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Homework_l.nb

Homework 1

m Solution to Poisson Problem.

(4-p%)
27

In(60]:= v[p_r a_] 2= NIntegrate [Evaluate[

2
(3+2Cos[0] +8 (Cos[6])7) , 18]], (e, 0; 270]

SetPrecision|
(o cos[a] -2cCos[6])? + (p Sin[a] -2 sin[e])?

pParametricPlot3D[
{ocoslal, pSin[al, v[p, a] -2p* (cosla])?},
{p, 0, 1.9}, {a, 0, 27}]);
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APPENDIX B: INEQUALITIES

B.1. Convex functions.

Definition. A function f:R" — R is called convex provided
(1) C frz+ (- <T@+ (1 -1)f)
for all z,y € R™ and each 0.<71 <1,

THEOREM 1 (Supporting hyperplanes). Suppose f : R™ — R is convez.
Then for each T € R™ there exists T € R such that the inequality

(2) fly) = fl@)+r (y—2)
holds for all y € R™.

Remarks. (i) The mapping y — f(x)+r-(y—=) determines the sﬁpporting

hyperplane to f at x. Inequality (2) says the graph of f lies above each

supporting hyperplane; If f is differentiable at z, 7 = Df(z).
(i) If f is C?, then f is convex if and only if D?f > 0. The C? function
f is uniformly convex'if D®f > 61 for some corstant # > 0: this means

Z fzi:nj (w)§z£] > 9l5|2 (£E,£ € Rn)'

i,j=1
[

THEOREM 2 (Jensen’s inequalitys. Assume f : R — R is conver, and
U c R™ is open, bounded. Let u: U — R be summable. Then

(3) f (][Uudx) < fU f(u)d:x.;.

Remember from §A.3 the notation fUud:z = le—[ fU udr = average of u
over U. '

Proof. Since f is convex, for each p € R there exists r € R such that

| fla) = f(P)+ r(q —p)‘ ~ for all g € R.
Let p = f,udz, ¢ = u(z):

flu(@) > | <][Uuda:> +r (u(m) - ][Uudx> .

Integrate with respect to T over U.

Convex functions are discussed more fully in §3.3.2 and §9.6.1.
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62 9. FOUR IMPORTANT LINEAR PDE

for some smooth function K. Consequently

Dk Dhu(e, )] < / DLDEK (x, 8,y, 5) |u(y, o) dyds
(39) cQ)

< CrillullLrcqy)

for some constant C.

9. Now suppose the cylinder C(r) := C(0,0; r) lies in Ur. Let C(r/2) =
C(0,0;7/2). We rescale by defining '

LD e A s

v(z,t) == u(rz, rt).

i
2
¥
((

1 Then v; — Av = 0 in the cylinder C(1). According to (39),
| DX Dlv(z,t)| < CrillvllLic) ((z,t) € C(3))-

: But DEDlv(z,t) = r2l+kD’g§Dﬁu(rm,'r2t) and |Jv||pcq)) = T—nl-FE”U”Ll(C(r))~
It Therefore o '

: k! ki

ik Snax, |Dg Dyul < mllullm(wm-

| O

e e e

0 < t < T, the mapping z — u(z,t) is analytic. (See Mikhailov M].)

P

TR
b Remark. If % solves the heat equation within Ur, then for each fixed time
\ O

i However the mapping t — u(z,t) is not in general analytic.

2.3.4. Energy methods.

a. Uniqueness.

Let us investigate again the initial/ boundary-value' problem

(40) {ut—Au:——f in Up

u=g onlp.

We ' carlier invoked the maximum principle to show uniqueness, and
now—by analogy with §2.2.5-—provide an alternative argument based upon
integration by parts. We assume as usual that U C R™ is open, bounded
| and that 8U is CL. The terminal time T' > 0 is given.

'THEQREM 10 (Uniqueness). There ezists al most one solution u
e C}(Ur) of (40). ‘







DB

. that is,

| (36) imply

)

2.3. HEAT EQUATION

Note in this expression that the expression in the squaré brackets vanishes
in some region near the singularity of ®. Integrate the last term by parts:

et = [[ 126~ 9t = Gl ) +56(:9)
(37) c :
' +2D,®(z — y, t — 5) - DC(y, 9)uly, s) dyds.
We have proved this formula assuming u € C®. fu satisfies only the

| hypotheses of the theorem, we derive (37) with u® = ne * U replacing U, e
being the standard mollifier in the variables x and t, and let € — 0.

3. Formula (37) has the form

38  ulet)= / /G K(o,t,3,9)uly,) duds ((@:9) €C"),

where _
K(z,t,y,8) =0 forall points (y,s) € C',

since ¢ = 1 on C’. Note also K is smooth on C — C'. In view of expression
(38), we see u is C°° within C" = C(zo, to; %r) O

C. Local estimates for solutions of the heat equatioh.,

, Next we record some estimates on the derivatives of solutions to the
heat equation, paying attention to the differences between derivatives with
respect to z; (i =1,... ,n) and with respect to t..

THEOREM 9 (Estimates on derivatives). There exists. for each pair of
integers k,l =0,1,..., a constant Ck, such that

C
kil kl
C(g,lte,\icﬂ) |D:1;Dtu‘ < ,,,k_|_21+n+2.“u”L1 (Clz/tir))

for all cylinders C(z,t;7/2) C C(=z,t;r) C Ur, and all solutions u of the
. heat equation in Ur.

Proof. 1. Fix some point in Ur. Upon shifting the coordinates, we may
as well assume the point is (0,0). Suppose first that the cylinder C (1) =
C(0,0;1) lies in Up. Let C (3) =C (0,0; 1). Then, as in the proof of
:Theorem 8,

u(z,t) = / K(z,t,v,s)u(y,s) dyds ((z,t) € C’(%))
c(1) v
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/.————-(xo,to)
—
cr
_ |
=

2. Assume temporarily that u € C*°(Ur) and set

v(z, t) == ((z, t)u(z,t) (z€R", 0t <o)

.:5 Then

ol v = Cug + Gu, Av = (Au+ 2D¢ - Du + uA(.
Consequently

(33) v=0 onR"x {t=0},

i sad

1 (34) vt—Av———Ctu—2DC-Du—uAC=:]~c

f in R™ x (0,tp). Now set

R i ‘t ~
i iR (z,1) = /0 e O(x —y,t — )f(y, 5) dyds.

According to Theorem 2

{@t—AfT):f in R™ x (0, )

(35) =0 onR"x {t=0}

Since |v|, |§| < A for some constant A, Theorem 7 implies v = ¥; that is,

1 - ‘ ]
| (36) wat) = [ [ aG-ut— o)) dyis
‘ : ‘ Now suppose (z,t) € C". As ¢ = 0 off the cylinder C, (34) and (36) imply

U’(m> t) = (I)(:E - yat - S)[(Cs(y’ S) - AC(y, S))u(ya 5)
C
- 2DC(Z/) 3) ' Du(y) S)] dyds.
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erges,

writing
i for the
ng (22),

8

tial equa-

Fand V is

ypen set V
such that

2.2. LAPLACE’S EQUATION 33

for all points z,y € V. These inequalities assert that the values of a non-
negative harmonic function within V are all comparable: u cannot be very
small (or very large) at any point of V unless u is very small (or very large)
everywhere in V. The intuitive idea is that since V is a positive distance
away from U, there is “room for the averaging effects of Laplace’s equation
to occur”.

Proof. Let r:= %diét(V, 8U). Choose z,y €V, |z — y| < r. Then

][ udz > ———1——/ . udz
B(z,2r) a(n)Qnrn B(y,r)

1 f 1
= — udz = —uly).
2" J By 2" W

u(z)

i

Thus 2"u(y) > u(z) > wu(y) fz,y €V, [z -yl <7

Since V is connected and V is compact, we can cover V by a chain of
finitely many balls {Bi}le, each of which has radius 7 and B; N Bi—1 £ 0
for i =2,...,N. Then

for all z,y € V. ' _ 0

2.2.4. Green’s function.

N AAssume now U C R™ is open, bounded, and OU is C!. We propose
“next to obtain a general representation formula for the solution of Poisson’s
* equation b
—Au=f inU,

subject to the prescribed boundary condition

u=g ondU.

Derivation of Green’s function.

~Suppose first of-all u € C2(U) is an arbitrary function. Fix z € U,
choose £ > 0 so small that B(z,e) C U, and apply Green’s formula from
8C 2 on the region V; := U — B(z,¢) to u(y) and ®(y —z). We thereby
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the sum taken over all multiindices. We assert this power series converges, .-
provided

(23) |IE - .’IJ()‘ < m

To verify this, let us compute for each N the remainder term:

-1

Ry (z) = u(@) — > S MWE

k=0 |a|=k

_ Z D%u(zo + t(z — zo))(x — z0)*

a! .

o led=N

for some 0 < t < 1, t depending on . We establish this formula by writing
out the first N terms and the error in the Taylor expansion about 0 for the
function of one variable g(t) := u(zo + t(z — zo)), at t = 1. Employing (22),
(23), we can estimate S ,

ontlp2e N r N
< - -
|Bn (@) < CM EjN( ) (e
1 CM
< N__~ ==
< CMn )N N
—0 as N — oo

O

See §4.6.2 for more on analytic functions and partial differential equa-
tions.

f. Harnack’s inequality.

Recall from §A.2 that we write V' CC U tomean V ¢ V CU and Vis
compact.

THEOREM 11 (Harnack’s inequality). For each connected open set V
cc U, there exists a positive constant C, depending only on V, such that

supu < Cinfu
74 14

for all nonnegative harmonic functions u in U.

Thus in particular

L uly) < (o) < Cul)
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