lle — ]
= 2l —ell ~ ) 2 (2 — o o )

= 2(Jo — ell )z — )z~ )5 (@~ )z o)

(-2 — ) = —2 D

_ (lz=dl=7)
||z = <]

We find the r derivative of d? given by

%di(x; 0) = 2(|lx — el = r)(=1) = =2(|lz — [ = 7).

Then setting % equal to zero we have to solve
J

N
> ufi(llwi = ¢l =) =0,
i=1

for r;. This gives

_ il ufllei =l

SR S\
i=1 Uij

Setting % equal to zero we need to solve
J

Y Tl = el =)
Z“?j[ — ]}(%‘—Cj)zoa
i1 ||z — ¢l

for ¢; and r; given the equation on r; above. Once we have solved these equations for c;
and r; we can update the value of u;;(t) as in the Generalized Fuzzy Algorithmic Scheme

(GFAS).
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Problem 14.16 (the possibilistic algorithm)

If J1(0,U) given by

Ms

N
=17

m N
wi;d(x;, 0 g E (wij In(uij) — wgj) -

Then taking the u;; derivative of J; and setting it equal to zero gives

1

0,
8u,-j

= d(l’l, 9]) + 75 [ln(uw) +1-— 1] =0.

When we solve for u,;; we get

Ui = exp (—M) . (270)

1

This is the update step of u;; for fixed parameters ¢; then we update the parameters ¢; via
a parameter updating step by taking the 8%1_ of J1(0, J), setting the result equal to zero and
solving for 6; i.e. solving

Y 9
i=1
this last set depends the type of clustering desired.

Problem 14.17 (plots of w;; vs. d(z;,0;)/n;

See the MATLAB script chap_14_prob_17m where these expressions for u;; are plotted. When
that script is run we get the plot shown in Figure 28.
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Figure 28: The plots of w;; given by Equation 265 for various value of ¢ (in blue) and by
Equation 270 (in red).
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Clustering Algorithms IV

Notes on the text

Notes on Competitive Learning-Like Algorithms

We are to consider the objective function J(W) defined by

N m
1
JW) =5~ SNz la — wyl)? (271)
i=1 j=1
N m
1 || i — wy|| 2 2
2mgz<z:11||xz—wr||—2 s = ]

-3 (Z [ —wr||-2> . (272)

Now to take the derivative of the above expression with respect to the vector wy we get

—2
0J 1o » 0 i
o 52 <Z|lxz—wrll ) Gy Ul = el [7)

0 _
(2 ()|l — wk|l4)a—w(llxz —wi/| %)

0

(zk (@)l — wel ) (=2)la: — wil | 5—(||z; — wy])

2 8wk
al B
= > el = will gl = il

To continue, we recall that the vector derivative of the vector norm is given by

0 (ZL’Z - wr)

which we can be shown by taking the derivative of ||z; —wy|| with respect to each component
one at a time. Thus we get

Z 2 () (2 — wy,) (273)

8wk

which is the result given in the book.
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Notes on the branch and bound clustering algorithms

We are given C, = [c1, Ca, . .., ;] or an assignment of the first r points from the data set X
into the m clusters ¢; € {1,2,...,m}. Note that in this section there are two objects that
are denoted via the “c” character. The first, ¢;, represents is the cluster that the point x;
is assigned to. The second, C,, is all assignments to clusters for the first r points from X.
With these definitions this we can define an objective function for this cluster assignment as
follows

(€)= D llwi = me G (274)

Here m;(C,) is defined as

miC) = —— S a. (275)

q:17...77"50q:j

This is a more complicated way of writing the fact that m;(C,) is the mean of all vectors
assigned to the jth cluster. Based on the above and assuming that we assign the point x,
to cluster j we can write

r+1

J(Cri) =Y ||z = me,(Cri) |
i=1

=D llai = me, (Conn) P + [[@rsr — my (Coa) I

i=1
T T
= > e = meCo)IP+ D e = me (Con) 1P+ e —my (Co) I
i=lici#j i=l:c;=j

In the last step we have broken the original sum up into two additional sums. The first is
the sum over all the points x; that are not assigned to the cluster 7 and the second is the
sum over all the points z; that are assigned to cluster j. Now with these two new sum, in
the first sum since we are ignoring the cluster j it can be written as

T

Y = me (G,

i=1:c;#j]

where we now have mc, (C,) rather than mc,(C,41) since the means over C, and C,, are the
same for all clusters that are not equal to j. With this we now have

JC) = Y i =me,@IF+ Y Mai = my(Crp)IP + 1 — my(Cran) |- (276)
i=1:c; #j i=1l:c;=j
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Now lets consider the mean vector of the j cluster or m;(C,1) which shows up in two places
above. Since the new point z,,, is placed in that cluster we have

1
Me,; (Cry1) = O+ 1 Z Tg + Tppr

q:17 7T:Cq:j

- B e+ e (217)
— my(C) + m(w —my(C). (278)

Then with this we find x; — m;(C,41) can be written as

Ty — mj(cr+1) =T — mj(Cr) - m(%ﬂ - mj(Cr)) :

Thus the norm needed in the second sum in Equation 276 is

[ER—

[lzi = m; (Cryn)l1” = [Jzi — my(C;) W( = m;(Cp)) (@1 —my(Cr))

1 2
+ WHITH —m;(C,)||

Now when we sum this expression over » 7, _; the middle term vanishes due to the fact
that > /... _;(zi —m;(C;)) = 0. Thus we find for the second sum in Equation 276 the terms

- n;(C,
> = @I+ e = m G

i=lic;=j

Now for the lone term ||z,51 — m;(Cr41)|]* in Equation 276 we find

Try1 — mj(cr-l-l) = (1 - n](Ci

Thus )
n;(C,
|21 = m;(Cian) P = mllxm —m;(C)|[*.
g\~

Thus combining these we find

||2 nj(cr)2

) || r+1 ™ ](CT> (n](Cr)—l—l)zH r+1 = J( )

n;(C,) + 1

o n]( r) 2
=J(C) + —52— PRARE plzr = my (G

This last expression verifies the books expression for AJ(C,).
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Notes on the boundary detection algorithm

Recall that the form of J(#) given in this section is

N N 2q
1 1
JO0) = 5 D Flg(x:0) - (ﬁ > flglas 9))) . (279)
i=1 =1
Then if we consider the positive expression given in the book (denoted as F)
1 — 1 — :
E=5 (f(g(a:i; 0) =~ D flola 9))) ,
i=1 k=1

by expanding we have

1 1 (& :
= NZfzg(xi;Q)) N2 (Z f(g(l"z';e))> : (280)
As ¢ is a positive integer and the sum + Zf\il f(g(x;;0)) is inside [—1,41] we have that

<% Z f(g(s; 9))) < (% Z g (s 9))>

When we negate this expression and add + SN F2(g(xi;0)) to both sides we get using
Equation 280 that

3 Pyt o) - G > gt 9))) > =3 Potes 0) - G > Fotas 9))) ,

or

2

the expression stated in the book.

Problem Solutions

Problem 15.3 (leaky learning with n,, = ;)

In this case every cluster representative w; gets updated via

w;(t) = w;(t = 1) +n(z —w;(t —1)).
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Since each cluster representative w; is initialized randomly (perhaps with a random sample
from X)) each of these cluster centers is a particular step in a Robbins-Monro iterations for
solving for w in Ex[h(X,w)] = 0 where h(X,w) = X —w. For this A(X,w) the limiting
value of w;(t) (for all j) should be the mean of all the samples in X.

Problem 15.4 (the von Malsburg learning rule)

Part (b): If w; looses the competition for z then it does not change its value soif 7, w;, =1
before the assignment of a sample it will still hold afterwards. If w; wins the competition

for x then
anew — Zu]jk—i—n (Z/:,_Z —ijk> .

But }, & =1 and kajk— Lso Y, wip" = 1.

Problem 15.5 (deriving the expression for AJ(C,)

See the notes on Page 191 where this problem is worked.

Problem 15.9 (a derivative)

The given expression can have the same value for g(x;0) but with different values for w;.
This is due to the symmetry in the products x,x,.. Thus it should be written as

g(x; ) —w0+Zw2xl+ZZwsrxsxr.

s=1 r>s

Where we have 1/(1 + 1) terms in the second sum. Derivatives of this expression can then
be computed with respect to the components of wg, w; and wy,.

Problem 15.13 (time till convergence)

If we take Tiax = 5 and Ty, = 0.5 then using the equation suggested in the book we have

Tmax 5
(L + tena) = 72 = = = 10.

Thus solve we find to,q = 22025.46. A large number of iterations.
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Cluster Validity

Notes on the text
Notes on comparing P and C

These are some simple notes on bootstrapping statistics when imposing an external clustering
criterion. In this section we assume that we have some external clustering (represented by
P) and we desire to see if the computed clustering (represented by C) duplicates/describes
the same phenomena as P. Note that to compute the Rand statistics, Jaccard coefficient, or
the Fowlkes & Mallows index we need two clusterings C' and P’. For the hypothesis testing
for cluster structure discussed in this section we need to generate these two clusterings and
then construct many samples of the measure (Rand statistic, Jaccard coefficient, etc). Thus
we need C’ from our algorithm and P from our external criterion. We thus need to generate
bootstrap data samples of both C’ and P’. From these samples we can compute a distribution
over the given measure. We can then test whether any given sample of the measure comes
from this distribution or is an outlier.

Problem Solutions
Problem 16.1 (Rand, Jaccard, Fowlkes & Mallows)

Recall that the Rand statistic is given by

a+d

e — 281
a+d+b+c (281)

As all of the variables a, b, ¢, d are nonnegative the rand statistic will be less than one if
b+ ¢ > 0. The smallest value that b + ¢ can be is 0. In order for b 4+ ¢ = 0 we must have
both b = 0 and ¢ = 0. Since b is the number points of the “same-different” (SD) category
and c is the number points in the “different-same” (DS) category both b and ¢ cannot as
long as the number of m clusters in C and the number ¢ partitions in P are not the same,
there must be points in at least one of these two groups. In other words not both b and ¢
can be zero. Thus b+ ¢ > 0 and the rand coefficient is less than one. Because the forms for

the Jaccard coefficient a

S 282
J a+b+c’ (282)

[ a a
FM = 2
a+ba+c’ (283)

have fractions that are less than one if either b or ¢ is nonzero we have that both these
expressions are less than one.

and the Fowlkes & Mallows index

195



Problem 16.2 (an expression for I')

Recall that X (4, j) = 1 if 2; and x; are in the same cluster in C, and Y (i, 5) = 1 if z; and z;
are in the same group in P and are zero otherwise. Now note that the definitions of px and
iy can be simplified as

| N
MXEM;]-;lX(Z ]):Mml and

)~<

1 N 1
iy = g 2 2 V(i) = gpme.

o2 ZLNZ_liX(Z N2 — —im —Lm2 and
=1 j=i+1
1 1
2__ 2
=T ™

Now note that we can write the double sum in the expression for I (denoted by E for
expression) as

B L33 (XG0) i)Y (i) — )
= % ; j;lX(z,])Y(z,j) — MMX Z;];l Y (i, 5)

i=1 j=i+1 i=1 j=i+1
=1 — pxpy — pxpy + pxpy
=T — pxpy .

Where we have use the definition of Hubert’s I' statistic

[=— Z Z X(i,7)Y (284)
=1 j=i+1
Note that since SN ZJ i1 X(i,7)Y(i,j) = a we can write I' = . Thus when we use
these expressions to evaluate I we find
f:F_MXNY_ £ — sEmims
X = ) (drma — shmd)
_ (Ma — myms) B (Ma — mymsy) ’ (285)

V (Mmy —m?)(Mmy — m2) B Vmima(M —my) (M — my)

the desired expression.
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Problem 16.4 (the CPCC is bounded between [—1, +1])

Note that the expression for CPCC' is a correlation between two vectors. One vector has
values from the elements of the upper diagonal cophenetic matrix P. and the other has
elements from the upper diagonal of the proximity matrix P. As correlations p are always
bounded |p| <1 so must this measure.

Problem 16.6 (The modified Hubert I" statistics)

Recall that to define the modified Hubert statistic, we start from the samples z; directly by
first computing the proximity matrix P. From the hard clustering centers w; fort =1,...,m,
we define the cluster index ¢; to be ¢; = k if the sample z; is a member of the kth cluster Cy.
Then for each of the N z; data points we define the matrix Q(i,j) to have elements equal
to d(w,,, w.;) where w; is the hard cluster representative/center.

Note that if we already have a algorithm or subroutine that takes as input data samples
x; and computes proximity matrices P we can use it to create the matrix @ by creating a
surrogate derived data set. This derived set is obtained by listing the cluster centers w,
associated with each data sample x;. We then call our proximity matrix subroutine on the
derived data set. Then using P and () the modified I' Hubert statistic for general symmetric
matrices X (7, ) and Y (4, 7) is obtained by computing

)
><l\)
Il
—_
[]=
S
=
.
e
|
=
N
-+
=
1)
wn
Qo
=
1)
3
]
)
=N

Part (a): In this part of this problem we have

=1 for ie{l,2,...,8}
¢ =2 for i€{9,10,...,16}.
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Problem 16.7 (computing Dunn’s index)

We let the distance between two clusters be given by

d(C;,C;) = min _d(x,y).

z€C;,yeC;

and the cluster diameter as
diam(C) = max d(zx,y) .

z,yeC

Then with these, the Dunn index for a fixed number of clusters m is given by

. . d(Cy, C))
D,, = L . 286
mm{m ..... m(m mdiam@k))} (286)

.....

Now based on the above formula and for a fixed value of m in the numerator we see
that we need to compute d(C;,C;) for i« = 1,2,...,m (all clusters) and j = i + 1,7 +
2,...,m (all “other” clusters). While for the denominator we need to compute diam(Cy) =
max, yec, d(x,y) over all m. Each of these calculations involves the pairwise distances be-
tween all the samples in the two clusters. If we extend the limit of j to include the j =1
case we will have all of the pairwise distances needed to evaluate diam(C'). Thus we need
the evaluate d(C;,C;) for i =1,...,nand j =i,i+1,...,m (note the index j starts at 7).
Thus there are O(™5 m+1)) pairwise cluster distances we need to calculate to compute the
Dunn index for a fixed m. Each of these calculations takes O( n;n;) distance calculations
between data points, where n, and n; are the number of data points in the ith and jth
cluster respectively. We assume that with m clusters there will be O(%) data points in each

cluster and thus we have
N m N
O(m 2(m+1)) O(;(m+1)) ,

distance calculations for each m. If we do this for m = 1,2,..., N we need to sum these
numbers and find the total number of computations given by

iO( m+1)_—0<zm> IMIO(N?))’

m=1

which can be a large number of calculations.

Problem 16.8 (two more Dunn like indices)

In the same way that EM57T is the minimum spanning graph (MSG) derived from the com-
plete graph G; from on the samples in the ith cluster C;, we define the graphs EFN¢ to be
the relative neighborhood graph (RNG) and ESC to be the Gabriel graph (GG) based on the
clusters complete graph G;. Given these two graphs we will define the RNG or GG diameter
of the given cluster to be the length of the largest edge in the relative neighborhood or
Gabriel graphs respectively. Once we have defined the GG and RNG diameters as above, we
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can compute Dunn like indices using a definition similar to Equation 286. We have assumed
the dissimilarity between the two clusters C; and C} is related to the distance between the
cluster representatives m; and m; i.e.

d(C;, Cj) = d(ms, my),

Problem 16.9 (bounds on various Dunn indices)

Since we are told that for a cluster C; that
EMST c Ef'NG c EF¢, (287)
based on this we know that the graph diameters must satisfy a similar ordering

diam*" < diam!™% < diam{“ . (288)
Thus the maximum in the denominator of the Dunn index Equation 286, will get sequentially
larger as we consider the MST, the RNG, and finally the GG graph. Thus the Dunn index
will get smaller and we have
DGG < DRNG < DMST.

Problem 16.10 (conditions C1-C5)

Part (a): Take the diameter to be the measure of dispersion or spread s; around a clusters
mean value. Then we define R}*T as

s _ ST 4T QiamST(C) + diamST(C) -

From this we see that C1, C2, C3 are satisfied. If sM5T > sM5T and d;; = d;;, then we have

MST |  MST
sMST 4 gMS sMST | gMST

RMST — J > — RMST
iJ dij dzk ik ’
showing that C4 is true. Given the condition for C5 we have
MST | MST MST | MST
pusT _ S TS ST ST pust
] dij dzk ik ’

showing C5.

Part (b): The only change to compute RﬁN ¢ and RZ-G]-G is to compute the diameter of
the graph based on the relative neighborhood graph (RNG) or the Gabriel graph (GG)
respectively and use that number to evaluate the spread of a cluster around its center. Thus
Rf}N ¢ and RgG should satisfy C1-C5 as RZJ-‘;—[ ST does.
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Problem 16.11 (inequalities of DB,,)

Using Equation 288 we see that when s7¢***¢ = diam™“""*? for the methods MST, RNG, and
GG we have

82{\4ST < SZRNG < SiGG'

So form Equation 289 we have

R%ST < RZI;ENG < RZGG
Finally since DBpethod = L3  pmethod e thus get
DBMST < DBENG < pBEY

as we were to show.

Problem 16.12 (robustness of MST DDB)

Recall that the minimum spanning tree (MST) graph looks only at the smallest tree that
we can construct from the given complete graph G; of the points belonging to the ¢ cluster.
Even if cluster i has some outliers if we define sM°7 to be the “diameter” (the length of
the longest edge in the MST) these outlying points will not affect the value of sM57 since
the MST is considering the smallest tree. In general, another form of s; to be used in R;;
(not the MST version) would have its value changed due to these outliers. For example, if
we are using a direct cluster diameter diam(C;) = max, yec d(z,y) as the definition of s; we
expect outliers to affect its value. Since the values of RM ST are less susceptible to outliers,

minimizing DBMST = S~ RM5T as a function of m should be also.

Problem 16.13 (PC and PE as a function of the fuzzifier ¢)

Part (a): As stated in the book in the chapter on fuzzy clustering as ¢ — 17 then no
fuzzy clustering is better than the best hard clustering. Thus w;; = 1 when j = k where the
kth cluster is the one that the best hard clustering would put the sample x; into and while
u;; = 0 for all other js. Based on this we see that

1 N m 1 N
_ 2 _
and

N m
= %Zzuulogauw %__ZO_O

=1 j=1 i=1

since lim, o ulog(u) = 0.
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Part (b): Now as ¢ — oo we have that u;; — % as each sample has an equal weight in all
clusters and we thus get

PE — —% ZZ%Ian (i) = %(ml\f) = log,(m) .

Problem 16.14 (limits of X B with respect to q)

We are told that when ¢ — +o00 we have lim,_,,, w; = w where w is the mean vector over
the set of data X. Then because of this we see that

din = min_|fw; —w;|[ = 0.
1,7=1,...,m;i#£j

At the same time as ¢ — oo we get u;; — % thus

N N 1 2
it =Sl =l - 3 (o) el
i=1 i=1

which is a positive constant independent of j. Thus the total variation or the sum of the m
of these ajz is also a constant say C. Thus we have shown that as ¢ — oo that

XB—)%—)OO.

When we want to consider the X B, case we recall that

Oq
Ndgim
We have already shown that dgi, — 0 as ¢ — 0o. Consider now the value of o, as ¢ — 0.
From the definitions given in the book we have

m m N
op =Y o=y > ulllz—wyll.

As u;; — % as ¢ — oo we see that ugj — 0 as ¢ — oco. Thus each term in the expression for
oq4 goes to zero. Thus we have X B, — g which is indeterminate.

XB, = (290)

Problem 16.15 (limits of F'S,)

To begin, we first recall that F'S; is given by

N m
FSy =3 ut(lli — wyl% — |fwy — w]). (201)
=1

i=1 j
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Part (a): If ¢ — 17 then u;; = 1 when the index j corresponds to the cluster k that z; is a
member of and u;; = 0 for all other j. Thus when ¢ — 1% we have a hard clustering. If we
let j(i) be the cluster index that the point z; is a member of we get

N

N N
FSy = (i = wiolli = llwie) = wlZ) = Y [l = wyolli = D lwie) —wlf-
i=1 =1

1=1

Note that the first sum in the above is the sum of the data samples x; around the individual
cluster representatives w;, and the second sum is the sum of cluster representatives w; around
the global center w. If we change the sums above, which are over the points x; to sums over
the m clusters and the n; points inside each we get

FSq—ZZsz w]HA ZnJHwJ wl%

j=1 i=1
S (LS ) YD M,
- N nj - A : N ’ 4
7j=1 i=1 7=1
= Ntrace(S,,) — Ntrace(Sy),

where we have introduced the within S,, and between scatter matrices S, as

From an earlier chapter in the book we can write the between scatter matrix S, as S, =

S, — Sy where S, is
| XN
Sn = 2w — Al =)t

to get

FS, = Ntrace(S,) — Ntrace(S,) = Ntrace(S,) — N(trace(S,,) — trace(S,))
= 2Ntrace(S,,) — Ntrace(S,,) ,

the result we wanted to show.

Part (b): If ¢ — +oo then earlier we have shown that u;; — L so uf; — 0 and w; — w

as ¢ — +oo. Thus F'S, given by Equation 291 is the sum of terms all of which are going to
zero and is therefore equal to zero in this limit.

Problem 16.16 (distance to the closest point in a sphere)

Our sphere is defined as the points x such that ||z — ¢;|[* = 7. We want to find the point
x* that is on the sphere and closest to some exterior point z;. Let the distance (squared)
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between z; and z* be denoted by d?> = ||z; — 2*||>. We can phrase this problem as a
constrained optimization problem where we want to minimize d? as a function of z* subject
to [|2* — ¢;||> = 2. To do this we form the Lagrangian

L=lla" —il[* = AMlla™ = il = 77) .

Then the two needed derivatives (and set equal to zero) are

oL . .

e =2(z" —x;) —2M2" —¢;) =0
oL .

ﬁ‘“ —¢lff =717 =0

The first equation states that the vectors #* — z; is a scalar multiple of the vector z* — ¢;
meaning that they two vectors are parallel. Thus z* is on the line between the point x; and
the center of the sphere ¢;. Solving the first equation for 2* gives the point

. 1
2" =7 )\(:ci — A¢j) . (292)

If we put this point into the constraint ||z* — ¢;||* = 77 we get
2
2

:Tj7

1
H (i = Aej) — ¢

1-A

or simplifying some

|
<

1A

If we solve this equation for \ we get

Hl 1

i~ G
Dl
T
Now that we know A we can use its value in Equation 292 to compute the difference x; — z*
where we find

Y

1 A A
T -2t =1 — ——(x; — A\¢j) = — r; + cj .

1—A 1—A 1—A
From what X is we can also compute that

so the above difference r; — * equals

r r;
T — " in—ijxi—cﬁm%
J
e - — (mi—e 293
Z; C] ||xl _ C]|| (zl C])? ( )

which is defined to be the vector 7;; and is the desired expression
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Problem 16.17 (some moments)

We are told that X is defined as
1 ®/2
Y= — xx'dl — mm” .
Ly J /2
With xT = [ rcos(f) rsin(0) ], dl = rdf and L4 an arc length. First we have the value of
Ly as

£(27T7“) =rd.

L¢:27T

Next we have m given by

me [ w= s [ [l
_r [ sin(ﬁ)ﬁf/z ] _r [ 2sin(¢/2) ] r [ 2sin(¢/2) ]
¢ & | —cos(¢/2) +cos(¢/2) | ~ ¢ 0

e 15in2(0/2) 0
mmT _ E |: San 0 :| .

Next we compute the second moment

®/2
— xxtdl = / { r cos(d } rcos(f) rsin(9) | rdf
Ly J_4/ ro o2 LT sin (6

2L

_ E [ (¢+§m(¢)) %(¢—gin(¢)) } ’

Thus using this, we find for X the following

M1 sin(¢) sin?
ORI EE)
0
1
2

o

Since rZ; = trace(X) we get

If S = Zj;xjex' uj = ¢r then we get
s or

_ ¢
2nres 2my/trace(X)  or /1 _ 4sin;g¢/2)

which is the result we wanted to show. If ¢ = 27 then since sin?(¢/2) = sin?(7) = 0 we find
=1

6:
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Hints from Probability and Statistics

Moments of a Quadratic Form

Suppose x is a [ x 1 random vector with E[z] = p and Cov(z) = ¥ and let A be a | x [
symmetric matrix not dependent on x then the quadratic expectation E[zT Ax] is given by

Elz" Az] = p" Ap + trace(XA) . (294)
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Optimization for constrained problems

Notes on the text

We can show the expression % = A7 is true, by explicitly computing the vector derivative

on the left-hand-side. We begin by considering the expression Af. Recall that it can be
expressed in component form as

CL11¢91 + a1292 + CL13¢93 +- CLUGZ
CL21¢91 + a2292 + CL23¢93 + -+ aglﬁl
Al = .
am191 -+ am292 + am393 + -+ amlﬁl

Using the above expression the vector derivative of Af with respect to the vector 6 is then
given by

[ 0(A0)1  9(A9)2  8(A0)s  I(AO)m
ol o, ol oy
1 2 3 m
9(A9) _ D62 962 0, 962
o0 : : : : :
9(A0)1  O(A0)2 (A9  I(AO)m
| " a9, 0, 0] 90,
aip Qg1 azr - Qi
Q12 G2 A3z2 - Am2
= | T T T =4 (295)
| du Az Az - Gl
In the first equation above the notation % means the 6;’s derivative of the ith row of
J

Af. Now that we have shown that the vector derivative of A8 with respect to 0 is AT we
will use this result in discussing the first order optimality conditions under minimization of
a function J(#) subject to linear constraints on 6.

The first order optimality constraint for constrained optimization where the constraints are
linear say given by Af = b, states that at the optimum value of 6 (denoted by 6*) there is a
vector A such that

0J(0)

20 |,

Since AT\ is a linear combination of the rows of A this equation states that at the optimum
point #* the vector direction of maximum increase of the objective J is in a direction spanned
by the rows of A. The rows of A (by definition) are also in the directions of the linear
constraints in A9 = b. Since the vector 6 derivative of the expression A\’ A is given by

O(AT A9)

= AT\, (296)

= (\TA)T = AT),
50 (A"A)
we can write the first order optimality constraint expressed by Equation 296 as
0

55 (J(0) = ATA9) = 0.
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To this expression we can add the term A7b since it does not depend on 6 and has a derivative
that is zero. With this we get

0
5

Now if we define a function £(0; \) as

J(0) — XT(A0 — b)) =0. (297)

LO;\) = J(0) — A\T(A0 —b)

we see that our first order constrained optimality condition given by Equation 297 in terms

of the function L is given by

0

which looks like an unconstrained optimality condition. Note that because £(6; \) is a scalar
we can take the transpose of it to write it as

L(O;\) = J(0) — (A9 —b)T\.
From this using Equation 295 we see that the constraint given by A6 —b = 0 in terms of the
function L is equivalent to the vector A derivative set equal to zero or

0
o LO:A) =0,

which is another expression that looks like a first order unconstrained optimality condition.
Thus the functional expression £(0; \) provides a convenient way to represent the solution
to linearly constrained optimization problem in the exact same form as an unconstrained
optimization problem but with a larger set of independent variables given by (6, ).

Notes on optimization with inequality constraints

In this section of these notes we document at a very high level (without much motivation
or background) how to solve constrained optimization problems. These notes can then
be referenced, as needed, when working with specific optimization problems. The general
optimization problem with inequality constraints is given by

minimize J(0)
subject to f;(#) >0 for i=1,2,--- m.

To solve this problem we first form the Lagrangian, £, defined by
LO;N) = J(0) =) Nifil0). (298)
i=1

The variables \; in the above expression are called Lagrange multipliers. Using this definition,
a set of necessary conditions for a local minimizer 6* to exist is the following:

1. ZL0)) =0
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2. ;>0fori=1,2,---,m.

3. Alfl(ﬁ*) =0fori= 1,2,"' ,m.

These three conditions are called the Karush-Kuhn-Tucker or KK'T conditions. The third
conditions are called the complementary slackness conditions. A given complementary slack-
ness condition say A;f;(60*) = 0 mean that when this product is zero and \; # 0 we have the
original nonlinear constraint f;(#*) > 0 active i.e. at the optimal point 6* it is the hard con-
straint f;(60*) = 0. Given these conditions we next ask how to use them to actually find the
optimal point 6*. One approach, that might work for small problems, is to explicitly specify
which nonlinear constraints we want to have active that is assume f;(6*) = 0, from some set
of i. We can than solve the remaining equations for the respective Lagrange multipliers. To
verify that we indeed have a solution we would then need to check that the values computed
for these Lagrange multipliers were non-negative. This can be hard to do in general when
there are many constraints, since there are many possible sets f;(6*) = 0 to consider. An
alternative approach is to express the problem in its Wolfe Dual Form. This later form
expresses the fact that in the situation where the objective function J(6) is convex while the
constraint functions f;(0) are concave then the above programming problem is equivalent to
a simpler convex maximization programming problem

maximizey>o L(0; \)

3 8 . p—
subject to %5(97 A)=0
and A>0.

The benefit of this later formulation is that the relatively complicated nonlinear inequality
constraints of the original problem, f;(f) > 0, are replaced with the simpler equality con-
straint 2 £(f; ) = 0 and a maximization over A > 0. This later problem (if needed) can be
solved with more standard convex programming codes.
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