Solutions to the Problems in Calculus
by William E. Boyce and Richard C. DiPrima

John L. Weatherwax*

Introduction

Here you’ll find some notes that I wrote up as I worked through this excellent book. I've
worked hard to make these notes as good as I can, but I have no illusions that they are perfect.
If you feel that that there is a better way to accomplish or explain an exercise or derivation
presented in these notes; or that one or more of the explanations is unclear, incomplete,
or misleading, please tell me. If you find an error of any kind — technical, grammatical,
typographical, whatever — please tell me that, too. I'll gladly add to the acknowledgments
in later printings the name of the first person to bring each problem to my attention.

All comments (no matter how small) are much appreciated. In fact, if you find these notes
useful I would appreciate a contribution in the form of a solution to a problem that I did
not work, a mathematical derivation of a statement or comment made in the book that was
unclear, or a correction to a typo (spelling, grammar, etc) about these notes. Sort of a “take
a penny, leave a penny” type of approach. Remember: pay it forward.

*wax@alum.mit.edu



Chapter 1 (Functions)

Section 1.4 (Functions)
Section 1.5 (Examples of Functions)

Problem 22

WWX: working here.

Section 1.6 (Trigonometric Functions)
Problem 4

Using the cosine sum formula we find

CoS 7—7T+7—7T = Cos 7—7T CcoS 7—7T — sin 7—7T sin 7—7T __\/§_ 1 = —
6 4 ) 6 4 6 4 ) 22 22

Problem 8

Using the half-angle formula for sin(-) we have

Sm( ) \/m /11— \f/2




Chapter 6 (The Integral)

Section 6.5 (integration by substitution)
additional examples at evaluating integrals

Integrate:
cos(z)dx

/1 +sin(z)

Let u = sin(z) then du = cos(z)dz and we get

du
=2(1+u)"? 4+ C =2(1 +sin(x))/* + C.
=21 4) (1 + sin(a)
Integrate:
sin™!(z)dx
V1ita? o
Let u = sin~!(x) then du = \/Idf? and we get
u? 1
/udu =3 +C = i(sin_l(x))2 +C.
Integrate:
/tan(m)dm
cos?(x) -
First write this integral as
_/ _ sin(z) i
cos?(x)
Let u = cos(z) then du = — sin(x)dx and we get
du u? 1 1
_ == C=—+C=—F—_+C.
P YT Y T Yo T

Integrate:



First write this integral as

I / (14 sin(z))dx

1 — sin®(7) da
[ (1 +sin(z))dz .
B / cos?(x) d

- / cojf(x) i / cs(i;((az) da

- /secZ(if)dx_/ <_csoi:2((z?))) o

In the second integral let u = cos(z) then du = — sin(x)dx and we get
I = tan(z) — / %
= tan(z) — (u_‘ll) +C
= tan(x) + cosl(a?) +C.
Integrate:

Jz/Qdﬁme/v%ngﬁ”+o.

Integrate:

I:/ffyfhm

Let u = v/ so that du = 26% and we get

I = 2/cos(u)du = —2sin(u) + C

= -2 sin(ﬁ) +C.
Integrate:
I / dx
VaZ+2x +2
We have

/ dx
I =
V2 +2r+1+1
B dx
Vi +1)2E1

Let uw = x + 1 then du = dx to get

I= / \/ud;LT = arcsin(u) + C' = arcsin(z + 1) + C'.



Integrate:

I / (3z — 7)dx
) (a=D(z—2)(z—3)"
We will do this with partial fractions. We need to find A, B, and C such that
3t —T=Alx—2)(x—=3)+ Bz —1)(z—=3)+C(x — 1)(x — 2).
Let x = 2 to get
6-7=0+B(1)(-1)4+0 so B=1.

Let z = 3 to get
9—7=04+0+C(2)(1) so C=1.

Let x =1 to get
3—T=A(-1)(-2)+04+0 so A=-2.

Thus we have written our integral as

2 1 1
[_/(_x—1+x—2+x—3)dx

=2Injz—1|+Injz—2|+In|lz—3|+C.

I = /x2emdaj.

We will do this with integration by parts. Let v = 2?2 so that du = 2xdx and v = €® so that
dv = e*dx and the above becomes

I:xzex—Q/xexdx.

Integrate:

To evaluate this second integral again use integration by parts by letting u = z, so that
du = dx and v = €” so that dv = e*dx and we get

I=2%"—2 {xem — /ewdx]

= z2e® — 2xe® + 26" + C.

Integrate:

[:/\/:52+1d1’.

Let z = tan(0) so that dx = sec?(6)df and we get
I= /sec(@) sec?(6)df = /secs(ﬁ)dﬁ

= —sec(f) tan(f) + % /sec(é’)d@

DN | —

sec(d) tan(6) + %ln |sec(f) + tan(8)| + C

1
\/:52+1—|—§ln‘\/:£2+1—|—:£‘—|—0.

1
2
T
2



Integrate:

t
e
I = | ——=dt
/ 1+ e?

I= / du_ _ arctan(u) + C' = arctan(e') + C'.

1+ u?

Let u = e so that du = edt then

Integrate:

I:/;dx
et 4 e %

I= / ¢ dr= arctan(e”) + C'.

We multiply by Z—ﬁ to get

e +1
Integrate:
1
= d
/ 1+ x *
Multiply by % to get
\/_ dx
Integrate by parts where u = y/x so that du = a5 and v =2In |14++/z| so that dv = ﬁ(f_fﬁ)
and we get
Infl+va|,
I =2y/zxIn|l -2
Vrln|l+ /7] / NG
Let u = 1+ /x so that dw = -2 in this second integral to get

ENG

1:2\/51n|1+\/5|—2/1n|w|dw.

Use integration by parts on this second integral with u = In|w| so du = %”

dv = dw and we get

with v = w with

I=2zIn|1+ x| -2 [wln|w\—/dw}

=2yzIn|l 4+ V| — 2 [win|w| — w]
=2yzIn |1+ Vz| —2(1+ V) In |1 + Vx| — 2(1 + V).

Integrate:

I:/\/ﬁdm



Let u =1+ /x so that /x = u — 1 and
du = 2\/,:>dx—2du\/_—2(u—1)d

and we get for [

_ / 2%‘6 DF /(\/a — w2y

3/2 1/2

u U
—2—— — = —ud/? — 42
32 2ip O 3 wrre

= %(1 + V)2 =41+ Vo)2 + C.

Integrate:
I= /t2/3(t5/3 +1)¥3dt .

Let u = t*% 4+ 1 so du = 2¢*3dt and we get

3 [
Ve

5
3 (t5/3 + 1)5/3

S AUt s e PR A L B I Bes
5 63 25( T

Integrate:
I / cot(x)dx
~J In(sin(x))

Let u = In(sin(z)) so that du = <) o dw = cot(z)dz and we get

]:/i—u:ln|u|+0
= In|In(sin(z))| + C = In(In(sin(x))) + C'.

For the following integrals we will only give hits as to how they maybe evaluated

Integrate:
dt

[=—
N

Hint let u = (1 — e~*)71/2,

Integrate:

1:/ dv
et — 1




Integrate:

f:/<eu—d+u>2'

Hint multiply by EE—Z, and use the integration substitution v = e**.

Integrate:
I= /ex cos(2x)dx

Hint let u = e” with dv = cos(2z) and use integration by parts twice.

I—/ dx
) 2(1 4 2t3)

Integrate:

Hint let u = 1 + /3

Integrate:
[ / 2Pdz
) Vi 2

Hint use integration by parts with v = 2* and dv = z(1 + 22)~/2

three times.

Integrate:
I— / (sin~!(z))2dz .

Hint use integration by parts with v = (sin™*(z))? and dv = du.

xzdx
CESVE

Integrate:

Hint use integration by parts with © = 22 and dv =

Integrate:

I:/x\/2x+1d:c

Hint use integration by parts with v = x and dv = (2 + 1)"/2dx.

Integrate:
I= /e‘x tan~! (e”)dx

Hint u = tan~!(e®) and dv = e™® and use integration by parts.

Show:
- /m(w V) =In(vz) + In(1 + va)



Integrate:

I—/ix
) a2 +4x+3°

Hint use partial fractions.

Integrate:

2 A2
Iz/udx
X

Hint divide by  and let 2 = sin(0).
Integrate:
B / dx
) 23T+ 1)
Let u =3z + 1.
Integrate:
I / cot(0)do
) 1+sin®(0)
Hint let u = sin(0).
Integrate:
I ettdt
o 1+ e2t)2/3 )
Hint u = e*.

Integrate:

I:/ xdx
1—=x
Hint let u=1— z.

Integrate:

S

x+m)dx

I:/ln

Hint use integration by parts with v = In (x +Vx? — 1) and dv = dz.

Integrate:
I= /sin_l(\/f)dx

Hint use integration by parts with u = sin™(y/z) and dv = dz.



Chapter 7 (Applications of the Integral)

Section 7.2 (Volume)
Problem 4

To evaluate this volume, construct a line from (0,0) to (h,a). Such a line has a form
y(r) = a+ $(xr — h). Rotating this line about the z-axis we would have a differential of
volume given by dV = 27y (z)dz. The total volume is then the integral of this differential or

h _ 2|k
V:27r/ (a—i—g(x—h))dx:%r ah+g(z h) =mah.
0 h 0

h 2

Ifa:%andh:%vvegetV:g.

10



Chapter 8 (Elementary Transcendental Functions)

Section 8.7 (The Hyperbolic and Inverse Hyperbolic Functions)
Problem 37

Part (a): A definition of the arctanh function is the value of y (given z) such that z =
tanh(y). From the domain and range of the tanh function we see that the domain of the
function y = arctanh(z) is —1 < < +1 and the range is —oo < y < 00.

We desire to take the derivative of y = arctanh(x). We can do this by first solving for x and
then taking the derivative implicitly. Solving for x gives

x = tanh(y) .
Taking the derivative with respect to x gives

dy
1 = sech®(y)—=.
sech®(y)

But we can take the identity cosh?(x) — sinh?*(z) = 1, and divide by cosh®(z) to get an
equivalent identity of sech?(z) = 1 — tanh?(x), so that our derivative becomes

dy 1 1

dr  1—tanh®(y) 1—a2’

with a domain of |z| < 1.

Review Problems (Elementary Transcendental Functions)
Problem 33

We want to integrate f %. Let v = /z, so that z = v?, and du = 26% = g—fb. With

these our integral becomes

2du 1 B 1
/1+u2—2tan (u) + C = 2tan™ " (V) + C.

11



Chapter 9 (Methods of Integration)

Section 9.2 (Integration by Parts)
Problem 10 (the integral of In(x))

When we let u = In(z) and dv = dx using the integration by parts formula [ udv = uvv— [ vdu
we have

a

/ln(g:)da: — 2ln(z) - /x (1) de = zin() — 2 +c. (1)

We can check that this is correct by taking the derivative of the given expression where we
find
In(z) +1—1=In(z),

as 1t should.

Problem 12 (the integral of zIn(x))

Let u = z and dv = In(z)dx and then use the result from Problem 10 in Equation 1 to get
/xln(x)dx =z(rn(z) —x) — / 1(zn(z) — x)dz
22
=2%In(z) — 2% — /xln(m)dm—i— - te

Solving for [ zIn(z)dz in the previous expression we find

/xln(:):)d:): _ % <x2 In(z) — "%2) . %2(2 In(z) — 1) +c. @)

Problem 14 (the integral of In(z)?)

Let u = In(z) and dv = In(z)dx and then use the result from Problem 10 in Equation 1 to
get

/ln(x)zd:c = In(z)(zIn(x) — x) — / 1(:c In(x) — z)dx

T
> — zln(x) — /ln(:c)dx—i—m—i—c

=z In(zx

)
=zln(z)? —zln(z) —zln(z) + = + 2+ ¢
= z(In(z)* — 2In(x) +2) + c. (3)

12



Problem 16 (the integral of zIn(z)?)

Let v = 2 and dv = In(x)? with the solution to Problem 14 in Equation 3 we have
/xln(m)zdx = z(xIn(z)’ — 221n(z) + 2x) — /(x In(z)* — 2z In(z) + 2x)dx
Then solving for [z In(x)*dz we get
2/:)31n(9:)2dx = 2%In(z)* — 222 In(x) + 22° + 2/:Bln(x)d:v — ;[L’2 +c.

Using the results from Problem 12 in Equation 2 this becomes

2 1 2 1'2 12
/xln(aj) dr = §x2 In(x)” — 2% In(x) + 5 1 Z(Q In(z) —1)+¢
1 1 2
= §x2 In(z)* — §:B2 In(z) + % +c.

We can check this result using the result from Problem 28 with p = 1 where we get
/xln(:c)2d:c S In(z)* — 222 In(x) + =2% + ¢,

the same as before.

Problem 18 (the integral of z*In(x))

Since [z ln(z)dx = % + ¢ when we write z?In(x) as z(xIn(z)) and use integration by
parts with « = z and dv = zIn(x) to get

/:c2 In(z)dx = %ln(m)2 - /xln(m)dm
_ gln(xf . 1n(2:c)2 Y

Problem 20 (the integral of z(z + 10)*°)

51 51

51 51
(r +10)°  (z+10)°?
= - +c.
51 52(51)

13



Problem 27 (the integral of z”In(x))

Let u = 27 and dv = In(z)dz (and thus that [zIn(z)dz = zln(z) — x) with integration by
parts we have

/ 2 In(z)dz = 2”(z In(z) — x) — / pa?~ Nz In(z) — z)dz

— Pl In(z) — 2P p/xil’ In(z)dx —|—p/xpd:c.

Solving for [ a? In(x)dx we first get

(1+p)/$pln(x)dx:xp“ In(z) —xP“_i_LIpH_i_C,
p+1
or
/ PIn(x)dr = pran In )_L pl 4 hen 21 (1)
T x :)s—p+1 x (p+1)2:): ¢ when p )

Problem 28 (the integral of z” In(z)?)

Let u = 2P and dv = 1n(1’)2 and use the results from Problem 14 namely Equation 3 to get
/xp In(z)*dz = 2Px(In(x)* — 21n(z) +2) — /pxp_lx(ln(x)2 —2In(z) 4 2)dx

— o7 {Infe)? ~2Ina) +2) ~p [ @ de +2p [ (o)de —2p [arde.

Solving for [ a? In(z)’dz and using the result from Problem 27 namely Equation 4 we have

P 2 p+1 2 at bt 2p
(1+p) [ 2P In(z)"dx = 2P (In(x)"—2In(x)+2)—2p ] In(z) — TESVE 727 e
Thus when p # 1 we have
p+1 1 2
/xp In(z)*dz = ;+ . In(z)* + e [—2 - ]Tpl] 2P In(x)
1 2p 2p
|2 _ p+1
+p+1{ (p+1)? p+1]x e
_ In(z)* — 2P In(x) + 2Pt e (5)
p+1 (p+1) (p+1)3

14



Problem 33 (the integral of In(z)")

Let v = In(2)" and dv = dx so using integration by parts [udv = uv — [ vdu we get

/m@wmzxmww—/@mmﬂwﬂm:

Xz

:xmww—n/muw*m.

Section 9.6 (Partial Fractions)
Problem 1

From the formulas given in the book

1 A B

z(r +1) x+x+1

Y

or
1=A(x+1)+ Bz.

Let z=0and x =—1toget 1 = Aand 1 = —B. Thus
1 1 1

wz+1) = x+1°

so the integral is given by
1 dx 1
— = — = =1 —1 1 =1
/$($+1) /x /$+1 njzl—Injz+14+c=1In

Problem 2

z+1

‘—l—c.

We write
-13 A B
(z—2)(z—3) x-2 -3’

or

br —13 = A(x —3)+ B(x — 2).

Let z =3 and x = 2 to get
2=B and -3=-A.

Thus A =3 and B = 2 and our integral is given by

or — 13 3 2dx
= | —— =31 —2|+21 — .
/(93—2)(1’—3)d$ / 2dx+/x_3 3Injx — 2|+ 2Injz - 3| +¢

15



Problem 3

We write
. N B
2—4 -2 x+2’

A=Az +2)+Bz—2).

Let t =2toget —4=4Aor A= —1. Let xt = —2 to get —4 = —4B so B = 1. Thus the
integral we want is

—4 1 1
dr = — d d
/:)32—4x /z—2x+/x+2x

2
=—Injz—2|+Injz+2|+c=1In T ‘—i—c.
Tz —2
Problem 4
We write
Sx + 1 A n B n C
(z—12z+2) z-1 (z-12 x+2’
or

5r+1=A(x —1)(x+2)+ Bz +2) + C(x — 1)°.

Let x =1 to get 6 =3B or B=2. Let x = =2 to get —9 = C'(9) or C = —1. Equating the
coefficients of the O(z?) terms gives

0=A+C=A=-C=1.
Thus the integral we seek can be written as

5 + 1 1 2 1
/(x—1)2(x+2)dx_/x—1d“/(x—1)2dx_/x+2dx

=lnjz+1-2x—-1)"~In|lz+2|+c
r+1

=1 — 2z —1)"t+e.
nx—i—Q‘ (x—1)"+c
Problem 5
We write
2 +4x+5 A N B N C
(z+1D)(z+2(x+3) 2+1 z+2 z+3°
or

44 +5=Ax+2)(z+3)+Ba+1)(z+3)+Cx+1)(z+2).

16



Let 1 = —2toget 4—8+5=0+B(—1)(1) or B=—1. Let x = =3 toget 9— 1245 =
0+0+C(—2)(—1)toget C =1. Let x = —1toget 1 —4+5= A(1)(2) or A= 1. Then we
have shown that

2+ 4x +5 1 1 1
dv = | ——dz — dz +
(x4 1)(x+2)(x+3) z+1 x+2 x+3
=Injz+ 1] —Inlz+2|+Injz+3|+¢

(x+1)(x+3)'
T+ 2

=1In

Problem 6

Note that
%+ 2

2 —z—2’
is not a proper rational fraction so we need to use long division to reduce it to a proper
rational fraction. This is done with the following steps

r+1
a? —x—2) 2’ + 2z
— %+ 2?4+ 22
2?2 + 4o
—a? +r+2
5T + 2
From this expression we have shown that
T3+ 2x 14 )
—— ==z —_—
x?—x—2 x?—x—2

Note that 22 —x — 2 = (z — 2)(z + 1) so we can write

or + 2 A B

22 —x—2 x—2+x+1’

or
5v+2=A(x+1)+ Bz —2).

Let x = —1 to get =3 = B(—3) or B=1. Let v = 2 to get 12 = 3A or A = 4. Thus we

have shown that
Sx + 2 4 1

72—z —2 x—2+x+1’
and our integral is given by

%+ 22 4 dx
T dr = 1
/:):2—:):—26117 /(:B+ )d:v+/x_2dx+/x+1

2

=%+x+4ln|x—2|+ln|x+l|+c.

17



Problem 7

Note that by the rules for partial fractions the integrand can be written as

x A n B n C n D
(z+12z—-12 2+1 (x+12 2-1 (x-—1)2’

or

r=Alxz+1)(z -1+ Bz -1+ C(z —1)(z+1)*+ D(z + 1)%.

Let © = 1so that 1 =4D or D = 1. Let = —1 so that —1 = B(2)? or B = —1. Expanding
the polynomial on the right-hand-side of the above expression we get

r=A@ -2 —2+ 1)+ B@*-20+1)+C@@*+2° -2+ 1)+ D(@* + 22+ 1).

Thus equating the coefficients of O(23) terms we get 0 = A+ C and equating the coefficients

of the O(x?) terms

1 1
OZ—A—i—B—i-C—l—D:—A—Z—I—C—i—Z.

These last two equations taken together imply that A = C' = 0 and our fraction is then

written as
T 1 1

(z+ 12z —1)2 4(z+1)2 + 4(x—1)2"

With this expression our integral becomes

T dr — 1 1
/(x+1)2(:c—1)2 Ty i@ @

Problem 8

Note that by the rules of partial fractions our integrand can be written as

3x+ 2 A Bx+C

(x +2)(22+4) x+2+ 2?2 +4

)

or

3v+2=A(2*+4) + (Bx + C)(x + 2)
Let x = —2 so that -4 =8A or A = —%. Let x = 4+2¢ say x = 2i then we get
6i+2=(21B+C)(2i+2)=—-4B+ 4iB + 2i1C +2C = (4B +2C)i+ (2C — 4B).
Equating the real and imaginary parts of the above we must have

6 =4B +2C
2=2C—-4B.

When we solve this system for B and C' we get B = % and C' = 2. Thus we have shown that

3z + 2 11 sz +2

@+2)@2+4) 2242 214

18



To integrate this we have

/ 3r 4+ 2 d 11 | +2‘+1/ x p +2/ dx
r=—=In|z = T
(x +2) (2 +4) 2 2) 2244 2?2 +4

1 1 d
:——1n|x—|—2|+11n|x2+4|—|—2/ v

2 2 44
1 1 2
:—§1n|x—|—2|+Zln|x2+4|—l—§arctan<§>+c

1 1
:—§1n\x+2\+Zln|x2+4|+arctan(g> +c.

Problem 9

The given fraction is not proper and thus we need to do long division on it.

1

4+ x) ¥ 4+327 —x+3
— a3 —x

32% —2r + 3

Thus we have
z3+3x2—x—|—3_1 32 —2x+3

3+ z(x? +1)

Now the remaining fraction can be written as

31’2—2£E—|—3_A+B:L'—I—C
r(z2+1)  z a2+1

Y

or
372 —2r+3=A(2* + 1)+ (Bx + C)x.

Expanding the right-hand-side of the above gives
Az’ + A4+ Ba? + Cox = (A+ B)2> + Cx + A.
Thus

A+B=3
=2
A:

Thus B = 0 and we have
32 —2r+3 3 2

w2 +1) =z 2+1°

So to integrate we have

3 4+32—x+3 dx dx
dr=2+3 [ — —
»+uw T 2 +1
19

=2+ 3In|z| — 2arctan(x) + c.



Problem 10

The given fraction can be written as

22 +5x+6 _Ax—i—B Cx+ D

@+ H)@+9)  2+4 219

or

2+ 52+ 6 = (Ar + B)(2* +9) + (Cz + D)(2* + 4)
= A2’ + 9Ax + Ba® + 9B + Cx® + 4Cx + D2’ + 4D
= (A+C)2° + (B+ D)z* + (9A+ 4C)z + (9B + 4D)..

Thus we have

A+C=0
B+D=1
9A+4C =5
9B+4D =6.

Solving this system of equations we have A =1, B = %, C=-1,and D = —%. Thus we get

?+50x4+6  w+i w43
(22 +4) (22 +9) 22+4 2249’

Then to integrate we have

22 +5x+6 T 2 1 T 3 1
Y L A L P L N O
/(x2+4)(a?2+9)$ /x2+4 $+5/x2+4x /x2+9x 5/x2+9I

1 1 1 1
= 5 ln(x2 + 4) + = arctan (%) -3 1n(:172 + 9) - arctan (%) +c.

Problem 11

The quadratic in the denominator has roots given by

—2+/4-4(2) -2+—1
2 N 2 '

Thus this is an irreducible quadratic. The formula for partial fractions in this case is given
by
22?2 4+ 4 A Br+C

w(x? + 27 + 2) P

or
202 +4=A(z* + 22 +2) + (Bz + C)z.

Expanding the right-hand-side we get

Az® 4+ 2Ax +2A + B2 + Cr = (A+ B)2* + (2A+ C)x + 2A.

20



Thus for this to match the left-hand-side requires

2=A+B
0=2A+C
4=2A.

Thus A =2, B=0, and C' = —4 and we have shown that

202 + 4 2 4 2 4

x(2? + 22 + 2) :B_:B2+2x+2:x_(x+1)2—|—1'

Thus we can evaluate the integral given as

222 + 4
/x(zzi;—$+2)dx:2ln|x|—4arctan(x+1)+c.

Problem 12

Using the rules of partial fractions we can write

3 A B C

(2?2 —1) :c+:c+1+x—1

)

or
3=Ax+1)(x—1)+ Bx(z — 1)+ Czx(z +1).

Let =1 to get 3=2C or C = 2. Let x = —1 to get 3= —B(—2) or B=2. Let =0 to

get 3= A(—1) or A= —3 and we have shown

8 3.3
v(z2—-1) z 2@+1) 2@-1)"

With this expression the integral we seek is given by

3 3 3
2 gr =31 g+ 1+ e —1]+c.
/x(:ﬁ—l)dz 3n(93)—|—2n|:)5+ |+2n|:.17 | +c

Problem 13

Using the rules of partial fractions we can write

1 1 _ Ar+ B C D

A1 @+DE-De+) Z+1 z-1 z+1’

or

l=Az+B)z-D@+D)+C@*+1)(z+ 1)+ D>+ 1)(z—1).
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Let 2 =1 to get 1 = C(2)(2) or C = 1. Let z = —1 to get 1 = D(2)(—2) or D = —
r=1=+—1to get

. Let

=

1=(Ai+B)(—1—-1) so A=0 and B:—%.

Thus the integral we seek can be evaluated as

/ 1 d 1/ dx +1/ dz +1/ dx
T = —= -z Z
zt—1 2) 2241 4 ) z—1 4 ) z+1

1 1 1
:—§arctan(x)+zln|x—1|+Zln\x+1\+c

1 1
=3 arctan(x) + Zln|(m— D(z+1)|+c.

Problem 14

To evaluate this integral we will need to reduce the fraction to proper form. Thus we need
to perform polynomial long division. We find

3r + 2,
1 +4) 324222 +22+6
— 33 — 12z

2% — 10z + 6

— 222 -8

—10x — 2

so that

33 4+ 222+ 22+ 6 102 + 2
=3r+2— .
x2+4 x2+4

From this we see that our integral can be given by

32 + 222+ 22 +6  3a? T dx
= — +2x—10 de — 2
/ x2+4 2 e /x2+4x /:c2+4

322 10
= %+2z—?ln(aﬁ2+4) — arctan (;) +c.

Problem 15

Using the rules of partial fractions we can write

1 A, B C D
(z—12z+1)2 2-1 (r—-12 z+2 (x+2)%’

1=A(z —1)(x+2)*+ Bz +2)>+ C(z +2)(x — 1)* + D(z — 1)*. (6)
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Letzzzltoget1:9BorB:%. Letx:—2t0g6t1:9DorD:%. Taking the x
derivative of Equation 6 we get

0=A(z+2)>+2A(x — 1)(z+2) + 2Bz +2) + C(z — 1)> +2C(z + 2)(x — 1) + 2D(z — 1)..

Let x =1 in this derivative to get

0:9A—|—6B:9A+g.

Thus A = —2—27. Let x = —2 in the derivative to get

0=C(-3)2?+2D(-3)=9C — 6D = 9C—§.

Thus C = 2. Using these we get that we can expand our integrand as
27 g g

1 o2t o1 21 1
(x—1)2(x+2)2 27z—1 9(@—12 27z+2 9 (z+2)2

Using this our integral can be computed as

/ d :—31n|x—1|—; 3ln|:z:+2|—;—l—c
(x —1)%(z +2)2 27 9z —1) 27 9(x +2)
2 x—i-Q‘_ S S
27 |z—1| 9(x—-1) 9(z+2)

Problem 16

The roots of the quadratic polynomial in the denominator is given by —2Ev4=20 V24_20 which are
two imaginary numbers, thus the quadratic is irreducible. The rules of partial fractions give

3x —4 Az +B Cx+D
(22 + 22 +5)(22+2) 224+20+5  22+2

)

or
3v —4 = (Ar + B)(2* +2) + (Cz + D)(2* + 22 +5) .

Expanding the right-hand-side of the above gives
(A+C)a* + (B+2C + D)z* + (2A+ 5C + 2D)x + (2B + 5D) .
For this expression to equal the original left-hand-side (or 3z — 4) for all x, we must have

A+C=0

B+2C+D =0

2A+5C+2D =3
2B+5D = —4.
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When we solve for A, B, C', and D in the above we get A= -1, B= -2, C =1,and D = 0.
Thus the integrand for this problem can be written as

3r —4 T T

(22 + 2z +5) (22 + 2) _x2+2:1:—|—5+x2—|—2'

Thus the integral can now be evaluated as

/’ sr 4 d / ’ d—b/ C dx
€r = — —ax -
(22 4+ 22 4+ 5)(2% + 2) (x+1)2+4 x? + 2
x+1 1 x
= [ ————d — ———d
/(:c+1)2+4 $+/(x+1)2+4 x+/x2+2 *

1 1 1 1
= —§ln (z+1)*+4)+ §arctan (%) + 5111(1'2 +2) +c.

Problem 17

The rules of partial fractions state that we can write our fraction as

1 A B

(x +b)(z+d) :E+b+:)s+d’

for some A and B. The above is the same as
1=A(x+d)+ B(x+b).

Let © = —d to get 1 = B(b—d) or B = ;1 assuming that b # d. Let = —b to get

1= A(d —b) so A= 2. Thus our integral can be written as

/ dx _1/d$+1/dx
(x+b)(x+d) d—b) z+b b—d) x+d

1
—d_bln\x—l—b\—l—
1
—d_bln

1
b_dln|x+d|+c
x+0b
r+d

R

Problem 18

Note that our fraction can be written as

1 1

(az 4+ b)(cx +d)  ac(z+2) (z+2)

The rules of partial fractions state that we can write

1 A n B
(m+§)(m+%)_x+§ 447

C
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for some A and B. The above is the same as

t=a(er ) +8 (o).
c a

Let x = —% in the above to get 1 = B (S — %) =B (bc;—cad) Thus
_ac
bc — ad’
assuming that bc — ad # 0. Let x = —g in the above to get 1 = A (—g + %) =A (M)

ac
Thus
ac

A= —
ad —cb’
again assuming that bc — ad # 0. Thus we have shown that we can write our integrand as
1 1 ac 1 ac 1
(ax +b)(cx +d)  ac |ad—cb(z+28) ad—cb(z+2)

1 1 1
ad—cb x+§ z+% '

Thus the integral we seek is given by

/ (azx + bcjz(vcx +d) " ad i cb <ln

1 z+2
= In a
ad — cb x+g

1 ax+b) 1

= |

ad—cbncx—i-d ad — cb
B 1 | ax+b+
_ad—cbncx—i-d 2

—1In

)
T+ — +Cl
c

1 n
ad — ¢cb

T+ =
a

(ax +b)
(cx +d)

+c1 =

Q= =

““Cl

C
hl‘—’ +Cl
a

Here ¢; and ¢y are constants.

Problem 19

The rules of partial fractions state that we can write

L1 _ (A B
a? —x2 a2 —a? r—a x+a)’

for some A and B. The above is the same as
—1=—-A(x+a)— Bz —a).

Let = a to get —1 = —B(—2a) or B = —5-. Let & = +a to get —1 = —2aA or A = 5.
Thus we have shown that

1 1 1

@?—22  2a(r—a) i 2a(x +a)

Using this expression we have that our integral given by

r+a
+
T —a

/dx 11\ \+11\+\+ 11
— = ——Inlzr—al+—Inlz+al+c=—1In
a? — 2 2a 2a 2a
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Problem 20

The rules of partial fractions state that we can write

1 1 A B C D
_'_

(a2 —22)?2  (a—2)2(a+2)? a—z (a—z)2+a—|—x+ (a+x)*

for some A, B, C, and D. The above is the same as
l=A(a—2)(a+2)*+B(r+a)’+Cla+z)(a—2)+ D(a—x)°.

Let 2 = a to get 1 = B(4a?) or B = ;5 Let © = —a to get 1 = D(2a)* or D = 5. To
determine the coefficients A and C' we take the derivative of the equation above. We find

0=A(-1)(a+2)*+2B(x +a) +C(a—2)* +2C(a+ z)(a — z)(—1) + 2D(a — x)(—1).
Let £ = —a in the above to get

0= C(2a)* +2D(—1)(2a) .

Let x = a in the above to get

0= A(-1)(2a)* + 2B(2a) .

Solving these two equations for A and C' we find A = ﬁ and C' = —5. Thus we have shown

4a3 "
that
1 1 1 1 1 1 1 1 1

(@ —2P ida—z 1@(a—2?  1datz i@+

Using this expression we can now perform the desired integration. We find

/ dx 1 In| |+ 1 1 n 1 In o+ 2| 1 1 n
= ———Inja— x|+ — —Inla+z| — — c
(a® — a 4a?a —x  4a? 4a? o+

Problem 21

The rules of partial fractions state that we can write our integrand as

x A B
+

a?—22 a—x a4z
for some A and B. The above is the same as

l1=A(a+2z)+ Bla—x).
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Let = —a to get —a = B(2a) so B = —1. Let 2 = a to get a = A(2a) so A = 1. Thus we

have shown that
T 1 1

a2 —22 2a—x) 2a+x)’

Thus we can integrate as

1 1 1 1
/ﬁ = —§1n|a—x|—§ln|a+x|+c: —51n|(a—x)(a+x)|+c: —51n|a2—x2|+c.

Chapter 9 Review Problems

Problem 44

In the integral
/ cos(arcsin(x)) d
xr 7
V1—a?
dx

let v = arcsin(x) so that dv = Tz and the integral is given by

/cos(v)dv = sin(v) + ¢ = sin(arcsin(x)) + c.
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Chapter 12 (Infinite Series)

Review Problems (Infinite Series)

Problem 42

This statement is false. As a counter example let a, = % and b,, = % then both individual

series diverge but the product series a,b, = # converges.
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Chapter 13 (Taylor’s Approximation and Power Series)

Section 13.6 (The Binomial and Some Other Series)
Problem 1

To derive the Taylor series of the given f(z) we have

flz) = (1+z2)?= i(lﬂ)

J(3)(3-2) - (3-ve)

-S40

L OIC RS

_ i( DEE2-1-3)(2- 2;kz;>€)!(2-3—3)-~-(2k—3)xk
_ g (—1)k(—1)(1);i]’>€)]€(!5) - (2k=3) &

_ io S+ kf: (-)*1-3 ;’;,;{ (2k — 3)a*

Applying the ratio test to the above series we have

1-3-5---(2k—3)(2k—1)|z|F+1

lim sup |kt = lim sup P (k+1)! = lim sup |:17|2k7_1 = |z
k—o0 |ak| k—o0 w k00 2(]{5 + 1) '

Thus to have convergence we require this limit to be less than one or |z| < 1. This implies
that p = +1.

Problem 3
To derive the Taylor series for the given f(z) about zy we have

-1/2 1 —1/2
fl)=(d+z) P =471 (1 + %) =3 (1 + %) :
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From which we see that

f@) = —Z(_m)( )

I
| —
—_
+
M8
VR
|
?v{

)
~
S
=8
—

Bl
N~

1 — CDFM)B)(B) - - (2k = 1) ra\k
- (1 RO CE o (2y).

Applying the ratio test to the above series we have

o] _ g 1) (1) _ o

lim sup

= limsu = —_.
koo |k k—)oop 2(k+1) \ 4 4

To have convergence we require %‘ < 1 which implies that p = +4.

Problem 5

We desire the Taylor series of f(z) = In(v1+ 22+ ) at the point zy = 0. Taking the
derivative of f we find that

(1 +a)P22)+1) st
Vi+az2+ Vi+az2+ o

1 =~ [ —1/2 ) ok
—= 1 _ = €T
=) -2
Now we can expand the binomial coefficient in the above as

() - 2 ) (o)

1 —1)F(1-3-5---(2k — 1
= ﬁ(—l)(—1—2)~-~(—1—2k+2):( At S ( )

fix) =

Thus we find that f’(z) is given as a Taylor series by

X (=1)*%1-3-5...(2k —
k=0

Integrating this expression term by term we find that our desired function f(x) is given by

e}

(—1)F1-3-5---(2k — 1)
J(x) = kz N2k 1 1) P+ O,
=0

where C' is an integration constant that needs to be determined. Setting x = 0 in the
above series gives f(0) = C, while setting x = 0 in the original expression for f(z) gives
f(0) =1In(1) = 0. From which we see that we should take C' = 0.
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Problem 14

We find that our desired f(z) can be written as

flz) = B—a)'/f= (1_§>1/3
= 22 1/3)<_§)k

_ 2(“,2%(%) <%—1)---<%—k+1) (—%)’j .

Computing the first few terms in this series for £ = 1 and k£ = 2 we have
1\ /@ 1/ 2\ (a* r
—o(1- (= (_) SV (BN Yo )
/(@) ( <3) 8 +2<3)<64)+ ) ( 24 192 " )

Problem 16

Part (a): We have, by taking the term by term derivative of the given expression that

f’(x)zi(%)kx’f—lzi<kil)(k+1>xk.

k=1

For |z| < 1. Note that since the k£ = 0 term is a constant its derivative is zero.

Part (b): After multiplying f’(x) by 1+ = we have

(1+2)f'(z) = OOO K kil)(k+1)xk+<kil)(k+1)x’““] .

k=

a
k
shifting the index on k. Since we can include the & = 0 term in this summation (the

@ ) kz*. Which when

Considering the second summation above we see that it is equal to Y .-, ) kx*, by

multiplication of k makes this term zero) we can write it as Y ;-

k

put into the first summation gives us the result that (1 + z)f’(x) is equal to

g{(kil)(kjtlwr(;f)k}xk,

as requested.
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Part (c): We have that the expression on the right hand side is equal to

< a )(k:+1)+<o‘)k: _ <a(a—1)(a—2)---(a—(k:+1)+1))(kH)

kE+1 k (k+1)!
ala—D(a—2)---(a—k+1
(sle=es) ok,
_ ala—=1)---(a—k+1)(a—k)
k!
ala—1)---(a—k+ 1)k
NECEDIHCET T

_ ala—1)(a—2) - (a—k+1) (0= k + k)

:a(g). ’

Part (d): Using the identity in Part (c) and the expression found in Part (b) we see that

«

(1+2)f'(x) :a:o ( . )xk = af(x)

so that a differential equation satisfied by f(z) is given by

L’_ «
f 14z’

When we integrate both sides of this expression we obtain
In(f(x)) =aln(l+z)+ C,

with C) an integration constant. To evaluate this constant take z = 0. Since f(0) = 1 we
see that C; = 0 and so we can finally conclude that

f(x):<1+x)a:i(2‘)xk.

k=0
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Vectors and Three-Dimensional Analytic Geometry

Vectors in Two Dimensions

Problem 1
We have
a+b=(-2,1)4+(3,-2)=(1,-1
a—b=(-2,1)—(3,-2)=(-5,3
2a—3b=2(-2,1) — 3(3,-2) = (—4,2) — (9, —6) = (—13,8)

Problem 2
We have
a+b=(1,0)+(-2,1)=(-1,1)
a—b=(1,0)—(-2,1)=(3,-1)
2a—3b=2(2,0) —3(—2,1) = (2,0) — (6,3) = (—4,-3).
Problem 3
We have
a+b=(1,1)+(1,-1) =(2,0)
a—b=(1,1)—(1,-1)=(0,2)
2a—3b=2(1,1) — 3(1,-1) = (2,2) — (3, -3) = (—1,5)
Problem 4
We have
a+b=(2-5+(1,4) =(3,-1)
a—b=(2-5)—(1,4) =(1,-9)
2a —3b =2(2,-5) — 3(1,4) = (4,—-10) — (3,12) = (1, —22).
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Problem 5

We have
PO =(4,-2)— (2,1) = (2,-3).
Problem 6
We have
PG = (2,-2) - (—1,—4) = (3,2).
Problem 7
We have
PQ = (~1,0)— (2.4) = (-3, —4).
Problem 8
We have
PQ = (1,4) — (5.-2) = (~4,6).
Problem 9
We have
PQ=b-a=(3-2)—(21)=(1,-3)
QP —a—b=(21)—(3,-2) = (-1,3)
Problem 10

We know the value of the vector fﬁ and it can be computed as

PQ=b—a=(-32).

Since we know a this is

b—(2,—-1) = (-3,2),

" b=(2-1)+(-3,2) = (-1,1).
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Problem 11

If we have a = b then

or

r+y=2
T—y=3.

If we add these two equations we get x = g If we subtract these two equations we get

y=—3

Problem 12

If we have a = 2b then
(x+vy,2) =23,z —2y),

or

This is equivalent to the system

T+y=06
20 —4dy =2.

From the last equation we have x = 1 4 2y. If we put this into the first equation we can

solve for y to find y = 2. This means that z = £.

Problem 13

We have ||a|| = /22 + 12 = /5.

Problem 14

We have ||a|| = /I +9 = V/10.

Problem 15

We have ||a|| =v/9+ 16 = 5.
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Problem 16

We have ||a|| = va? + 2% = 2|z|.

Problem 17

We have

lal| = V(2 +y)2+ (x — y)? = V22 + 23y + y2 + 22 — 20y + y°

= /222 + 22 = V2/22 + 2.

Problem 18
We have

llal| = V922 4+ 1622 = v 2522 = 5|z .
Problem 19

Let the vector b = (x,y) then we want bTa = 0 which is  + 2y = 0. Thus x = —2y. This

means that
IIb|| = Va2 + 42 = V4y2 + 42 = V5|y] .

If we want ||b|| = 5 then we need to have |y| = v/5 so y = ++/5. This means that
r=—2y= F2v/5 and our vector b is

b = (F2v5, £V5) = +v/5(-2,1).
Lets check that this value for b has the needed requirements. We have

ba=+V5(-2+2)=0,

and

Ibl| = V4(5) +5=V25=5.
Problem 20
We have

PQ = (~1,4) - (2,1) = (~3,3).
This means that

PG| = V37 1 32 = 332,
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Thus

. PQ 1
PQ— = = 51D
[PQ| 2
Then with this we have g
b =8PQ = (=11

Problem 21

We have

Setting these two equal gives

MN+1=13 or N =12 or \=+2V3.

Problem 22

Let

a=(ay,ay)
b= (bx,by)

c = (cz ).
Then we have
(a+b)+c=(a;+ by, ay+by) + (czs¢y) = (ag + by + 0y + by +¢y)

and
a+ (b+c) = (ag,ay) + (by + ¢z, by + ¢y) = (ay + by + ¢z a0y + by +¢)

which are equal.

Problem 23

Let a = (ay, a,) then

(Aw)a = (Auag, Auay)
)\(,ua) = )\(/J“a'l‘a /J“a'y) = ()\,uax, )‘/J“a'y) )

which are equal.
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Problem 24

Let

a = (ay,ay)

b = (b;,by).
Then we have
AMa+b) = Aag + by, ay + by) = (Aag + Abz, Aay, + A\by) ,

and
Aa+ Ab = (Aag, Aay) + (Aby, Aby) = (Aay + Aby, Aay, + Aby)

which are the same.

Problem 25

The balance of forces in the vertical direction gives

%4
+Tsin(d) + T'sin(d) —W =0 so T = 25n(@)
The Dot Product
Problem 1
We have
a-b=2-3=_1,
and
a-b -1 1
cos(f) = = =— :
l[all[|b]]  VI+1v/4+9 V26
Problem 2
We have
a-b=2+42=4,
and b A A
cos(0) 2

Clalllpll - VTHFAVAFT 5
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Problem 3

We have

a-b=2-2=0,
so that b

a-
8 == et H:_
“OS0) = T = %

Problem 4
We have

a-b=-2+6=4,
so that

cos(f) = ab__ 1 _ 4
lall|/b]| VA+9vI+4 65

Problem 5
We have

a-b=4-1=3.
so that

cos(#) = ab 3 _ 3

lall[[b]]  v2v17 /34~
Problem 6
We have

a-b=6—-10= -4,
so that

cos(f) = a-b__ —4 4+ __ 4
[alll[b]| 9+ 44+ 25 V13v/29 13v2

Problem 7
We have

a-b=2+6=38,
so that

a-b 8 2

os) = &bl = ViTIvito 5.
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Problem 8

We have

so that

Problem 9

We could take

Problem 10

We could take

Problem 11

We could take

Problem 12

We could take

Problem 13

We could take

a-b=3-2=1,

cos(0) = a-b 1 1
“TRlbl - VITaATI  5v3
_a _(—3,—4)_1_ B
TR E T A
wo & _ (2,-5)  (2,-5)

Clall  vA+25 V29

ne 2 _ (Bz,—4x) Bz, —4dx) [ 3xz 4z
N ~ \Bla|” Bla])

lall V922 +1622  5laf

a @J)__@w):<x_£).

u= et = T 7
lall  Va?+a2? |z || ||
LA (—=5,12)  (=5,12) (-5,12)

Tl T VB rid . Vi 13
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Problem 14

We could take

e 2 _ (@Y
lal| /22 + y2

Problem 15

As —a = (—1, —3) we could take
. Ta (_17_3) _ (_17_3)
l|al] vV1+9 V10

u

Problem 16

As —a = —4i + 3j we could take

wo T2 _ (—4,3) (_% §)
Clall  VI6+9 \ 5'5)°
Problem 17

A vector perpendicular to a is proportional to +(—(—2),1) = £(2,1) and thus has a unit
vector u given by

Problem 18

A vector perpendicular to a is proportional to +(—5,12) and thus has a unit vector u given
by
£(-5,12)  £(—5,12) £(—5,12)

V25 + 144 V169 13

Problem 19

Note that the unit vector in the direction of a is given by

(L)
U, = 7
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Then the component of b in the direction of a is b - u, which in this case is
2+1 3

V2 V2

Problem 20

Note that the unit vector in the direction of a is given by

_ &
a—\/g-

Then the component of b in the direction of a is b - u, which in this case is

2+1 3

VEREREE

Problem 21

Note that the unit vector in the direction of a is given by

(2,1)

a

7

Then the component of b in the direction of a is b - u, which in this case is
2—3 1
V5 V5

Problem 22

Note that the unit vector in the direction of a is given by

- 32 62
T V9+4 Vi3

Then the component of b in the direction of a is b - u, which in this case is

6-6_,
Vi3

Problem 23

Note that the unit vector in the direction of a is given by

(1>_2)
\/g .

42

a




Then the component of b in the direction of a is b - u, which in this case is

93—21'_

x
NG NG
Problem 24

Note that the unit vector in the direction of a is given by

(z,z) _ (x,x)
NZZEEE R VO

Then the component of b in the direction of a is b - u, which in this case is

Uy =

T — 2% T

V2 fav2

Problem 25

Recall that the projection of b onto a is given by
proj,b = (b-u,)u,.
To compute this note that

Uy = = )
VITT 5
and 543
b ua = — = \/g
5
Thus (2,-1)
roj,b = (b-uy)u, = V5 = (2,1
proj ( ) 7 (2,-1)
Problem 26

Recall that the projection of b onto a is given by
proj,b = (b-u,)u,.
To compute this note that

and

Thus




Problem 27

Recall that the projection of b onto a is given by
proj,b = (b-u,)u,.

To compute this note that

Uy = 5
V2
and
bou _2+3_i
V2 VR
Thus . (1)
roj.b = (b - uy)u, = —= ’
profab = (b uua = - (5
Problem 28

Recall that the projection of b onto a is given by
proj,b = (b-u,)u,.

To compute this note that

VA+9 V13
and
b — 4 — 3x o
RERRVAE] V13’
Thus (2.-3)
T _
roj,b=(b-uy)uy = — ’
proiab = (b, =~ (2 22)
Problem 29

Let a = (a,,a,) and b = (b, b,) then
a-b=ayb, +ayb,,

while
b-a=ba, +bya,,

which are the same.
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Problem 30

Let a = (ay, ay) and b = (b, b,) then
A@-b) = Aagb, + ayby) = Aazb, + Aayb, ,

while
(Aa) - b = (Aag, Aay) - (by, by) = Aagb, + Aayb, ,

which are the same.

Problem 31

We have that

lla+b]] =/(4,1)|] = V16 + 1 = V17 = 4.123106
lal| + 1] = VI +4+vV9+1 =5+ V10 = 5398346,

showing that
|la =+ 0[] < [[all + [[o]]

is true in this case.

Problem 32

We have that

la+ bl = 3.2l = VO +4 = VI3
lal |+ 1lbl] = VIT T+ VAT 0= v+ VI3,

showing that
|la =+ 0[] < [[all + [[o]]

is true in this case.

Problem 33

We have that

lla+0|| = ||(5,3)]] = V25 + 9 = V34 = 5.830952
lal| +[[b]] = V1 +4+vV9+16 = V5 + 5 = 7.236068

showing that
|la+bl] < [al] + [[b]]

is true in this case.
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Problem 34

We have that

lla+0|| = |2, =2)|| = VA + 4 = 2v2
lal| + ||6]] = V2 + V1 +9 = V2410,

showing that
[la+ bl < [lal| + [[6]] ,

is true in this case.

Problem 35

Let x = cja and y = ¢ob. The triangle inequality with x and y is
Ix+yll < x|[+ll¥ll

or
|lera + esb|| < [eral] + [[ezb]] -

Now replacing the above with

leral] = [ei[|all

[leab|| = |es|[[bI],

we get the desired expression.

Problem 36

Part (a): Starting from the origin, if we draw two vectors a and b in the z-y plane then the
vector a — b is the one that if we “add to” the vector b we get a. This is just the statement
that

(a—b)+b=a,

which is also true algebraically. Geometrically this means that “walking” along b from tail
to tip and then along a — b from tail to tip we get to the tip of a.

Part (b): Consider the triangle inequality ||x+y]|| < ||x||+||y|| with x = b and y = a—b.
Then this is
|la|| < [[b][ + |la = b][,

or

|la = bl[ = [[a] = |[b]|. (7)
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Part (c): Consider the triangle inequality ||x+y|| < ||x||+||y|| with x =aand y =b—a.
Then this is
[Ibl] < [lal] + [[b —alf,

or
[Ib —al[ > [[b]| —[|a]|. (8)
Part (d): As ||la—b|| = ||b — a|| from Equation 7 we have
[la = bl[ = [[a]] = |[b]|,

and from Equation 8 we have
|la—b[| > [[b]| — [[a]].

Taken together this means that
|la=Dbl| = [[la]| = [[b]]]

Problem 37

Part (a): Notice that a — r is proportional to a — b thus there is a z such that
a—r=z(a—b).

Solving for r gives
r=a—z(a—b).

If we let t = —z we have the desired expression.

Part (b): These are the points beyond P or @) but still on the segment joining P and Q.

Problem 38

We compute

el = \/cos?(6) + sin?(6) = VI =1.

Drawing this vector in the z-y plane we see that the vector r makes an angle 6 with the
T-axis.

Vectors in Three Dimensions
Problem 1

We have
PO=Q-P=(3-24)—(21,-1)=(1,-3,5).
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Problem 2

We have
l:ﬁ = a - ? = (17_372) - (3727_4) = (_27_572)
Problem 3
Using IR
l:ﬁ = Q - ?a
we have
G-PQ+P.

Thus in this case we have
Q= —i+4j+2k+2—j+2k—i+3j+4k.
Problem 4
Using
we have

B-Q-Pg.

Thus in this case we have
P=3itdj—k—(2i—j+3k) =i+5j—4k.
Problem 5
We have
3a—2b=3(2,—1,3) — 2(—3,2,1) = (6,—3,9) — (=6,4,2) = (12, -7,7).
Problem 6

We have
3a—2b=(12,0,3) — (4,—4,6) = (8,4, -3).

48



Problem 7

We have
3a—2b = 6i+ 3j — 3k — (—2i 4 6k) = 8i + 3j — 9k.
Problem 8
We have
3a—2b=-3i+6j—9% — (4i+2j—8k)=—-Ti—4j — k.

Problem 9
We have

lal| = V9 +4+1=114.
Problem 10
We have

la]| = VA+4+9=V1T7.
Problem 11
We have

la|| = V4 + 1416 =v21.
Problem 12
We have

lla]| = VO +25+1=V35.
Problem 13
We have

PG = 1§ - Bl = I3, ~2,4) — (2,1, ~1)]| = VI + 9+ 25 = V/35.
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Problem 14

We have
PGI =1/G ~ Bl = /(1. -3.2) — (3.2, ~4)|| = [|(~2.~5.6)|| = VA + 25 + 36 = V/65.

Problem 15
We have
a-b=6—-4+2=1
a-b 4 4 4
cos(f) = = = = .
lall|/b]] VOF+T+4V/A+16+1 V14v21 76
Problem 16
We have
a-b=44+0+1=5
a-b 5 5 5
cos(f) = = = = _
lall|[b]]  VIE+1vI+1+1 VITV3 /51
Problem 17
We have
a-b=14+2-3=0
a-b
cos(f) = =0.
[|al]|[b]]
Thus@zg.
Problem 18
We have

a-b=-2+0-3=-5
a-b -5 -5 5
lalllb]l  VA+T+IVI+9 V6v10  2V15

cos(f) =
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Problem 19

The component of b in the direction of a is given by

a-b a-b
bl||cos(6) = ||b ( )—
Il cos(d) = I1b] e

Al
For the vectors given here we have

a-b  2+1-6 3
la||  VA+1+9 V14’

Problem 20

The component of b in the direction of a is given by Equation 9. For the vectors given here
we have

lal| V1+14+4 /6 '

Problem 21

The component of b in the direction of a is given by Equation 9. For the vectors given here

we have
a-b —2+3+4 5

lal  Vit9+16 29

Problem 22

The component of b in the direction of a is given by Equation 9. For the vectors given here

we have
a-b_ —2+3+4 5

la]] ~ Vitlitl 3

Problem 23

To be perpendicular we need to have a-b = 0. Now
a-b=60A+A-3=7\-3.
To have this equal zero we need \ = 2

?.
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Problem 24

To be perpendicular we need to have a-b = 0. Now
a-b=2-2)\+12.

To have this equal zero we need to have \ = ++/7.

Problem 25
We want
a
u=
|all
Now ||a|]| = v/9+ 1+ 4 = /14. Thus
L (3145 2k)
u=——»31 — )
Vi
Problem 26
We want
a
u= -
|[all
Now ||a|| = V4 + 9+ 16 = +/29. Thus
1 (2i — 3j — 4k)
u=———(2i—3j—
vz

Problem 27

The vector from P to Q is
= =
PO=GQ- P =(1,-1,1)— (-2,0,4) = (3, -1,-3).
Thus

PG| =0 +1+9=10.

Thus
(3,—1,-3).

u=

1
V19
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Problem 28

Let u = (uy, uy, u,) then we need to have u such that
a-u=0=b-u.
Note that

a-u=2u; —3uy,+u,=0
b-u=u,+u,+u,=0.

From Equation 11 we have
Uy = —Ug — Uy,

which we put into Equation 10 to get
2uy — 3uy + (—uy —uy) =0,
which simplifies to give u, = 2u,. Using this in Equation 12 we get that
Uy = —2Uy — Uy = —3Uy .

Thus (ug, uy, ) = (2uy, vy, —3u,). To be a unit vector means that ||u|| =1 or

\/4u§ +ul + 9u? = |uy| V14 .

Lets take u, = ﬂ:\/% and then get

u = (ug, uy, uy) = (2uy, uy, —3u,) =+ (2,1,-3).

1
V14

Problem 29

If a and b are sides of a parallelogram then the diagonal are given by the vectors a + b and
a — b. If these two diagonals are perpendicular that means that their dot product must be

zZero or

(a+b)-(a—b)=0,
or expanding the left-hand-side gives
a-a—a-b+b-a—b-b=0,

or

lall> = [[bl[> =0 or [al|=]b]|,
showing that the sides must all be of the same length.

53



Problem 30

Using results from the previous problem we are asked to evaluate

lla+b||?+|la—b|*=(a+b)-(a+b)+(a—b)-(a—Db)
=a-at+a-b+b-a+b-b+a-a—a-b—b-a+b-b
=2a-a+2b-b=2|a|]]*+2||b||?,

which is the sum of squares of all four sides.

Problem 31

Let the cube be constructed in the positive octant of the x-y-z Cartesian coordinate system
(assume a side of length one). Then the diagonal is represented by the vector

d=i+j+k.

An example edge is given by the vector i. The cosign of the angle between these two is then
given by
i+j+k)-i 1
cos(0) = =—.
VIH1+1V1 V3

This means that

6 = arccos (L) = (0.9553166 = 54.73561° .
V3

Problem 32

If a and b are sides of a parallelogram then the diagonal are given by the vectors a + b and
a — b thus in this case we have
a+b=00-j+4k=—-j+4k
a—b=2i-3j+0k=2i-3j.

The angle between these two vectors is given by

B (a+Db)-(a+b)
0s(0) = 1+ bllla—bl]
0+3+0 3

T /T 16vVA+9 Vo2l
Thus 6 = 1.367599 = 78.35765°,

= 0.201802.
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Problem 33

Let the cube be constructed in the positive octant of the xz-y-z Cartesian coordinate system

(assume a side of length one). Then the diagonal is represented by the vector
d=i+j+k.

A diagonal to one of its faces is given by the vector i + j. The cosign of the angle between
these two is then given by

cos(f) = itj+tl)-(+) _ \ﬁ = 0.8164966 .
VI+1+1y1+1 3

6 = 0.6154797 = 35.26439°.

This means that

Problem 34

Now each of the given vectors can be written as the difference between the position vectors
pointing to the endpoints. Thus the expression we are given can be written as

(B-A)+(C-B)+(B-C)+(E-D)=0,

or simplifying we get
%
_A+E -0,

showing that the point A must correspond with the point F.

The Cross Product

Problem 1
We find
i j k
-1 -1 — 2 —1
axXxb=]2 -1 —-1|=1 ‘—j‘ ‘—i—k‘ ‘
1 9 4 2 4 1 4 1 2

—i(—4+2)—jB+1)+k(4+1) = —2i — 9j + 5k.
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Problem 2

We find
i j k
2 1 -1 1 -1 2
axbo|-12 1 |—i ‘—j‘ ‘ ‘ ‘
2 1 1 1 -1 3 -1 3 1
=i(-2-1)—j(1 -3)+k(-1—-6) = =3i+2j — k.
Problem 3
We find
i j k
1 1 1 1
axb=|1 1 1 |=i ‘—j‘ “"k‘ ‘
9 _3 1 -3 1 -2 1 -2 -3
=i14+3)—j1+2)+k(-3+2)=4i—3j— k.
Problem 4
We find
i j k _ _
axbo|2 0 51|19 78 |2 B 20
1 1 —1
=i(3) —j(—2+4+3) +k(2) =3i —j+ 2k.
Problem 5
We find
i j k
axb=la a 0|=i|®2 Y|_j| @ O k| D @
b2 0 bl 0 bl b2
by by 0

= (albg — CLle)k .
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Problem 6

We find
i j k
aXb:alagO:ngZ?— %1b0+k%1%2
0 0 b 3 3
= &ngi — albgj .
Problem 7
Note that b 4+ ¢ = —i + 5j + 4k. Thus
i j k L _ _
ax(bto=| 2 —1 -1|=i] '—j'_fl . '4—k‘_fl 51‘
-1 5 4
=i(—4+5)—j8—=1)+k(10-1)=1i—7j + 9k.
Problem 8
Note that a + b = 3i + j + 2k. Thus
i j k
(a+b)xc=| 3 1 2|=i L 2'—j' 3 2'+k‘ 3 1‘
31 -2 1 -2 3
-2 3 1
=i1-6)—j3+4)+k(9+2)=—-5i—7j+ 11k.

Problem 9

In one way to evaluate this we first compute

i j k
2 3 1 3 1 2
bxc=| 1 2 3|=i ‘—j‘ ‘+k' '
3] 31 —2 1 —2 3

=i(2—-9)—j(14+6)+k(3+4)=—-7i—7j+ 7k.
Then we compute
a-(bxc)=—-14+7-7=-14.

We can compute this “directly” if we note that it is a scalar triple product and can be
evaluated using determinants as

2 -1 -1
a-bxc)=| 1 2 3 [=22-9)—(-1)1+6)+(-1)3+4)=—-14+7—-7=—14,
—2 3 1
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the same as before.

Problem 10

Note that (a X ¢) -b =b - (a X ¢) which is a scalar triple product. Thus
1 2 3
b-(axc)=| 2 -1 —-1|=1(-14+3)—-2(2-2)4+3(6—-2)=14.
-2 3 1
Note that another way to evaluate this is as follows

(axc)-b=(cxb)-a=—(bXxc)-a=-a-(bXxc)=—(—14) =14,

using the result from Problem 9.

Problem 11

Note that b X ¢ = —7i — 7j 4+ 7k from Problem 9. Thus

ik
-1 -1 2 -1 2 -1

ax(bxc)=|2 -1 —1|=i| ‘—"_ ’—i—k’_ B ‘
[ 77 77 T -7

—i(—=7-7)—j(14 = 7) + k(=14 — 7) = —14i — 7j — 21k.

Problem 12
Note that
i j k
-1 -1 2 —1 2 -1
axb=|2 -1 —1|=i '—w '+k'
1 2 3 2 3 1 3 1 3
=i(-3+2)—j6+1)+k(6+1)=—-1—7j+7k.
Thus
i j k _ _ .
(axb)xc=| -1 7 7|=i 77‘—ﬂ 17)+4 ! 7)
5 3 1 3 1 -2 1 -2 3

=i(—7—-21)—j(-1+14) + k(-3 —14) = —28i — 13j — 17k.
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Problem 13

This would be u = +-2%2_ Now

lTaxb|"
i j k

—2 1 11 1 -2

axb=|1 -2 1 |=i )—j) )+k) )

- 1 —4 3 —4 3 1

=i8—-1)—j(-4—-3)+k(1+6)=Ti+7j+ 7k.
Using this result we have that

la x b|| = /3(72) = 7V3.

Thus Tid4Ti+7k  i+j+k
u:ii:ii_
7V/3 V3
Problem 14
. aXb
This would be u = im. Now
i j ok
—1 -2 -1 -2 3
axbo|-2 3 —1|=i ‘—j‘ '+k' '
3 0 4 0 4 3 4 3 0

=1i(12) = j(—-8+3) + k(0 — 9) = 12i + 5j — 9k .
Using this result we have that
lla x b|| = V122 + 52 + 92 = v/250 = 5V/10.

Thus
12i + 5j — 9k

u==+
5v/10

Problem 15

We compute

Thus we have
i j k
POXxPR—=|0 3 0|=0+3
2 5 8
= 3(8i — 2k) = 24i — 6k .

oo K

i
2
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Now the area we seek is given by %||]§@ X ﬁH or

1
5\/242 +62 = 3V17.

Problem 16

We compute

ﬁ:6_32(271a3)_(_17 271)_(3a372)
PR=K - P =(1,4,0)— (—1,-2,1) = (2,6, 1)
Thus we have
ij k
POxPR=|33 2 |=i|°> 2|33 2 |+x|3°?
b 6 —1 2 1 2 6

—i(—3—12) —j(—3 — 4) + k(18 — 6)
— —15i+ 7j + 12k.

Now the area we seek is given by %||]§@ X ﬁH or

1 1
SVIB2 + 72 +122 = V418,

Problem 17

From the problem we compute
PG = (1,1,0)

PR = (~1,3,0)
PS = (1,0,4).

Then the volume of the parallelepiped is given by the absolute value of the scalar triple
product defined as

PG - (PR x PS). (13)
To evaluate this we find
1 10 11
PG - (PRxPS)=| -1 3 0 :4'_1 3':4(3+1):16,
1 0 4

As this value is not zero these three points are not coplanar.
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Problem 18

From the problem we compute
PG=G-P=(2,1,4) —(-1,2,2) = (3,-1,2)
PR=R-P =(-1,41) - (-1,2,2) = (0,2, -1)
PS=S - P =(3,0,5) - (-1,2,2) = (4,-2,3).

Then the volume of the parallelepiped is given by the absolute value of the scalar triple
product defined in Equation 13. To evaluate this we find

52 2 -1 -1 2
PG-PExPS)=|0 2 -1 :3‘_2 5 ‘+4‘ ) _1‘:12—12:0.
4 -2 3

As this value is zero these three points are coplanar.

Problem 19

From the problem we compute

PO — Q P = (0,01)— (2,4, —1) = (—2,\ — 4,2)
PR=R - P = (-2,1,2) — (—2,4,—1) = (—4, -3,3)
PS=S - P =(1,1,0)— (2.4, 1) = (-1, -3,1).
To be coplanar the volume of the parallelepiped must be zero. The volume of the paral-

lelepiped is given by the absolute value of the scalar triple product defined in Equation 13.
To evaluate this we find

2 A—4 2
PG.-(PExPS)=| -4 -3 3 :—2" '+4'A_4 2‘—'A_4 2‘
o 31 31 3 3

— 2(—3+9)+4A—4+6)—(BA—12+6) = A+ 2,

when we simplify. This value is zero when A = —2.

Problem 20

From the problem we compute

PG=G-P =(1,1,1)— (0,2,-3) = (1,-1,4)
ﬁ:R—P:(2,0,—1)—(0,2,—3):(2,—2,2)
PS=S - P =(\2\,-A) —(0,2,-3) = (\,2\ — 2, ~A+3).
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To be coplanar the volume of the parallelepiped must be zero. The volume of the paral-
lelepiped is given by the absolute value of the scalar triple product defined in Equation 13.
To evaluate this we find

1 -1 4
PG-(PRxPS)=|2 -2 2
A 2A—2 —A+3
14 14 1 -1
ZA'_z 2‘—(2)\—2)'2 2'+(—A+3)'2 _2‘
—18A—12,

2
3

when we simplify. This value is zero when A =

Problem 21

From the problem we compute

—_—

P,P; = ($2 —X1,Y2 — yl)
—_—

PP3 = (23 —z1,y3 — y1) -

From the text, the area of this triangle is given by 1||P1P3 X P1P3]|. We find

N N i J k
PP, XxPPs=|20—21 vr2—y1 0 |=k
rx3—21 ys—y1 O

To —T1 Y2 — U1
T3 —T1 Ys— Y1

The norm of the above cross product vector is the absolute value of the 2 x 2 determinant
on the right-hand-side of the above. We can write the above 2 x 2 determinant as a 3 x 3
determinant (called D) as
0 0 1
D=|zm—21 ya—y1 O
r3—21 ys—y1 0
We will now use operations which leave the value of the determinant unchanged to convert
D into the form given in this problem thereby showing the desired equivalence. To do that
we add the first row to the second row and then the third row to get

0 0 1
D=|xy—x1 y2—11 1
r3—11 ys—yr 1

Next we multiply the third column by z; and add that column to the first column to get

T 0 1
D=|zy ypo—uy 1
r3 yz—y1 1
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Next we multiply the third column by y; and add that column to the second column to get

1 oy 1
D=z y» 1
r3 ys 1
Now we exchange columns twice to get
Loz
D=11 z y
1 x5 ys

Finally we take the transpose of this to get

1 1 1
D= Ty T9 I3
Y Y2 Y3

Taking the absolute value and multiplying by % gives the area.

Problem 22

Part (a): We have

i j k
X (b+c)= ay ay a
by +cy by+cy, b,+c,
_ a'y Qa, Qg az _'_ k (o a'y
S| byt botc, by +cy b, +c, by + ¢ by + ¢y

— 1(ay(b + Cz) a.(by +¢,)) — jlaz(b. +c.) — a.(by + c)) + k(az (b, + ¢;) — ay,(by + ¢;))
= i(ay 2by) — j(asb, — azb,) + k(azby — ayb,)

(aycz - azcy) —jlazc, — a.c,) + k(azc, — ayc,)
=aXb+axXec.

Part (b): This would be done in a similar way to Part (a) above.

Problem 23

Part (a): We have

i j k
(aa) X b= Qly QGy Qa, | = i aa, oa, aa, oa, Tk aa, oay ‘
bx by bz by bz bx bz bx by

= ai(ayb, — a.by) — aj(azb, — a.b,) + ak(azb, — ayb,) = a(a X b).

Part (b): This would be done in a similar way to Part (a) above.
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Problem 24

We want to show that
(a+b)x (a—b)=2(b xa).
To show this we consider
i j k
(a+b)x(a—b)=|a,+b, a,+0b, a.+0.
az —by ay,—b, a,—b,
ay +0b, a,+b, a; +b, a,+0b,
ay—by a, — b, a, —b, a,—0>,
= 1(( )( —b.) — (ay - by)(az +b.))
((az + b )( bZ) - (ax - bx)(az + bZ))
((am + bm)(ay - by) — (a, — bw)(ay + by))
i(aya, — ayb, + a.b, — byb, — aya, — ayb, + a.b, + byb,)
(axaz axbz + asz - bmbz — QpAy — ambz + asz + bxbz)
+ k(aya, — azb, + a,b, — byb, — aya, — azb, + a,b, + byby)
= 2i(a,b, — ayb,) — 2j(ab, — azb,) + 2k(—a,b, + a,b,)

az +b, a,+0b,

tk azy — by ay, — by

+

1

_gi| b b —Qj'b b- + 2k b by
Ay Gy A, Q, Ay Gy
=2(b x a).

Problem 25

Part (a): We want to evaluate i X (b X c). To start this problem we notice that

i j k
bsce= by b =i 8 ||t e e b
Ca Cy c. Y z T 1 T ]

=i(byc, — b.cy) — j(byc, — bycy) + k(byey — bycy) .

This means that

i j k
X (bXc)= 1 0 0
byc, —b.c, —byc, +b.ep by, — bycy
j k

=1 —byc, + by byey — bycy

= —1(j(bycy — bycy) + k(byc, — byey)) = j(bycy — bucy) + k(bscp — bycy)
= jbycs — kbacy — jbac, — kboe, = co(b — byi) — by(c — c,i)

=c,b—b,cC.
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Part (b): Next we want to evaluate j X (b X c). We find

i j k
ixX(bxc)= 0 1 0
byc, — b.c, —byc, +b.cp byey —bycy
i k

o R
=i(byc, — bycy) — k(byc, — b.cy)) = ibyc, + kb.c, — ic,b, — ke, b,
= ¢, (iby + kb,) — b, (ic, — ke,) = ¢y (b — b,j) — by(c — ¢,j)

=cy,b —byC.
Finally we have
i j k
kx(bxXc)= 0 0 1
byc, —b.c, —byc, +b.c, bycy —bye,

L] j
byc, —b.c, —byc.+b.c,

=i(byc, — bycy) — j(bacy — byc,)) = ibye, + jbyc, —icb, — je b,

=c,(b—0b.k) —b,(c — c.k)

=c,b—b,c.

Part (c): We can compute what we seek by breaking a up into its components and using
what we computed above as

axX (bxc)=a,ix (bxc)+a,jx(bxc)+akx(bxc)
= (azc:b — azb.c) + (ayc,b — aybyc) + (a.c.b — azb.c)
= (aycy + ayey + azc,)b — (azby + ayb, + ab,)c
=(a-c)b—(a-b)c,

as we were to show.

Problem 26

Part (a): From the previous problem we have
axX(bxc)=(c-a)b—(b-a)c.

Using the fact that a X b = —b X a in the above we get
(bxc)xa=(b-a)c—(c-a)b.

Replace the “letters” in the above to get the same thing but with different “letters”

(axb)xc=(a-c)b—(b-c)a.
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Part (b): We now seck to determine when a X (b X ¢) = (a X b) X c. Using the above this
is equivalent to
(c-a)b—(b-a)c=(a-c)b—(b-c)a,

or

(b-a)c=(b-c)a.

This means that the vector ¢ must be parallel to the vector a.

Problem 27

Part (a): The relationships d-a =0 and d - b = 0 give

d1a1 + d2a2 + dgag =0 (14)
dlbl + dgbg + d3b3 = 0 . (15)

We will solve for dz in both. If we solve for d3 in Equation 14 we get

d1a1 + d2a2
dy = — 2
as
while Equation 15 gives
dyby + daby
dz3 = —————.
bs
If we set these two equal we get
_d1a1 + dgag . _dlbl + dgbg
as N bg ’
or
dlalbg + d2a263 = dlblag + dgbgag s
or

d1 (albg — agbl) = d2(a362 - agbg) y (16)

which is one of the desired equations.

Next we will solve for ds in both. If we solve for d3 in Equation 14 we get

d3(L3 + d1a1
dy = — 2B
a2
while Equation 15 gives
dsbs + diby
dy = —————.
ba

If we set these two equal and simplify (as before) we get
d3(d2b3 — agbg) = d1 (alb2 — CLle) y (17)

which is the second of the desired equations.
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Part (b): Using the given expression we find

[Id][* = [Jal?|[b||* sin*(6)
= |[al*[[b[[*(1 — cos*(6))
= |[all?|[b|[* — |a - b|?
= (a1 + a5 + ag) (07 + b + b3) — (@rby + azby + azhs)”
= aibi + aibi + aibs + azbi + azbi + azbi + azbi + azbs + azbs
— (a?b? + a3b3 + a3b: + 2aya5b1by + 2a;a3b1bs + 2asa3bobs3)
= ajby — 2a1a9b1by + a3b] + ajbi — 2ajazbibs + a3b] + a3h; — 2asazbybs + azb;

= (albg — a2b1)2 —+ (Cleg — a3b1)2 —+ (a2b3 — a3b2)2 s
the desired expression.

Part (c): If we multiply the expression for ||d||? above by d3 we get

d%||d||2 = (dl(albg — agbl))2 + (dl(albg — CL3Z)1))2 + (dl(agbg — CL3Z)2))2
= ((agbg — a3b2>d3)2 -+ ((a2b3 — a3b2)d2)2 -+ (dl (CLng — CL362))2
= (agbg — a3b2)2||d||2 .

Assuming that ||d||? # 0 we have
d? = (asbs — ashy)® or di = £(asbs — asby) .
Using this in Equation 16 we get
dy = +(agby — arbs),
while using this in Equation 17 we get
d3 = +(a1by — asby) .

Part (d): From the geometric definition of a X b to have a, b, and a X b form a right
handed coordinate system means that when a = i and b = j we must have a X b in the
direction of k and with a magnitude of

[1i[1j] sin(90%) = 1.
Thus i X j = k. Using the formulas we have derived above for d; in this case we see that

0) =0
0

Thus to agree with the argument above we must take the plus sign in the above expression.
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Planes and Lines

Problem 1

Following the book, the vector equation of a plane is
(r—rp) - n=0. (18)
Here
r—ro=(z—-2)i+y+1)j+(z—-3k.
Thus the equation of the plane is
—(z—2)+4(y+1)+5(z-3)=0,

or expanding we get
—r4+4y+52=-2-4+4+15=9.

Problem 2

Following the book the vector equation of a plane is (r — ry) - n = 0. Here
r—ro=(x—3)i+yj+ (z+4)k.
Thus the equation of the plane is
y+2(z+4)=0,

or expanding we get

y+22=-8.
Problem 3
A normal to this plane is given by
i j k i j k
n—POxPR=|-2-1 042 1-3|=|-3 2 —2
0—1 5 -1 -1 5 -1
2 =2 | -3 =2 -3 2
s -1 ‘_J‘ ~1 -1 ‘*k' -1 5

=i(—2+410)—j(3—-2) +k(—15+2) =8i —j— 13k.

A point on this plane is rg = (1, —2,3). Then the equation of this plane is (r —ry) -n =10
which in this case is
8(r—1)—(y+2)—13(2—3) =0,

or expanding we get
8r —y — 132 = —29.
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Problem 4

A normal to this plane is given by

i3k ik
n—PQxPR=|4-2 0—1 241 |=| 2 -1 3
3 -3 141 3 -3 2
-1 3] .| 2 3 2 —1
=13 2‘_ ‘—3 2‘“"—3 3

=i(—2+9) —j(3—9) + k(=6 — 3) = Ti + 5j — 9k.

A point on this plane is ry = (2,1, —1). Then the equation of this plane is (r —ry) -n =10
which in this case is
7(r—2)+5(y—1)—9(2+1)=0,

or expanding we get
Tr 4+ 5y — 9z = 28.

Problem 5

From its “coefficients” a normal to this plane is given by
n=2i—j+ 5k.
A plane thought the point is ro = (3,1, —2) and with normal n is given by the equation
(r —rg) -n =0. In this case is
20 —-3)—(y—1)+5(2+2) =0,

or expanding
20 —y + 5z = —H.

Problem 6

From the book, we know that the vector in the “direction” of the line is formed from the
coefficients of the numbers in the denominator of the fractions on the left-hand-side of

r—2 y+1 =z
3 -2 -1

t,

SO
n=3-2—k.

A plane thought the point is ro = (4, —1,3) and with normal n is given by the equation
(r —rp) -n =0. In this case is

3(x—4)—2(y+1)—(2—3)=0,
or expanding

3r —2y —z=11.
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Problem 7

From the book, we know that the vector in the “direction” of the line is formed from the
coefficients of the numbers in the denominator of the fractions. Thus one line is in the
“direction”

I, =3i—2j—k,

and the other line is in the “direction”
l, = —i+4j+2k.
A vector normal to this plane is given by n =1; X 1. We find
i j k
n=1 x1l,= 3 -2 —-1|=1
-1 4 2

=i(—4+4)—j6—-1)+k(12 - 2) = —5j + 10k.

-1 4

-2 -1 -1 ‘

: 3 -2
R R

We now need a point on this plane. Notice that the point ry = (2, —1,0) is on each line.
The equation of the plane (r —rp) - n = 0 in this case is given by

—5(y+1)+10(z—0) =0,

or expanding we get
—dy+ 10z =5,
or dividing by —5 this gives
y—2z=-—1.

Problem 8

For our plane F, to be perpendicular to another plane P, means that the normal vector of
Py is perpendicular to the normal vectors of P;. For plane P, to be perpendicular to both
P, and P, means that the normal vector of Py is perpendicular to both normal vectors of P
and P.

Thus a vector normal to this plane is given by n = n; X n,. We find

i j k
-2 1 1 1 =2
n=n Xn=| 1 -2 1/|=i '—j'_ '+k‘_ ‘
9 1 3 1 3 2 3 2 1

—i(—6— 1) — j(3+2) + k(1 +4) = —Ti — 5j + 5k.
With ry = (3,2, —1) the equation of the plane (r — ry) - n = 0 in this case is given by
—T7(z—-3)=5(y—2)+5(z+1) =0,

or expanding we get
—Tx — 5y + 5z = —36.
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Problem 9

Lets find two points on this line. As each fraction equals t if we set ¢ = 0 we note that
P = (—2,3,—1) is one point on this line. If we take t = 1 we get another point @ = (=3, 5,2)
on the plane. With these two points and the desired point R = (2,2, —3) we now have three
points on our plane. Using these three points a normal to this plane is given by

i ik i 5k
n=POXPR=|-3+2 5-3 241 |=|-1 2 3
4 -1 -2 4 -1 -2

2 3 13

. -1 2
-1 —2‘_5‘ 4 —2‘“" 4 —1‘

=i(—-4+43)—-j2—-12)+ k(1 -8)=—-i+10j — Tk.

:i‘

The equation of the plane (r — rg) - n = 0 in this case with ry = (2,2, —3) is given by
—(r—=2)+10(y —2)—T7(2+3) =0,

or expanding we get
r+ 10y — 7z = —39.

Problem 10

The normal to this plane must be parallel to
n=(3,0-2)—(1,-3,2) = (3—1)i+ (0+3)j + (—2 — 2)k = 2i + 3j — 4k..
The equation of the plane (r — rg) - n = 0 in this case with ry = (1, —3,2) is given by
2 —-1)+3(y+3)—4(z—2) =0,

or expanding we get
204+ 3y —4z=1.

Problem 11

Setting this expression equal to t and solving for z, y, and z we get

=243t
y=—-1+2t
z=4—t.

71



Problem 12

Solving each of these expressions for ¢ I find

r+1 y—-2 2-5
6 -3 4

Problem 13

The equation of this line would be given by
r—ro=t(i+2j—k),

(x—2)i+(y+1j+(z—3)k=1t(i+2j—k).

This means that

r=2+1t
y=—-1+2t
z=3—t.

Problem 14

The equation of this line would be given by
r —ro = t(2i + 3j — 5k),

or

(x+3)i+(y—2)j+ (2 + 5k =1(2i+ 3j — 5k).

This means that

r=-—-3+2t
y=2+3t
z=—b—>5t.

Solving for t in each of these gives

t_x+3_y—2_z—|—5
2 3 =57
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Problem 15

A vector v “parallel” to this line is given by
v=02-4)i+(-1-2)j+ (6 —3)k = —2i — 3j+ 3k.
Then the equation of the line or r — ry = tv is given by

(z—4)i+ (y — 2)j + (z — 3)k = —2¢i — 3tj + 3tk,

or
r—4=-2t
y—2=-3t
z—3=3t.

Solving these for ¢ we get the symmetric equations

t_x—4_y—2_z—3
-2 =3 3

Problem 16

The vector v that this line is “parallel” to is given by the denominators of the given fraction

or
v=2i-3j—k.

Then the equation of the line or r — rq = tv with ro = (—1,0, 3) is given by

(x+1)i+yj+ (2 —3)k = 2ti — 3tj — tk,

or
r=—142t
y=—3t
z=3—-t,

for the scalar parametric equations.

Problem 17

A normal to the plane is given by n = j + 2k. The equation of the line is then given by
r —ro=tn with ro = (=2,6,1) or

(x+2)i+ (y—6)j+ (= — Dk = 0i + tj + 2tk,
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or

r= -2
y=6+t1
z=1+42t,

for the scalar parametric equations. Solving these for ¢ we get

z—1
t = — 6 =
Y 5
for the symmetric equations.
Problem 18
The normal to this plane is given by
n=2i+3j—k.

The equation of the line is then given by r — rg = tn with ro = (3, —1,4) or

(x=3)i+ (y+1)j+ (z —4)k = 2ti + 3tj — tk,

or
rT=34+2
y=—1-+3t
z=4-—t,

for the scalar parametric equations.

Problem 19
Our line must run parallel to a vector that is perpendicular to the two normals of the two
planes. These two normals are

nlzi—Qk
IIQI?)J—'—k

A vector that is perpendicular to these two vectors is v = n; X ny. We find

i j k
0 -2 1 - 10
v=n Xn=|10 -2 |=i ‘—j‘ ‘—l—k' ‘
03 1 3 1 0 1 0 3

=i(0+6) —j(1—0) +k(3) = 6i—j+ 3k.
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We now need a point on this line. If we take y = —3 then the second plane gives z = 0.
Using this in the first plane and we find x = 4 to give the point ry = (4, —3,0). The equation
of the line is then given by r — ry = tv or

(x —4)i+ (y+3)j + 2k = 6ti — tj + 3tk,

or
r =446t
y=-3—-1
z=3t,

for the scalar parametric equations.

Problem 20

Following the procedure used in the previous problem we have
i j k
v=nmn Xn=|1 -1 1 |=i
2 3 =5
=i(5-3)—j(-5—-2)+k(3+2) =2i+7j+ 5k.

-1 1] .11
3 5| J2 -5

+41—w

2 3

We now need a point on this line. That is we are looking for a solution to the system

r—y+z=7
204+ 3y —52=9.

If we solve the first equation for x we get x = 7 — z + y. If we put that into the second
equation and solve for y (in terms of z) we get
Tz

_=
¥y=73

From this functional form we can get nice integer solutions if we take z = 5 so that y = 6
and then z =7 — 5+ 6 = 8. Thus a point on the line is rg = (8,6,5). The equation of the
line is then given by r —rg = tv or

(x—=8)i+(y—6)j+ (2 — 5k =t(2i+ 7j + bk),

or
r=8+4+2t
y=6+T7t
z=05+5t,

for the scalar parametric equations. Solving these for ¢t the symmetric equations for this line
are given by




Problem 21

A normal to this plane is given by N =i+ j + k. A unit normal is then

N 1

INI[ V3

We now need to find a point () on this plane. If we take x = y = 0 then z = 7 so the point
(x,y,2z) = (0,0,7) is on the plane. Using this value for () we find

QP = 2i+j— 12k.
The distance we seek is given by |Q$ -n| or

1

24+1-—12] = — =3V3.
\/§| |

Sle

Problem 22

A normal to this plane is given by N = 2i 4+ 3j — k. A unit normal is then

N1
IN|[ - V14

We now need to find a point ) on this plane. If we take z = y = 0 then z = —12 so the
point (z,y, z) = (0,0, —12) is on the plane. Using this value for () we find

n (2i+3j — k).

QP — —i — 3j+ 14k.
The distance we seek is given by |(ﬁ§ -n| or
1 2
Lo B

V14 V14

Problem 23

A normal to this plane is given by N = 2i — j + 2k. From the parametric equations given
we can derive the symmetric equations for this line as
r—3 vy z+1

t: = — = .
-3 2 4

From these a vector parallel to this line is given by a = —3i + 2j + 4k. For our line to be
parallel to the plane means that the vector a must be perpendicular to N. To check this we

compute
N-a=-3(2)—-2+8=0.

Thus a is perpendicular to N and our line is parallel to the plane.
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Problem 24

A normal to this plane is given by N = 2i 4+ 3j — k. From the symmetric equations given
for this line a vector parallel to this line is given by a = —2i 4+ 3j — k. For our line to be
parallel to the plane means that the vector a must be perpendicular to N. To check this we
compute

N.-a=—-44+94+1=6#0.

Thus a is not perpendicular to N and our line is not parallel to the plane.

Problem 25

The parametric equations for this line are

r=2-—2t
y=—-1+4+3t
z=2—t.

If we put these into the equation of the plane we get
4 -4t —-34+9—-2+t=11 or t=2.

Using this value in the parametric equations above give the point (z,y, z) = (=2, 5,0).

Problem 26

Note that the vectors p —r and q — r are in the plane. A normal to this plane is then given
by the cross product of these two vectors or

n=(p-r)Xx(gq—r).
Using the associative property of the cross product we can write this as
n=(pXxq)—(pXr)—(rxq)+(rxr).

Using the properties of the cross product a X b = —b X a and a X a = 0 the above is
equivalent to

n=(pxq) +(rxp)+(qgxr),

as we were to show.

Problem 27

A normal to this plane is given by N = 2i — j 4+ 2k. A unit normal is then

N 1
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A vector parallel to this line is given by a = —3i + 2j + 4k. Now note that it the line is
not parallel to the plane the distance between them will be zero as the line will eventually
intersect the plane. We find that N-a = —6 — 2+ 8 = 0 so our line is parallel to our plane.

A point on the plane is @ = (0,0, 10). A point on the line is P = (2,0, —1). Thus
QP = 2i — 11k.

The distance we seek is given by |Q? -n| or

1
-4 —-22|=6.
Sl4-22

Problem 28

A normal to this plane is given by N = 5i — 4j + 2k. A unit normal is then

N 1
n=——=—(5i—4j+ 2k).
INJ[ V45

The symmetric equations for this line are given by

t_:c—l_y+1_z—2
2 1 =3

From these a vector parallel to this line is given by a = 2i+j — 3k. Now note that it the line
is not parallel to the plane the distance between them will be zero as the line will eventually
intersect the plane. We find that

N-a=52)—4(1)+2(-3)=10-4—6=0.
so our line is parallel to our plane.
A point on the plane is @ = (0,0,6). A point on the line is P = (1,—1,2). Thus
QP —i—j—4k.
The distance we seek is given by |Q? -n| or

1 1
—— 5 +4-8= —.
\/45‘ | V45

Problem 29

From the symmetric form of the lines we find vectors parallel to each line given by

a=1+3j—2k
b=4i—j+2k.
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A vector perpendicular to a and b is given by

i ] k _ _
N=axb=|1 3 -2|=1 3 2 —J 1 +k L3
4 —1 9 -1 2 4 2 4 —1

—i(6—2) — j(2+8) + k(—1 — 12) = 4i — 10j — 13k.

A unit normal is then

Z

1
n=-——=——(4i — 10j — 13k).
NI v/285
A point on the first line is P = (2,—1,1). A point on the second line is Q = (—1,2, —3).
Thus
QP — 3i — 3j + 4k .
The distance we seek is given by |(ﬁ§ -n| or
1 10
—— 112430 - 52| = —.
\/285| | V285
Problem 30
The symmetric equations for these two lines are
Ty +1 2-3
2 -1 1
¢ r—2 y+1 =z
-1 3 1
Vectors parallel to each linear are then given by
a=2i—j+k
b=-i+3j+k.

A vector perpendicular to a and b is given by
i j k _ _

N=axb=| 2 -1 1]|=i b1 —J 2 1 +k
13 1 3 1 -1 1 -1 3

—i(—1-3)—j(2+1) + k(6 — 1) = —4i — 3j + 5k.

A unit normal is then N )
n=——=——(—4i—3j+5k).
N[ 5v/2

A point on the first line is P = (0, —1, 3). A point on the second line is @ = (2, —1,0). Thus
QP — 2i + 3k.

The distance we seek is given by |(ﬁ -n| or

1 7
——=[ -8 +0+15= —=.
5¢§| | 5vV2
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Problem 31

This problem presents one way to compute the needed normal vector n. The following
problem demonstrates another way.

From the given symmetric equations a vector parallel to the line is given by
a=2i+3j—k.
A point on the line is given by A = (1, —1,0). Thus
AP =(2i+j+k) —(i—j)=i+2j+k.

Now to find a vector N that is perpendicular to the line and through the point P thus it
would take the form

N=(2i+j+k)— ((1+2)i+ (—1+3t)j—tk) = (1—20)i+ (2—3)j+ (1+t)k,
for t € R. For N to be perpendicular to a we need N - a = 0 which in this case is
1
2(1-2t)+3(2-3t)—(1+t) =0 so t:§.

This means that

1. 3
N=—-j+=k.
2173
Making this a unit vector then gives
N 1
= = 3K
|IIN] 10

0+2+3| ===

Rl V5 _ V0
V10 2 2

Problem 32
From the given parametric equations we can compute the symmetric equations. We find

x+2 y—4 z-1
1 -1 3

t

From the symmetric equations a vector parallel to the line is given by
a=1—-j+3k.
A point on the line is given by A = (—2,4,1). Thus
AP = (i+3j —4k) — (—2i +4j + k) = 3i — j — 5k.
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Note that the vector b = a X ﬁ will be perpendicular to the plane containing the line and
the point. Computing this I find

i j Kk
b=axAP=|1 -1 3 |=i
3 -1 -5

=i(5+3)—j(-5—-9)+k(—1+3) =8+ 14j + 2k.

-1 3 3

35t 3 |

1
3 -1

[+

Now the vector N = a X b will be perpendicular to both the line (i.e. the vector a) and the
normal to the plane (i.e. the vector b) and will thus be the vector we seek. I find

i j k
N—axb=|1 -1 3|=i
8 14 2

=i(—2—-42) —j(2 —24) + k(14 4+ 8) = —44i + 22j + 22k = 22(—-2i+j + k).

Making this a unit vector then gives

N 1
n=— = (2i+j+k.

INI[ - v6

As another way (similar to what was done in the previous problem) to find a vector N’ that
is perpendicular to the line and through the point P is to recall that it would take the form

N =(@{+3j—4k) — ((—2+t)i+ 4 —0)j+ (1 +3)k) =3 —t)i+ (-1 +)j+ (-5 —3t)k,
for t € R. For N’ to be perpendicular to a we need N’ - a = 0 which in this case is
B—t)—(—1+t)+3(-5—-3t)=0 so t=-—1.

This means that
N’ = 4i —2j — 2k.

Making this a unit vector then gives

N’ 1
n=—— = _(2i—j—k).
N[ /6

Note that this is the negative of the vector n found above. As we are taking the absolute
values below both vectors will give the equivalent distance.

The distance we seek is given by L@ ‘n| = L@ 1’| or

1 11
Ly VI
V6 V6
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Problem 33

For this problem we will take a = a,i + a,j + a;k and r = zi + yj + zk.

Part (a): In this casea-r=01is
azT + ayy +a,z =0,

or the equation of a plane thought the origin with the normal vector a.

Part (b): In terms of components this expression is

laz7 + ayy + a.z| = cy /a2 + a2 + a?.
AT+ ayy +a.z = +cy/ai + a2 + a2,

which is a plane with normal a not through the origin. If a-r < 0 then this above is

azT + ayy +a.z = —cy/a + a2 + a2,

which is another plane with normal a and not though the origin.

If a-r > 0 then this is

If we divide both sides of the original expression by ||a|| we get

‘ a
——.rl=c,
||al]

which states that the distance from the origin to the plane is c.

Part (c): This is equivalent tor-r —a-r =0 or
x2+y2—|—22—ax:ﬂ—ayy—azz:0.

If we “complete the square” in the above we get
2 2

( aw>2+< ay>2+< az)2 a§+ay+az
T — — — = ——=) =F4+—=+-=.
2 975 S 11T

which is the equation of a sphere with a center at $a and a radius R such that R? = 1|al|?

soR:@.

Problem 35

These two lines are parallel to the vectors a and b. Then a normal to each line is given by
N = a X b. Two points on the lines are r; and ry so a vector connecting these two point
is r;{ — ry. These two lines will intersect if and only if the distance between them is zero or

from the discussion in the text if

(e =

This is equivalent to the given expression.

=0.
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Vector Functions of One Variable
Problem 1

For this we have
lim(e™"i + 2cos(t)j + (* — 1)k) =i+ 2j — k.

t—0

Problem 2
For this we have

lim(e*i — sin(t)j + t°k) = *™i — 0j + 7’k = e*"i + k.

t—m

Problem 3

Because of the denominator in the expression t%—tl the limit does not exist.

Problem 4

For this we have

Problem 5

For this we have ]
lltir% i (sin(2t)i + 3tj + tan(t)k) = 2i+ 3j + k.
%

In the above we have used L’Hospital’s rule to evaluate the component limits.

Problem 6

For this we have
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Problem 7-9

These can be proven by converting the left and right hand-side into its i, j, and k components
and showing that they are equal.

Problem 10

For this we have
11_{%(311(1‘,) —2v(t)) = 3%5% u(t) — 21% v(t)

=3(i+2j—k)—2(i—j)=i+7j— 3k.

Problem 11

For this we have

lim(u(t) - v(t)) = limu(¢) - lim v(¢)

t—0 t—0 t—0

=([(+2 -k -(i-j)=1-2=-1.

Problem 12

For this we have

J k
lim(u(t) X v(t)) =limu(t) X limv(t) =(i+2j—k)x (i—-j)=1 2 -1
t—0 t—0 t—0
1 -1 0
2 ] .. ..
:k‘ ‘+1‘ ‘:k(—1—2)—|—<—1—J):—1—J—3k

Problem 13

For this we have
F'(t) = 2ti — sin(¢)j + 2 cos(t)k .

Problem 14

For this we have
F'(t) = —e i+ (' +te')j + 4k
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Problem 15

For this we have

F'(t) = (2sin(2t) + 4t cos(2t))i + 3sin(t)j + 12(2¢t — k.

Problem 16

For this we have

F'(t) = (cos(t) — tsin(t))i+ (sin(t) + t cos(t))j — 6k .

Problem 17

For this we have

d

() +v() = u'(t) +v'(1)

= —e 7' — 2sin(t)j + 2tk + 2e*i — cos(t)j + 3tk
= (2¢* — e™")i — (cos(t) + 2sin(t))j + (2t + 3t*)k.

Problem 18

For this we have

d / /
Z () v(t) = ') v(t) +ult) V()

= (—e 7 — 2sin(t)j + 2tk) - (e*'i — sin(t)j + t°k)

+ (e7ti+ 2cos(t)j + (£ — 1)k) - (2€%'i — cos(t)j + 3t%k)
= (—e! 4 2sin?(t) 4 2t3) + (2e! — 2cos?(t) + 3t2(t* — 1))
= ¢! 4 2(sin®(t) — cos?(t)) + 5t1 — 3t2.

Problem 19

For this we have

L i3ut) — 2v(t) = 3u'(t) — 2v'(1)

dt
= 3(—e i — 2sin(t)j + 2tk) — 2(2e*i — cos(t)j + 3t°k)
= (=3e™" — 4e?)i+ (—6sin(t) + 2 cos(t))j + (6t — 6t*)k.
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Problem 20

For this we have
i(llu(t) —3v(t)) = 4u'(t) — 3v/(t)

dt
= 4(2i — 2tj + 4t°k) — 3(2ti + 6j + 5k)
= (8 — 6t)i — (4t + 18)j + (16t° — 15)k.

Problem 21

For this we have

d / /
%(u(t) v(t) =u'(t) - v(t) +ult) - v'(t)

= (2i — 2tj + 4t°k) - (%1 + 6tj + 5tk) + (2t — t%j + t'k) - (2ti + 6j + 5k)
= 212 — 126 + 20t* + 4% — 61> + 5t* = —12t* + 25¢*.

Problem 22

It might be faster to work this problem by first taking the cross product and then taking
the derivative of that expression. For the cross product of these two vectors I find

i j k
ult) x v(t)=| 2t —t* t
t* 6t 5t

Y I A A N I 2 Ll 2 —t?

I T t* 5t t* 6t

= i(=5t% — 6°) — j(10 — 1%) + k(12¢2 + %) .

This then means that
d

E(u(t) X v(t)) = i(—15t* — 30t*) — j(20t — 6t°) + k(24¢ + 4¢%) .

Problem 23

Asv(t)-u(t) = u(t)-v(t) the answer to this problem is the same as the answer to Problem 21.

Problem 24

As v(t) X u(t) = —u(t) X v(t) the answer to this problem is the same as the negative of the
answer to Problem 22.
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Problem 25

Part (a): For this vector we have x = 2t — 3 so t = 2. If we put that into y = —4¢* we
get
3\ 2
y=—4(x; )::—@+3V,

which is a parabola with its vertex at (—3,0) and “opening downwards”. Now as ¢ goes from
—o0 to oo the particle moves on this parabola from left to right.

Part (b): For this expression for r(¢) we find
r'(t) = 2i — 8tj,
thus 1'(—1) = 2i + 8j. The desired unit vector is then
1

R S
7§@v+&%—Jﬁ(+®%

Part (c): When ¢t = —1 we find r(—1) = —5i — 4j. The tangent to the curve goes thought
the point r(—1) and in the direction of r'(—1). This means that we have

(
(t)
(t)
()

—5+t
—4 + 4t
0,

T
)
z
for —oo < t < +00.

Part (d): A normal vector for this plane is given by N = i+ 4j. Next recall that the
equation of a plane is given by Equation 18. In this case this becomes

(x+5)+4(y+4)=0.

Problem 26

Part (a): Let 2(¢) = cosh(t) and z(t) = 2sinh(t) then using cosh?(#) — sinh?(f) = 1 we find

This is a hyperbola with two branches

52
=+\/1+—.
T —|-4

When ¢t = 0 we find (2(0),2(0)) = (1,0). As t = —oo we have (x(t),2(t)) — (+00, —0)
and as t — 400 we have (z(t), z2(t)) — (400, +00). This means that our “particle” is in the
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plane y = 0 and on the right-most curve starting at (z, z) = (400, —00) and moving towards
the point (z,z) = (1,0) before moving away from it towards (z, z) = (+00, +00).

Part (b): We find r(0) = 1i which is the point (z,y,2) = (1,0,0). We also find
r'(t) = sinh(¢)i + 2 cosh(t)k.
This means that r'(0) = 2k. A unit tangent vector is then k.

Part (c): The parametric equations of the line through the point (1,0,0) and parallel to
the vector k are given by

r—1=0
y—0=0
z—0=r71.

for —oco < 7 < 0.

Part (d): A normal vector to this plane is given by N = 2k. The equation of a plane is
given by Equation 18 which in this case is given by

0O(z—1)+0(y—0)+2(2—0)=0 or z=0.

Problem 27

Part (a): From this parametric representation of our vector function we find

r(0) = 2i+0j+ 0k = 2i
r'(t) = —2sin(t)i + 3cos(t)j + 4k and thus
r'(0) = 0i + 3j + 4k = 3j + 4k.
A unit tangent vector to the curve at the point t = 0 is then given by
r'(0)  3j+4k 1

O ES A

Part (b): A parametric equation for the line tangent to the curve is then given by

(1) =240 =2
y(1) =04 37 =37
2(1) =0+47 =47

Part (c): A vector normal to the desired plane is given by N = r’(0) = 3j + 4k. Using this
in Equation 18 gives

0(x—2)4+3(y—0)+4(z—0)=0,0or 3y+4z=0.
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Problem 28

Part (a): The given vector curve will pass though the point (4, —3,2) for a t value given
by the solution to the equations

4=1"+3
—3=_3¢
2 =212,

From the second of these we see that t = 1. Also for this vector function we compute
r'(t) = 2ti — 3j + 4tk thus
r'(1) = 2i — 3j + 4k.
A unit tangent vector to the curve at ¢ = 1 is then given by
r'(1)  2i-3j+4k  2i—3j+4k
M VE+9+16 V29

Part (b): A parametric equation for the line tangent to the curve at the given point is

z(T) =44 27
y(t) = -3 =37
3(r) = 2+ 4r,

for —oo < 7 < +00.

Part (c): The plane normal to the curve has a normal vector given by r'(1). Using that
and Equation 18 the equation of the plane through this point takes the form

2z —4)+3(y+3)+4(z—2)=0.

Problem 29

Lets call these two curves ry(t) and ro(7) respectively. Then from what we are given we find
ri(t) = 2ti — 3j + 4tk
ro(7) =2i+j+ 7k.

We first note that for rq(¢) will go though the point (4, —3,2) when ¢ = 1 and ry(7) to go

through the point (4, —3,2) when 7 = 2. Next from these two expressions we can compute
that

ri(1) =2i—3j+4k
ry(2) = 2i+j+ 2k.
Using these we find that
cos(6) — (1) - rh(2) _ 4—-3+8 _ 3
I VA+9+16vA+1+4 /29
This gives 6 = 56.14549°.

= 0.557086 .
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Problem 30

Lets call these two curves rq(t) and ro(7) respectively. We first note that for ry(¢) will go
though the point (1,0, 1) when ¢ = 2 and ro(7) to go through the point (1,0, 1) when 7 = 0.
Next from these two expressions we find

r)(t) = —msin(7t)i — 27 cos(7t)j + k
ry(7) = 2i + 87j — wsin(77)k.

From these we compute that

ri(2) =0i—2mj+k
r5(0) = 21+ 0j + Ok .

Using these we find that

COS(@) _ rll(z) ) I',2(0) -0
|5 (2)[[1r5(0)]]
This gives 0 = § = 90°.

Problem 31

Part (a): For this vector function we have

x(t) = acos(wt)
y(t) = bsin(wt)

and thus
22

@ e !

)
which is the equation of an ellipse with semi-major and semi-minor axis of lengths a and b.
Part (b): The vector expression for the velocity of the particle is given by

r'(t) = —aw sin(wt)i + bw cos(wt)j .

Part (c): The direction towards the origin at any time ¢ is given by —r(¢). A unit vector
in that direction is then given by

r(t) _ —a cos(wt)i — bsin(wt)j
[x(Ol /a2 cos?(wt) + b2 sin?(wt)

u=—

The desired component in the direction of r/(¢) is then u - r’(¢). We compute this to be

a’w sin(wt) cos(wt) — b2wsin(wt) cos(wt)  (a? — b*)w sin(wt) cos(wt)

\/a2 cos?(wt) + b2 sin’(wt) a Va2 cos?(wt) + b2 sin?(wt) |
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Problem 32

We are told that ||u(t)|| = c or ||u||* = ¢? where c is a constant. In terms of the components
of u this is equivalent to
ui(t) +us(t) + ui(t) = .
Taking the derivative of this with respect to ¢ gives
2uy (E)uy (t) + 2ug(t)ub(t) + 2us(t)us(t) =0,
which can also be written in vector form as
u(t)-u'(t) =0.
This is the statement that u(t) and u/(¢) are perpendicular.

Problem 33

From the definition of the dot product we have
u(t) - v(t) = ug (t)vr(t) + ug(t)va(t) + us(t)vs(t) .
Then using the product rule in each scalar product we have

Doy vir) = 200, 1y 1 220, ) 1 280, ) 1y (200 1y 220y 250

=u'(t) - v(t) +ut) v'(t).

Problem 34

Recall that the cross product of two vectors is given by
i j k
. ur(t)  wue(t)
u(t) X v(t) = | ui(t) wua(t) wus(t) | =i
n(t) valt) vs(t) () () ‘
= i(u2(t)us(t) — us(t)va(t)) — jlur(t)vs(t) — us(t)vi(t)) + k(ui(t)va(t) — ua(t)vi(t)).

Then using the product rule in each scalar product we have

uz()va () — j(ur (H)vs(t) — u(t)vi (1)) + k(u (B)va(t) — us(t)vi (1))

—J
uz(t)vy(t)) — jlua (t)vs(t) — us(t)vh (t)) + k(ur ()vh(t) — ua(t)vy(t))
"(t).

.

%u(t) X v(t) = i(uy(t)vs(t)

Il
G\
=
X
<
=
_l_
e
=
X
<

Arc Length and Curvature

WWX: Working here.
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Dynamics of Particles

Kepler’s Laws

Cylinders, Surfaces of Revolution, and Quadric Surfaces
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Chapter 16 (Differentiation of Functions of Several Vari-
ables)

Section 16.4 (the Gradient and the Directional Derivative)

Problem 13 (increasing most rapidly)

For the f(z,y) given we have Vf = (2-+y)i+(22+2y)7, so that [|Vf|| = /(z + y)% + 4(z + y)2 =
V/5|z + y|, which is the rate of change where f is increasing most most rapidly.

Problem 14 (increasing most rapidly)

For the f(x,y,z) given we have Vf = (y? + 6zz)i + (2xy + 222)] + (4yz + 322)k, so that
IVl = V/(z + )2 + 4(z + y)? = V/5|z+y|, which is the rate of change where f is increasing
most most rapidly.

Problem 42 (a heat seeking particle)

The maximum heat flow would be in the direction of the gradient. In this problem this is

VT = Tye @3/ <_2_~””g_6_@/3)

5 5
= —%6_(x2+392)/5 <2x% + 6y§>
Therefore at (a,b) the insect follows, the path in (z,y) that has slope given by
dy (Y1),
dez  (VT),
In this problem we obtain that this expression is
dy _ by _ 3y

de 2z x
or solving this differential equation

dy _ gdw
Yy T

n(ly[) = 3Mh(lz|)+C
lyl = Claf.

Evaluating this expression at the point (a,b) to determine the constant C' we find that
C = b/a® and thus the path is given by



Chapter 17 (Multiple Integrals)

Section 17.5 (Triple Integrals)
Problem 7 (the cap of a sphere)

See the scanned notes for a sketch of the given projection. The projection on to the xy-
plane happens when z = 3. Thus projecting the 3D region onto the zy-plane requires
22 4+ 9?2 +9 =16, or 22 + y? = 7. The inequalities describing this volume then become

3< 2 §16—x2—y2
—VT7T—22< y <H+V7—22

—7< xz < +47.

Problem 8 (a region bounded by two planes)

See the scanned notes for a sketch of the given region. From that figure one sees that
the plane = 4+ 2z = 2 has zz intercepts given by (z,2) = (0,1) and (z, z) = (2,0) with y
arbitrary. The plane 3z + 2y + z = 12 has intercepts on the three coordinate axis given
by (9,0,0),(0,6,0), and (0,0,12). Thus the volume sought is the region above the plane
x + 2z = 2 and below the plane 3x + 2y 4+ z = 12.

Part (a): When we project our volume onto the xy-plane we have to break the region into
two regions €, and €2 , since the smaller plane z + 2z = 2 intersects the zy axis when

z = 0 at the point x = 2. Letting Q}L,y be the upper trapezoid of €2,, we have for Q}Uy the
following mathematical description

2—x
Tg z <12—3x —2y
12 — 3z
0 <
y=7
0< =z <2

Letting ng denote the lower trapezoid of €2, we have the following mathematical description

0< 2z <12—-3zxz—2y
12 — 3z

0< <
_y_2

2< x <4.

Part (b): Projecting into the zz plane we need to break into two regions. For all points in

the region €2, for y we have
12 — 3x
0<y< 5
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In O}

2, the first of the two regions we break (2,, up into we have

0< z <12-3gz

2< x <14,
while in Q2_, the second of the two regions we break €2,. up into we have
9 _
—< =z <l2-3%

1< z <2.

Problem 9 (between a plane and a cylinder)

Part (a): See the scanned notes for a diagram of the integration region. For €2,, we have to
break the integration region into two parts depending on whether or not we are above/below
the z location where the cylinder intersects the xz-plane. This intersection occurs when
y = 0 or z = +2 (taking the positive root of 2> = 4). Letting Q2! denote the projection onto
the zz-plane below the line z = 2 we have defining equations for Q! given by

f_2e S12;3z
12 — 3z
0<
<z <—
0< 2z <2.

Letting 2 denote the projection onto the zz-plane above the line z = 2 we have defining
equations given by

12 —4x — 32
0< vy <——
2
0< <12—3z
> TS 1
2< 2z <4,

Part (b): See the scanned notes for a diagram of this integration region. For €. we again
have to break our integration region up into two components depending on whether we
are above/below the cylinders intersection on the y-axis. The cylinder intersects the y-axis
when z = 0 and z = 0 of y = 4. If we denote Q;Z as the region of the yz-plane below the
intersection y = 4 we have

0< 1 <12—3z—2y
- - 4
12 -2
4—y< z < 3 J
0< ¢y <4.
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If we denote by sz the region above the intersection y = 4 we have

0< S12—32—2y

4
0< - S12;2y
4< y <6.

Problem 10 (between a plane and a sphere)

See the scanned notes for a diagram of the desired integration region. To be above the plane
and inside the sphere requires that our z variable satisfy

3—y§z§36—x2—y2.

Next consider the plane y + z = 3. The curve resulting from the intersection of this plane
and the sphere x? + y* + 22 = 36 is given by the equation 2% + y* + (3 — y)? = 36. We can
expand the given quadratic (3 —y)?, combine terms, and complete the square in the variable
y to obtain the following for the expression for the curve projected into the xy-plane

() (2) =%

One can find the algebra to derive this on the scanned notes. This is the expression for an
ellipse and we can integrate over it by letting y range as

while = ranges over

V2 <z <V2,

These three inequalities complete the specification of our integration region.

Problem 12

To evaluate this we project onto xy-plane where

0< », <072y
= = 3
6—y
= =9
0< y <6

Thus we have

6 5% p2-2o-%
I, = /// p(z,y,2)(2* + y*)dV = / / / k(x? + y*)dzdzdy .
0 Jo 0
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Problem 14

Recall the definition of the z-coordinate of the center of mass is given by

z:%///zp(x,y,z)d\/,
M:///Vp(:):,y,z)dV

Projecting the integration region into the xy-plane gives the following limits

with M given by

0< 2 <4-—272
0< y <4
—2< z <2.

2 4 pd—2?
M:/ / / (6 — 2)dzdydzx .
—2Jo Jo

Once we have computed this we compute Z as

1 2 4 pd—a?
7= — 6 — 2)zdzdydzx .
vl e

With these M is given by

Problem 15

To evaluate this integral we project onto the xy-plane which is

or an ellipse. Solving for y in the above expression gives

y=+by/1— (2)2

If our density is given by p = kr? = k(2? + y? + 2?), then M is given by

V1-(y/a)? b—y
M = // pdV = / / / k(x* +y* + 2%)dzdydz .
- V1-(y/a)?
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Problem 16

To begin recall the definition of the first moment with respect to the xz-plane is given by

Lm=///Qy,0(w,y7Z)dV

We want to consider the region (2 bounded by one sheet of the hyperboloid

SORGECE g

and the plane y = 2b. Let z = 0 and we get (%)2 — (%)2 = 1. The region looks like a
convertible or a “gondola hood”. Projecting onto the zy-plane since when we solve for z in

Equation 19 we get
2 2
=z (0 - (5) -1
b a

The region that we want to integrate over has z bounded by

ORI

When z = 0 solving for x in (%)2 — (%)2 =1 we get

thus the range for x is given by

O G

and the range for y is given by b <y < 2b. Thus for L,, we get

/2b te/(3) - (2)
2
—04/ v) 1) ¢ %) — %

ykdzdxdy.

Section 17.6 (Integration using Cylindrical Coordinates)
Problem 1 (the volume of an ellipsoid)

To introduce the substitution r*> = 22 + y* needed for cylindrical coordinates we write our

equation as
2

1 9 z
2@ Fy) gz =1
or in terms of r
21,
atan =h
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or solving for z we have our ellipsoid given by

2
z = xc 1—<C> .

a

Then the equation for our volume V' becomes

+a pVa2—z2 1 7“2/a2 a Va?—z?
/ / / dzdydx = 20/ V1—r2/a’dydx .

Va2—z2 1— 7“2/a2 —a J—Va2—z2

Expressing the xy-integration in polar rather than Cartesian we can express the integral for
V as

7“2/a2 a
/ / / dzrdrdf = (27?)20/ V1—=r2/a’rdr.
1— 7“2/a2 0

To integrate this last integral we let v = r/a so that dv = dr/a and the above becomes

1 1 1—02 Ama’e
V= 47?0/ V1 —v2d®vde = 47Ta2c/ vV1 — v2dv = 4ra’e <7 =
0 0 (3/2)(=2) |, 3

Problem 2 (the volume of Q)

First note that the given paraboloid can be written in polar as
az = V2(x* + %) = V2r?.
Next the bounds of the region we want to integrate is given by
\/12762 <
a

0<

r
0< 6

a? — r?

R
2

[VANRVAN

Where we don’t know the value of R the upper limit of the variable . To find the upper
limit on r we eliminate z from 7? + 2?2 = a? and z = @rz to give

12
—2r4+7’2:a2,
a
or ) .
a5 a
rt +12r B =0

Solving this quadratic equation for 72 we have

a2 at —gt a2 a2 1/2
o 12T f+a(F) —HEH(HTY)
N 2 B 2
a? a2 1/2
T E T () :a_2(_1i7):a_2
2 24 4"’



where we have taken the positive sign since we must have 7> > 0. Thus r = ¢ and our

2
volume V' when we project into the xy-plane becomes

21 pa/2  pVaZ—r2
V = / / dzrdrdd
= 27T/ Va2 —r2r — 1=
0
2 3/2 |4/2
_ on (M _2
0

(3/2)(=2)

() -) -2 6)

which could probably be simplified.

Section 17.7 (Integration using Spherical Coordinates)
Problem 28 (a moment of inertia problem)

We have r; = rsin(f) and the moment of inertia is defined as I, = [[[ r3 pdV. To compute
this using spherical coordinates we have

I, = /// r? sin®(0)kdV
_ / / / 2 sin(6)2kr? sin(0)drdodo
= 27k ( 51 (/0 sin (G)dﬁ)

Problem 34 (the volume of a region within two spheres)

The volume of any region is given by the triple integral V = [[[ dV, which we evaluate by
splitting it into two pieces. We have the top “ice cream cone” shape which is defined by the
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limits

o O O
IA A IA
>

IA A
e

r
¢
and the “bottom rind“ is defined by the limits

Do
3

. 3
)
3

Thus the volume V is given by the sum of two integrals

2 pw/3 pl 2r  pmw/2  p2cos(0)
V= / / / r? sin(0)drdfde + / / / r?sin(0)drdfde .
o Jo 0 o Jasz Jo

So that to evaluate this we have

1 7-(/3 1 7'('/2
Vo_ —/ sin(é’)d9+—/ 2% cos(0)*d  or
0 g

o 3 3 Joss
w/2
— = —(cos{=)—1)+8 cos(f) — sin cos or
zv : 6 0)? cos(6))df
™ w/3
3V 1 e sP(O)]?
5y = (1 2) +38 sm(e)\ﬁ/3 3 |, or

Vo o2 33
o 3 8 |7

when we simplify. We might try to evaluate this expression in cylindrical coordinates where
the limits are given by

T
0< 0 <-—
- — 3
0< ¢ <27
a/?2
< r <a,
cos(f) — -

and so the volume is given by

2 pw/3 ra
V= / / / r? sin(6)drdfde .
0 0 a/2

cos(0)

Problem 35 (the mass of a sphere)

We are told that that our density is given via p(x,y, z) = kr and we want to compute the
total mass M given by M = [[[ krdV. Thus we get

2 w/2  p2acos(H)
M :/ / / krr? sin(6)drdfde .
¢=0Jo=0 Jr=0
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This can be evaluated using

M

w/2 2a cos(0)
2k / sin (@) / r3drdf
0 r

=0

/2 o 2a cos(0)
21k / sin(f) —
0 4

T /2
51{: / sin(6)2%a* cos*(0)do
0

de

0

o3k _cos5(9) /2
9 o
Sa'mk Sratk
-1D)(0—-1) = .
" 1y0-1) =2
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Chapter 18 (Line and Surface Integrals)

Section 18.3 (Green’s Theorem)
Problem 1

We desire to verify Green’s theorem

j{CPdHQdy://Q(%—%—];)dA, (20)

with F' = yi + 2?%j and the curve C given by the circle 22 + ? = a®. To parameterize this
curve C, let z(t) = acos(t) and y(t) = asin(t), so that de = —asin(t)dt and dy = a cos(t)dt
so that the contour integral (the left hand side of the Green’s theorem) becomes

I= j{ Pdx + Qdy = j{(a sin(t))(—asin(t)dt) + (a* cos®(t))(a cos(t)dt) .
c c
With this we see that I becomes

2T
I = / (—a®sin®(t) + a® cos®(t))dt
t

=0

= g2 /027r (LOS(%)) dt + a® /02w(1 — sin®(t)) cos(t)dt

2
a2 a2 2 2
= ——(2m) + —/ cos(2t)dt — a3/ sin?(t) cos(t)dt
2 2 Jy 0
2 (sin(2t) |77 2
S sin(2t) | _ a’ / sin?(t) cos(t)dt
2\ 2 |, 0

2T
= —a’r— a3/ sin?(t) cos(t)dt .
0

To evaluate the remaining integral let v = sin(¢) so that dv = cos(t)dt and the integral above
0
=0.

becomes
0 3
)
—ag/ vidv = —a® —
0 3 1o

While the right hand side of Green’s theorem is given by

//9(2x — 1)dzdy .

Converting this integral to polar by using x = rcos(6), y = rsin(f), and dzdy = rdrdf our
right-hand-side integral becomes

a 2m a 2m a 2m
/ / (2rcos(f) — 1)rdrdd = / / 2r? cos(0)drdf) — / rdrdf
o Jo o Jo o Jo
P29\ [ a2 )
= O—(; 0)/0 d@——5(27r)——a T,

the same expression, proving the equivalence.
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Problem 5

By Green’s theorem we have
0 0
2dx — 3d :// (— —-3) — — 2)dA:O.
# 2o —say = [ (-3 -52)

Problem 6

By Green’s theorem we have

]{Czydx _ 3pdy — //Q (a%(—gx) - 5%(2”) dA
— (=3-2) //QdA - —5(a\/§)a22 — 542,

where we have evaluated [ fQ dA (the area of the region ) using elementary geometry.

Problem 7

By Green’s theorem we have

fxydyz//g (%(xy)—a%(m) dA://deA,

which we recognize as the is the y coordinate of the center of mass of the object 2. To
evaluate this expression we will convert the integral from Cartesian coordinates to polar

coordinates. We find
a ™ 7,3 a ™
/ / rsin(Q)rdrdd = — / sin(6)do
r=0J6=0 3 |,

. (f)zcosw)g - ($)a+n-2

Section 18.4 (Surface Area and Surface Integrals)

axb
[|ax]|

Notes on the expression N =

We compute the cross product of a x b first and then dot with k to find

i j k
(@xb)-k=|Az 0 a3 |=((kArAy) -k=ArAy,
0 Ay bg
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as given in the book for Ac(N - k). If our surface is given via z = f(x,y) then from the
expression for N(z},y’) given in the book, the required denominator of Ag;; is given by

% * % 7 +1
IN(z7,y7) - k| = 0l v x 5 /2"

Then our differential of surface area Ao;; is given by

1/2

AA;

17 5

AO’Z:%: 35(7:,2*4‘ 21’*, *—|—1
WGy B A

the same as given in the book. If our surface is given by an equation of the form F'(z,y,2) =0
then the normal vector is . A N
- Foa+ F,j+ F.k
IVEl

so that |N - k| IIV F and our differential of surface area under this parametrization of the

surface is given by
_dA,,  (F2+F}+ )

N k| ||

dAy, .

Notes on example 3

From the expression for N given in this section and the function F(z,y,z) given in this
example we have

N Fpio+ F,j+ F.k _ Tt + 2] _ EZ+£I§;.
V2 FZ+HF2 a2+ 22 a  a

Notes on example 4

In general the expression for the surface area A(S) is given by

9=

where 7 is the normal to the plane where by we are taking the projection. If we project
into the yz plane where the surface is given via x = f(y, z) the surface area is given by the

general expression
F} + F} 4+ F?
5= ] ( ) dd,..
Q. IF |

Since for this example we have F, = =2z, F}, = 2y, and F, = 2z, the above becomes

1/2
// (22 +y +z) dyds .
Qy-
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We must replace x with its functional expression in terms of y and z or z = z(y, z) and get

y +z 1/2 272 —1
// . 1/2 o rd@dr
Qye (y r=1 Jo=0

where we have converted the integral we obtained into polar coordinates. We can compare
this result with what we get if we evaluate this integral in the zz-plane, where in general we

get
dAmz dA:cz F2—|—F2—|—F2 1/2
o=, e -
Qqz |N]| Tz ‘Fy‘

For this problem in particular we have when we use y = v/1 + 22 — 22 we find

_// dA (:E2+y2—|—z 1/2 // A 1—|—2x )1/2
. xrz |y| . Tz /71 + x2 — 22

The range of limits can be obtained by letting y = 0 (to project into the xz-plane) where we
have 22 = 1 + 22. For a fixed x then we find 0 < 2z < /1 + 22 and the limits of 2 go from 0
to 1 notlto0 for if the integrand was removed (replaced with a 1) we must have a result
that denotes a positive integral. Thus we get

1+ 2x 1/2
/ / (1+x2—z2) dzdx .

1 12 1422 dz
142 dx .
/(; ( + 27 ) /(; (1 + x2 _ Z2>1/2 z

Let z = v/1+ z%v so that dz = /1 + z2dv, and remembering that - arcsin(z) = 11_:02 we
get

The above becomes

A(S):/1(1+2x2)1/2 /1 VIt a2y dx

0 0 (1+x2 (14 22)v2)l/2

1
(14 227) 1/2/
/0 \/7
1
= / (1+ 2:52)1/2 (arcsin(x)|(1)dx = g/ (1+ 2$2)1/2dx.
0

0

To finish this integral we let tan(u) = v/2z so that sec?(u)du = v/2dx to get for A(S)

AS)="7 /0 O etu) (% sec2(u)) du

T tan~1(v/2) ) T tan~1(v/2) ) T
= —— sec’(u)du = ——= sec(u) sec”(u)du = ——=.
/ = () sec? (s = -7
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Notes on example 5

Following the books derivation we obtain and then evaluate the given expression for M. We
have

M = // (a — z)gdAxy with 2z =+va? — a2
Quy

= // _x2>dydx
_ / / 2120y de — q / / dyda
= a /O z(a? — 2*)V2dy — /Oxdx

_ 2 <<a2—x2>1/2 _<_ '
(=2)(1/2) 2 o
= —ad®(0— (a®)'?) - 5 =5

Section 18.5 (Parametric Equations of Surfaces)
Notes on Surface Area in Parametric Coordinates

Following the derivation given in the book we need to compute

or Or

i J
20 % = —Rsm(§) sin(¢) Rcos(f)sin

(¢)
Rcos(f) cos(¢p) Rsin(f) cos(¢) —Rsin(g)
= i(—R*cos(0) sin(¢)?) — j(R*sin(h) si
+ k(—R?sin®(0) sin(¢) cos(¢) — R% cos?(0
= 1(—R%cos(0) sin®(¢)) — R%sin(0) sin?(¢);

=
=}
—
s
n
=
=}
[\
~—
<
N~—
N~—

So that we have that the norm of this vector is given by

’ or _ or
= R*(sin*(¢) + sin?(¢) cos?(¢))/? = R?sin(¢).

— || = R*(cos?(#) sin’(¢) + sin?(f) sin*(¢) 4 sin®(¢) cos®(¢))*/?
As claimed in the book.

0 " 96

Notes on Example 5

Given the parametric representation of the points on the torus we compute 3 & and 87" and
then we need to evaluate the cross product of these two vectors to compute the surface area.
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We thus find

~ ~

oF  OF ! J b
o 90 = —(R+ acos(v))sin(u) (R4 acos(v)) cos(u) 0
—asin(v) cos(u) —asin(v) cos(u)  asin(v)

= k(a(R +Aa cos(v)) sin(v) sin?(u) +Aa(R + acos(v)) sin(v) cos?(u))

+ acos(v)(i(R + acos(v)) cos(u) + j(R + acos(v)) sin(u))

= a(R+ acos(v)) (cos(u) cos(v)i 4 sin(u) cos(v); + sin(v)l%) :
Therefore with this the norm becomes

‘ % X % = a*(R + acos(v))?((cos®(u) + sin?(u)) cos®(v) + sin*(v)) = a*(R + a cos(v))?,

the same as computed in the book.

Problem 1 (a surface in parametric form)

We are told that our surface has the following form

r = 2u—v
= u+2w
z = u—wv,

Solving the first equation for v give v = 2u—=z putting this into the second and third equation
give

y = u+4v—2x=>5u—2r and

2 = u—2ut+r=—-ut+r=u=—2+1.
Putting this last equation for u into the one for y gives
y=>5(—z+z)—2x=—-52+ 3z,
which is a plane thought the origin.

Section 18.6 (The Divergence and the Curl)
Problem 1 (practice with the divergence and the curl)

With v = zysin(y)i + 2%2j — y cos(z)k, compute V - v and V x v.
The expression V - v is given by

Vv = o aysing) + g (@) + 5 (~yeos(z)

= ysin(y) + 0+ ysin(z) = y(sin(y) + sin(z)) .
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The expression V x v is given by

i Jj k
Vxv - | 2 b 2
rysin(y) x%z —ycos(z)
= i (g weosta) = 5 2) )~ (g(cyeos(z)) - Sloysinga) )
bk (gl - %@y i) )

Section 18.7 (The Divergence Theorem)
Notes on Example 1

From the text we have that Fj is given by

zdo
Fs=—-GM .
3 G p//s (22 + y2 + 22)3/2

With F(x,y,2) = 2% + y* — a® our differential of surface area is do = Tsyzl where

n 2wl + 2y3
2\/22 +y2

When we evaluate this unit vector on z? + y? = a? we get that N

N =

:L'%+y§'
pant

N =+

This gives that |N - 1| = . Using this we find F3 becomes

dA,.
F3 = _GMp // a2—|—z 3/2 (x/a)
dA,,

= —4AGM
'0// a2+22)3/2\/7y2
1
= —4GMpa/ / a2—|—z2 3/2 y dzdy

(a® + 22)~ 1/2 |k 1
C1/2)@) / <a2—y2>1/2dy

1 1 . (Y
= 4GMpCL (m — a) arcsm(a)

1 1 T
= 10 (3 - ) (3)
= —2rGMp(1 — a(a® + hH)Y?).

= —4GMpa (

0

109



Problem 1 (practice with the divergence theorem)

For this problem we desire to evaluate the integral

IE//(2xi—3yj+4zk)~Nda,
S

over the unit cube both directly and by using the divergence theorem. We begin by perform-
ing this integration directly. By breaking the total integration into pieces over the individual
six faces of the cube the above integral above becomes (here we use the notation () as a
shorthand to denote the integrand)

I - //()-ida+//()-(—i)da+//()-jda+//()-(—j)da
" //()-kda+//()-(—k)da
- /OI/OIZmdydz—l—/01/012mdydz+/01/01(—3y)dydz+/01 /01 Sydady
n /01/014zdxdy+/01/01—4zdxdy:2—3+4:3.

In the above the six integrals are the integrals over the faces where one coordinate is held
constant over the entire integration region. For each integral we hold x =1, x =0, y = 1,
y=20,z=1, and z = 0 constant.

As a second method to evaluate this integral we will use the divergence theorem, which states
that the desired integral is equal to the following

J[vonao = [[[v-va

The divergence of v is given by V - v =2 — 3 4+ 4 = 3. Therefore

J[vomao=s [[[av =3,

the same result as before.

Problem 8 (some practice with the divergence theorem)

Our vector field for this problem is given by
7= (2% +y?)i + 2zy] .

Thus the divergence theorem gives

//j’fvda: ///V(V'ﬁ)d‘/ = ///(2x+2x)dv.
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To evaluate this integral we convert to cylindrical where we get

P 2w 3
/ / / 2(r cos(f))dzrdrdd = 2/ / (9 —7rH)r’cos(0)dd =2-0=0,
o Jo Jo o Jo

when we evaluate the 6 integral.

Problem 13 (practice with the divergence theorem)

For this problem we want to evaluate [[,v-Ndo when v = Uzk and S is the portion of
the paraboloid z = a? — 22 — y? with z > 0 and N the upper unit normal. Recall that an
explicit representation of the two inner/outer normals when we have a surface expressed in

the form z = f(x,y) is given by

N, =+ fol+ fui — _ 4 —2xi—2yj—k .
VI+ 2+ f2 1+ 42 + 4y2
In the above, to get the upper unit normal we take the minus sign so that the coefficient k
is positive. To evaluate this flux, [ fs v - Ndo, we will use the divergence theorem given by

//SV~Nda://V(V-V)dV

Now since V - v = U, the above becomes

//Sv.Nda _ U///dV U/@ /po/za_x_ydzpdpd@

= U(2m) /pzo(&2 —z* —y*)pdp = 2%/ (a* = p*)pdp

Problem 17 (practice with the divergence theorem)

We desire to find the total vertical force on the hemisphere x? + y%+ 22 = a? for z > 0,
where the force per unit area is f = azk. We have for a total force F' the following

/ fdo .

So the the vertical force is Fyertical = = F -j, and gives

//f Jda—//azda.

111



As z = acos(f) on the sphere in spherical coordinates and the differential of area do (again in
spherical coordinates) is given by do = a? sin()dfde, we see that the integral above becomes

5 27 27
/ / a’acos(Q)asin(0)dody = oa®(2m) / cos(#) sin(6)do
6=0 J =0 0

=0
w/2

= O[afgﬂ' .
0

= ad®(27) (%52(9)

Problem 21 (an expression for the volume)

From the given expression and the divergence theorem we find

%//Sﬁ.ﬁd(,:%///(v-ﬁ)dvzg///deV(D),

as we were to show.

Section 18.8 (Stokes’ Theorem)
Problem 1 (practice with Stokes’ theorem)

We desire to use Stokes theorem to evaluate fF v - Tds for the vector v = 221 — zj + 3yk and
the curve I' the triangular path from (2,0,0) to (0,2,0) to (0,0,3) and back to (2,0,0). We
begin by recalling Stokes” theorem

[vmas= [[(v ) -Nao.

Thus to compute this we first need to compute V x v. We find

i j k
Vxv=|g 2 & |[=i3-0)+j2-0)+k(-1-0)=3i+2j—k.
2z —x 3y

We next compute N, the normal to the given surface. We begin by computing two vectors
in the plane, a and b as

= —2i+2j+k
= —2i 4 0j + 2k.

a = (0-2)i+(2-0)j+((0-0k
b = (0-2)i+((0-0)j+(2-0k
These represent vectors spanning the edges of the given planer triangle. Then the normal
vector IN using these is given by the cross product, which we find

i j ok
axb = | =2 2 1 |=—j(-4+2)+2(2i+2k)=4i+2j+4k=N.
—2 0 2
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We now need to normalize this vector to compute N. We find

N —2i+j+2k—1(2i+'+2k)
IN|| VA+1+4 3 . '

Thus the required product in Stokes’ theorem is (V x v) - N = £(6 +2 —2) = 2. Using

Stokes’ theorem we now have
/V-Tds:Q//da.
r s

To evaluate this remaining integral we project our integration region onto the x-y plane.
From the discussion in the book we have a differential of surface area for this projection
given by

N =

drdy  dxdy _ §d:cdy.

SN T 23 2

Thus our integral above becomes

3 2 2—x
2 <—) // dedy = 3/ / dydx
2 Quy z=0 Jy=0

2 22
= 3/ (2—x)d:)3:3<2x——
=0 2

when we specify the limits of the integration in the z-y plane.

2
=34-2)=6,
0

Problem 13 (more practice with Stokes’ theorem)

We want to evaluate [ gV XT- N where our vector field is given by
T =azyzi+ (x4 2)] + (22 — k.

To do that we will use Stokes’ theorem which is

//Vxﬁ~]§7da:/17-%d5.
S C

Consider the curve C' in the xy plane parametrized by x(t) = acos(t) and y(t) = asin(¢) for
0 <t < 27. Then we have o

dS = \/i? + ydt .

Using these we get that the right-hand-side of Stokes’ theorem is given by

7=

and

2
[oras= [ (@i + (@t i)l gt
¢ 027r 2T
:/ :cydt:a2/ cos(t) cos(t)dt
0 0

2T 2
= a2/ 1+(3708(215)0% =2 (or+ ! sin(2t))27 | = ma?.
; 2 2 2
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