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To my family.



Introduction

This is a solution manual to some of the problems in the excellent textbook:

Calculus of Finite Differences and Difference Equations
by Murray Spiegel

I'm currently working aggressively on finishing more of the problems in this book. In the
meantime ['m publishing my partial results for any student who does not want to wait for
the full book to be finished.

One of the benefits of this manual is that I heavily use the R statistical language to perform
any of the needed numerical computations (rather than do them ”by-hand”). Thus if you
work though this manual you will be learning the R language at the same time as you learn
statistics. The R programming language is one of the most desired skills for anyone who
hopes to use data/statistics in their future career. The R code can be found at the following
location:

https://waxworksmath.com/Authors/N_Z/Spiegel/spiegel.html

As a final comment, I’ve worked hard to make these notes as good as I can, but I have no
illusions that they are perfect. If you feel that that there is a better way to accomplish
or explain an exercise or derivation presented in these notes; or that one or more of the
explanations is unclear, incomplete, or misleading, please tell me. If you find an error of
any kind — technical, grammatical, typographical, whatever — please tell me that, too. T’ll
gladly add to the acknowledgments in later printings the name of the first person to bring
each problem to my attention.



Chapter 1: The Difference Calculus

Notes on Factorial Polynomials

Here I think the expansion of z* in terms of falling factorial functions is wrong. The expres-
sion given in the book is

zt = 2@ + 72h + 62Ph? + 2Wh3
and I think it should be
at = 2W + 653 h + 7T2Ph? + 2R3,

We will prove this by expanding the right-hand-side of this last expression. We have

as we were trying to show.

Supplementary Problem 1.46

Part (a): We have
SI+va)=(1+Va)=1+2Vz+z.
Part (b): We have

(28 +3D)(2* — ) = 2(2* — 2)* + 3(22 — 1)
=2(2" — 22° + 2%) + 62 — 3
= 22" — 42® + 227 + 62 — 3.

Part (c): We have
SD(3x+2) =83=09.

Part (d): We have

DS(3x +2) = D(3x +2)? = D(92° + 120 +4) = 18z + 12.



Part (e): We have

(§2+25-3)2x—1)= 2z —1)* +2(2¢ — 1) - 3(2z — 1)

= (22)® +4(22)3(-1) + ( ;1 ) (27)2(=1)% + 4(22)(=1)* + 1+ 2(42® — 4o + 1) — 3(2z — 1)

=162 — 3223 4+ 322 — 222 + 6,
when we simplify.
Part (f): We have

(D +2)(S —3)2® = (D + 2)(a* — 32%) = 42° — 62 + 22" — 62% = 22" + 42® — 62 — 6z

Part (g): We have

(S = 3)(D +2)2* = (S8 — 3)(2x + 22%) = (22 + 22%)* — 6z — 62°
= 4a* + 82° — 227 — 62

Part (h): We have

(xD)*S(x + 1) = (zD)*(x + 1)?

= (xD)*xD(z +1)* = (xD)*x(2(x + 1)) = (vD)*(22* + 27)
= (xD)(xD(22* + 27)) = (xD)(x(4x + 2)) = (zD)(42* + 27)
= 2(8x +2) = 82% + 22 = 2x(4x + 1).

Part (i): We have

??D3S(x+1) = 2°D*(x +1)? = 2*D*(2(x + 1)) = 22°D*(z + 1) = 22°D(1) = 0.

Part (j): We have

(S — S1)DS2* = (xS — Sx)Dz*
= (28 — Sz)42®
= 28(42%) — Sx(42?)
= 2(162°%) — S(4z*)
= 162" — 162° = 1627 (1 — 7).

Supplementary Problem 1.47

Part (a): We can show that S is not linear by the observation that
S(z+y)=(x+y)?=2>+y*+ 22y =S(z) + S(y) + 22y # S(z) + S(y),
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in general.
Part (b): Now if S7! exists then S~!f = ¢ if and only if

Sg=f,

or
9=

This means that g = 4+/f. Note that if f < 0 then g will not exist and in addition as there

are two solutions £+/f we see that g is not unique.

Supplementary Problem 1.48

We have
sz:828f282f2288f2:8f4:f8,

and

C*f=CCf=Cf =(f)=f"

As f® # f2 in general these two operators are not equal.

Supplementary Problem 1.49

Part (a): The operator aS is to square and then multiply by a while the operator S« is to
multiply by a and then to square.

Part (b): To see if these are commutative we compute

aSf = af?
Saf = (af)?=a’f?,

which are not equal and these operators are not commutative.



Supplementary Problem 1.50

The operator (zD)* applied to f gives

(zD)'f = («D)’x
= (zD)? (f +zf”)
= («D)(zD)(xf" + 2 f")
= (@D)a(f' +af" + 2uf" + 2 f")
D(xf' + 322 f" + 2 f")
(f' +xf" +6xf" + 322 f" + 322 f" + 23 f)
= a(f' + Tz f" + 622 f" + 2% ()
= af 4+ 72" + 62 f + 2t )

T
T

While
$4D4f — x4f(iv) )

From the above calculation we see that this is not equal to (zD)*f.

Supplementary Problem 1.51

Part (a): We have
(D*x —2D?*)f = DDxf —af" = D(f +af') — xf”
=f'+fHaf' —af' =2f =2Df.

Part (b): We have
(D2 — aD?)f = D(af) — 2"
= DX +af') — af”
= D(f'+ /' + af") — af"
=2f"+ faf” —af”
= 3" =3Df.

If we generalize these results we would conclude

D"z —xD" =nD" . (1)

To prove that this is true we will assume that Equation 1 is true and apply D to both sides
to get
D"ty — D" — D" = nD"
)

or

Dn—l—l Dn+1 (n + 1)D
which shows that Equation 1 is true for n + 1.
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Supplementary Problem 1.52

Part (a): We have

ARr —12=2@+h) -1 —2r -1 =4(x+h)* —4(x+h)+1—42® + 42— 1
= 8vh + 4h* — 4h.

Part (b): We have

E(Vbx —4) = /5(x + h) —4 = Vbx +5h — 4.

Part (c): We have

A*(22% — 5x) = A(2(x + h)* — 5(z + h) — 22° + 5z)

(222 + 4xh + 2h* — 52 — bh — 22 + 57)
(4hx + 2h* — 5h)
4h(z + h) — 4hx = 4h*.

A
A

Part (d): We have

3E*(2® +1)=3E((x + h)*+1) = 3((z +2h)* + 1)

= 3(2% + 4xh + 4h* + 1) = 32° + 122h + 12h* + 3.

Part (e): If we recall that A+1=F —1+ 1= E we have

(A+1)(x+1)?=E*(z+1)*=E((x+h+1)?) = (z+2h +1)°.

Part (f): We have

(zE? +22E + 1)2% = 2E(x + h)? + 2x(x + h)? + 22
= x(z +2h)* + 2z(x + h)* + 2°
= x(2? + 4ah + 4h?) + 2x(2* + 2xh + h?) + 2?
= 2 + 42°h + 4h2x + 22° + 42%h + 22h* + 2P
= 32" + (8h + 1)2® + 6h°x .

Part (g): We have

A’EPz = A*(z 4+ 3h) = A((z +4h) — (z + 3h)) = Ah = 0.



Part (h): We have

(3A +2)(2E — 1)2? = (3A +2)(2(x + h)? — 2?)
= (3A +2)(22° + 4zh + 2h* — 2?)
= (3A + 2)(2* + 4xh + 2h?)
= 3((x + h)? +4(x + h)h + 2h* — 2* — dxh — 2h?) + 22% + Sxh + 4h*
= 3(2xzh + 5h°) + 22* + 8xh + 4h°
= 207 + 14xh + 19h%.

Part (i): We have

(2E —1)(3A +2)2* = (2E — 1)(3(x + h)* — 2°) + 22?)

(2E — 1)(3(2* + 2xh + h* — %) + 22?)

(2E — 1)(3(2zh + h?) + 227)

(2E — 1)(22° + 6xh + 3h?)

2(2(x + h)* + 6(x + h)h + 3h%) — 22> — 6xh — 3h?

2(22% + 4xh + 2h* + 6zh + 6h% + 3h*) — 22 — 6zh — 3h*
= 2(22° + 10zh + 11h%) — 22* — 62h — 3h*

= 42% + 20xh + 22h? — 22> — 6xh — 3h?

= 22% + l4xh + 19h>.

Note that this equals the expression in Part (i) as it should since the two operators are
commutative.

Part (j): We have

(zAE)*2? = (zAE)(zAE)2”
= (zAE)(zA(x + h)?)
= (zAE) (x((a: +2h)? — (z + h)?))
(x(2”
(x
(
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= (xAE)(z(2® + 4xh + 4h* — (2% + 2xh + h?))
= (zAE)(z(2zh + 3h?))

= (rAE)(2ha? + 3h*1)

cA(2h(x + h)* + 3h*(z + h))

zA[2h(2* + 2zh + B?) + 3h°x + 3h°]
zA[2ha? + 4h*x + 2h° + 3h’x + 3h7)
zA[2ha* + Th*z + 5h?
z[2h[(z + h)* — 2% + Th?h]
s

X

4

[
[2h(z® 4 2xh + h* — 2°) + Th?]
[4h%x + 2R3 4 Th?]
h*x* + 9h’z.
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Supplementary Problem 1.53

Part (a): Note that each of the two sides can be written as

(E—2)(A+3)=EA+3E—2A—6
(A+3)(E—2)=AE—2A+3E—6.

For these two be equal we must have EA = AFE. Lets consider each of the operators applied
to a function f. We have

EAf=E(f(z+h)— f(z)) = f(z +2h) — f(z+h)
AEf =Af(z+h) = f(z+2h) — f(z+h).

As these are equal we have shown that (F —2)(A +3) = (A + 3)(E —2).
Part (b): Now
(B —22)(A +37) = EA+3Ex — 22/ — 627,

and
(A+3x)(F —2)=AFE —2A+3zFE — 6x.

As we know that FA = AF for these to be equal we must have
3Ex — 22 — 62° = —2A + 32E — 6.

To show that these are not equal lets apply them both to a simple function f(z) = 1. We
find

(3Ex — 20A — 62°)1 = 3Ex — 62 = 3(x + h) — 627
(—2A +32E — 62)1 =0+ 3z — 62 = —3x.

As these two expressions are not equal in general the original operator expressions are not
equal either.

Supplementary Problem 1.54

We have

E(f(x) +g(x)) = f(z+h) +g(x+h) = Ef(z) + Eg()
Elaf(r)) = af(x+h) = aEf(z).

Supplementary Problem 1.55

Part (a): Note that

Af(x) = A(f(x +h) = f(x)) = fx+2h) = f(x +h) = f(x+h) + f(x))
= f(x+2h) = 2f(x+h) + f(x).

11



Thus we can see that

A*af(x) +bg(w)) = alf(z) + bA g (),

and A? is a linear operator.
Part (b): As E?f(x) = f(x + 2h) we also see that E? will be a linear operator.

Part (c): Yes both will be linear operators.

Supplementary Problem 1.56

To show this we can compute

(B =17°f(z) = (E=1)*E = 1)f(z) = (E = 1)*(f(z + h) — f(x))
= (E—1)(f(z+2h) = f(x+h) = flx+h)+ f(2))
= (E—1)(f(z+2h) =2f(x+h) + f(z))
= (f(x+3h) =2f(x+2h)+ f(x+ h)) — (f(z+2h) = 2f(x + h) + f(x))
= f(x +3h) —3f(x+2h) +3f(x + h) — f(z)
= (E* - 3E*+3E - 1)f(x).

Supplementary Problem 1.57

Part (a): From the definition we have that
A cos(rx) = cos(r(z + h)) — cos(rzx) .

Now to prove the desired expression we will use the identity

sin(6;) — sin(6,) = 2sin (91 ; 92) cos (91 '2“92) . )

To show that this is true we will expand each factor in the right-hand-side (RHS) of the
above. Doing this we have

s = s (2o (%) i () o (2)) (on (%) on () 0 ()0 (%))
(0 (2 () s () () e (%)
(B () () (8 ()2

1. 0 1. 01\ . 1. 0 1. . 0
=3 sin(6);) cos® (52) ~3 sin? (51) sin(fy) — 3 sin(f) cos (51) + 5 sin(6;) sin® (52)
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as we were to show.

Next using the fact that cos(z) = sin(m — x) we can write
cos(by) — cos(fy) = sin(m — 61) — sin(m — 6) .

Next using Equation 2 on the above differences of sins we get

cos(fy) — cos(fy) = 2sin <7T — b -7+ 92) o8 <7T — 0, + 7 — 92)

Thus using this we have
A cos(rz) = cos(r(z + h)) — cos(rzx)

) (rx—m?—rh), (rx+rh+m’)
= 2¢in — sin | ——5——

_ odn <_h) “in (M)
2 2

= —2sin (ﬂ) sin (7“ (x + ﬁ))
2 2 ’

which is the desired expression.
Part (b): For this we have

Aln(z) = In(z + ) — In(z) = In <1 + %) .

Part (c): For this we have

h
Alog,(z) = log,(z + h) — log,(z) = log, (1 + E) :

Supplementary Problem 1.58

Part (a): For this note that
(D+A)f(2) = f'(x) + fle+h) = f(2) = (A+ D) f(z).

Part (b): For this note that
DAf(x) = D(f(x+h) — f(x)) = f'(x + h) = f'(z) = Af'(x) = ADf(z) .
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Supplementary Problem 1.59

Part (a): First we will compute (DA)f(z) as
(DA)f(x) = D(f(z + h) — f(z)) = f(x+h) = f'(z).
Then (DA)Ef(x) is

(DAYEf(x) = (DA)f(z + h) = f'(x + 2h) — f'(x + h).

Next we compute (AFE)f(zx) as
(AE)f(z) =Af(x+h) = f(x+2h)— f(xr+h).

Then D(AE)f(x) is
D(AE)f(z) = f'(x +2h) = f'(x + 1),

which is equal to the previous expression, verifying that (DA)E = D(AE).
Part (b): Yes because

DEf(z)=Df(x+h) = f'(x +h)
EDf(z) = Ef'(z) = f'(x + h),

are equal.
Supplementary Problem 1.60

Part (a): Recalling that Az = h we have

(x+h)(2—2—h)—2(2—2)

Aim, 2@ = o) = Jim n
— — — 7)) — k2 — —
— im x(2—z)—xzh+h(2—2)—h"—2(2—1x)
h—0 h

Also we have

showing the desired equivalence.

Part (b): Recall that

A?f(z) = f(x +2h) — 2f(x +h) + f(x).

14



Using this result we have

A (zx(2—1x))=(x+2h)(2—2x—2h) —2(x+h)(2—2 —h)+ (2 —2)
=(z+2h)(2—-2h—2z)—-2(x+h)2—h—2)+2(2—1)
= (2—2h)x — 2% + 2h(2 — 2h) — 2ha — 22(2 — h — x) — 2h(2 — h — ) + 22 — *
= —2? + (2 —4h)x +4h(1 — h) —2(2 — h)x + 22% — 2h(2 — h) + 2hx + 22 — 2*
= —2h%,

when we simplify. Using Az = h this means that

. A2 . [ —2n?
i, btz ) =i (55) = -2

Supplementary Problem 1.61

Part (a): We have
d(z® — 32% + 2z — 1) = (32% — 62 + 2)dz.

Part (b): We have
d?(322 + 22 — 5) = d(6x + 2)dz = 6(dx)?.

Supplementary Problem 1.62

This is a consequence of the fact that “the limit operation” is distributive over addition.

Supplementary Problem 1.63

To prove this we can use the product rule in the form

D(f(z)g(x)™") = f'(x)g(x) ™ = f(z)g(x) "¢ ()
f'(x)  flx)g'(x)

g(x)  g(@)?
_ ['(@)g(x) — f(x)g'(x) _ Df(x)g(x) — f(z)Dy(x)
g(x)? g(x)? '
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Supplementary Problem 1.64

We have
lim A cos(rz)  lim cos(r(z + h)) — cos(rx)
Az—0 Az h—0 h
~ im cos(rx) cos(rh) — sin(rz) sin(rh) — cos(rz)
h—0 h
~ lim cos(rx)(cos(rh) — 1) — sin(rx) sin(rh)
h—0 h
~ im cos(rx)(—rsin(rh)) — sin(rz)r cos(rh)
h—0 1
= lim(—rsin(rz) cos(rh)) = —rsin(rz),
h—0

as we were to show.

Supplementary Problem 1.65

We have

b® b:c—i—h —

lim
Az—0 Az h—0 h

(-1
ﬂiﬁ%( h )

= 1" lim (@) = In(b)b" .

Here we have used L’Hopital’s rule and the derivative of b* with respect to h.

Here we derived what the derivative of b" with respect to h is. Starting with y = b" or
In(y) = hln(b) and by taking the h derivative of both sides we get %g—z = In(b). Solving this

for Z—Z we get

ay _ _ h
o yIn(b) = In(b)b" ,

as we were to show.

Supplementary Problem 1.66

Note that Af(x) = f(z + h) — f(x) so that
A*f(z) = f(x +2h) = fla+h) = f(z + h) + fz) = fx +2h) = 2f(z + h) + f(z),
which is the expression we are taking the limit of in the expression for D?f(z).
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Supplementary Problem 1.67

Because

2 S 1 2

and an application of another “D” operator would mean that

Az—0 Az

1 1 1
3 Y 2 T 3
D’ f(x) = lim —A ((Am)2A f(:c)) Alslcril() (Ax)?’A f(z).
This in tern means that

DPf(r) = Jim S A(f (e +2h) — 2f (e + 1) + [(2))
f(x+3h) —2f(x+2h) + f(x+h) — f(x+2h)+2f(z+ h) — f(z)

= lim

h—0 h3
— lim f(x+3h) —3f(x+2h)+3f(x+h) — f(x)
- h—0 h3 )

Supplementary Problem 1.68

To work the parts of this problem recall that Az = ra(=p,

Part (a): Using the above we have
A3z + 52 — 72® 4 32M 1 6) = (152 4 202 — 1420 4 3)h.

Part (b): Using the above we have

B 9 gty L

Az

—321 4+ 62D\

= _3 (—4) 6 (=3)
3 X + 0x

Part (c): Using the above we have

2 -2
A (%) _ %(gz(n — 2 = (2 — I,

Supplementary Problem 1.69

Part (a): We have
A2z — 3202 442 = (=62Y + 6270 4 82W)h,

and thus
A%2(220% — 320 4+ 42®) = (24207 — 182 + 8)n?.
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Part (b): We have
A(zW 4+ 20Y) = (42® — 425 p

and

A%z + 20Y) = (122® + 202-9)A2
and

A3 (zW 4 2Y) = (242 — 12027)R3 .
Thus

A3(x(4) _I_ 1'(_4)) A3(x(4) + x(_4))

A 3 = 242 — 12027 .
X

Supplementary Problem 1.70
Part (a): As one method to solve this we can replace each monomial with its factorial

polynomial expression and then simplifying. Doing this we would get

327 — 5z 42 = 3(z® + 2Wh) — 52 + 2 = 32@) + (3h — 5)2M + 2.

As another method to solve this problem we can express the factorial polynomial form of the
polynomial and seek to determine its coefficients. For example we know that we can write

322 —bx + 2= Agz® + Az + A, = Apx(z — h) + A1z + As.
If we take x = 0 then As = 2. Putting this into the above and simplifying we get
372 — br = Agw(z — h) + Ay
If we divide this expression by x we get
3r —5=Ag(x —h)+ A;. (3)

In this if we take x = h we get

Putting this value of A; into Equation 3 gives
3 —5=Ag(xr —h)+3h—5,

which simplifies to
3(x —h) = Ao(z — h).

If we divide this expression by = — h we get Ag = 3.

All of this together means that we have shown

32% — 5z + 2 =32z + (3h — 5)zM + 2.
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Part (b): Writing this polynomial in terms of factorial monomials with unknown coefficients
we would have

2% 4522 — 4 +7 = Agz™ + A1z + A32® + Az 1 Ay
= Apx(z — h)(z — 2h)(z — 3h) + A1x(z — h)(z — 2h) + Asx(x — h) + Asz + Ay

Taking z = 0 we see that Ay = 7. Using this value in the above, simplifying and then
dividing by x we get
20 + 5x — 4 = Ag(z — h)(z — 2h)(x — 3h) + Ai(z — h)(x — 2h) + As(z — h) + As.
If we let x = h we get As = 2h3 + 5h — 4. Using this in the above we get
22° + 51 = Ag(z — h)(z — 2h)(x — 3h) + Ai(x — h)(z — 2h) + As(z — h) + 2k +5h, (4)
or moving things to the left-hand-side
2(2* — B?) +5(x — h) = Ag(z — h)(x — 2h)(x — 3h) + A (z — h)(z — 2h) + Ax(x — Rh). (5)
If we divide this by x — h we get
2(z% + xh + h?) + 5 = Ag(x — 2h)(z — 3h) + Ay (x — 2h) + A,. (6)
In this expression we now take r = 2h to get
Ay = 2(4h* +2h* + h*) + 5= 14> +5.
If we put this into Equation 6 we get
20% + 2xh — 12h* = Ag(x — 2h)(x — 3h) + A (x — 2h) .
Lets divide both sides by  — 2h. Then since the left-hand-side can be written as
222 + 2hx — 12h* = (x — 2h)(2x + 6h),

we get

If we let x = 3h we get A; = 12h. If we put that expression for A; back into Equation 7 we
get
2(x — 3h) = Ao(x — 3h),

This means that Ag = 2.

Taking what we know about Ay, A;, As, Az, and A4 we have shown that

20 + 522 — 4o + 7 = 22W + 12h2® + (140% + 5)2® + (21® + 5h — 4)2W) 4 7.

19



Supplementary Problem 1.71

Part (a): Using the definition of A we can write
Alx* =222 +52 - 3) = (z + h)* —2* = 2((x + h)* —2*) +5(x + h — ).
Simplifying this into a polynomial in z we get
4ha® 4+ 6h%2? + (4h® — 4h)x + (h* — 2h* 4 5h).

If we divide by Az = h we get

%(m4—2z2+5$—3) = 42° + 6ha® + (4h* — 4z + (h* —2h +5).

Part (b): As this is the second difference of the original polynomial in Part (a) taking the
A operator on the result from the above gives

12ha?® + 24h%x + 14h* — 4h .
Then dividing this by Ax = h gives

1222 + 24hx + 14h* — 4.

Supplementary Problem 1.72

Recall the definition
f(@)™ = f(x)f(x—h)f(x—2h) - f(x = [m—1]h). (8)

Part (a): Using the above we have

(22 —1)® = (22 — 1)(2(z — h) — 1)(2(z — 2Rh) — 1)(2(x — 3h) — 1)
= (22 — 1)(2z — 1 — 2h)(2z — 1 — 4h)(2z — 1 — 6h).

If h = 2 this is given by
(22 — 1)W = (22 — 1)(2z — 5)(2z — 9)(2z — 13).

Part (b): Using the above we have

3z +5)® = (32 +5)(3(x — h) +5)(3(x — 2h) + 5)
= (3x+5)(3x+5—3h)(3z +5—6h).

If h =1 this is given by

(324 5)%) = (32 +5)(3x + 2)(3x — 1)
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For the next part of this problem recall that

1

f@) ™ = F@+h)f(x+2h) - flz+mh) (9)

Part (c): Using the above we have

(4z — 5)2 = ! - ! |
(4(z + h) —5)(d(z + 2h) —5) _ (dz— 5+ 4h)(dz — 5+ 8h)

If h =1 this is 1

(4o — )(4z +3)

Part (d): Using the above we have

1
(5(z + h) +2)(5(z + 2h) + 2)(5(z + 3h) + 2)(5(x + 4h) + 2)

(52 4+ 2) =

If h =2 this is 1

(5x + 12)(5x + 22) (b + 32)(bx + 42)

Supplementary Problem 1.73

Recall that
f(@)™ = f(z)f(x—h)f(x—2h) - f(z = [m—1]h),
and thus

(az + )™ = (az + b)(a(x — h) + b)(a(zx — 2h) + b) - - - (a(z — [m — 1]h) + D)
= (ax — b)(ax + b — ah)(ax + b —2ah)---(ax +b— [m — 1]ah). (10)

From this we see that the right-hand-side has m factors.

Part (a): Notice that we have three factors so m = 3 and that we can write this product as

(32 — 2)(32 + 5)(3z + 12) = (3z + 12)(3(x — h) + 12)(3(x — 2h) + 12)
= (3z + 12)(3z + 12 — 3h)(3z + 12 — 6h) .

To have this expression have a second factor that matches the books given expression we
would need to have 12 —3h =5s0o h = %

We can also check that when h = % we have 12 — 6h = —2 which will means that the third
factor matches as well. Thus the given expression is equal to (3z + 12)® with h = L.

Part (b): If we write the products from the largest value to the smallest value we get

(11 + 2x)(8 + 22)(5 + 2x)(2 + 22) .
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Note that there are m = 4 products in the above. From the largest factor we take
ar +b=11+ 2z,
thus we may take a = 2 and b = 11. From the smallest factor we take
24+2r=ax+b—|m—1lah =22+ 11— [4 - 1](2)h.

Solving this we find 4 = 2. Thus we have shown that this is (11 + 2z)® with h = 2.

Part (c): Recall that

1

py=m) — .
(az +0) (@z + b+ ah)(az + b+ 2ah) - (az + b+ mah)

Note that the denominator of the above has m factors and they are ordered in “increasing”
order.

Now considering
1

z(x +2)(x+4)
Thus to match the “smallest” factor we need to have ax + b + ah = x so we will take a =1
and then must have b+ h = 0. Then to match the “largest” factor we also need to have

ar +b+mah =z +4,

or

b+3h=4.

Thus as b = —h this means that h = 2 and so b = —2. All of this taken together mean that
the above is given by (z — 2)(= with h = 2.

Part (d): With
1

2z —1)2x+3)(2x+ 7)(2x + 11)’

we have m = 4 factors. From the “smallest” factor we will need to have axz +b+ah = 2z —1
so that we should have ¢ = 2 and

b+2h=—-1 so b=-1—-2h.
The “largest” factor means that
ar + b+ mah =2z + 11,

or

—1—-2h+4(2)h =11,
which means that h = 2 and then b = —1 — 4 = —5. Thus this expression is

(2']: - 5)(_4) )

with h = 2.
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Supplementary Problem 1.74

Part (a): Now if m > 0 we have

Alpr +q)'™ = Al(pz + q)(p(z — h) + ¢)(p(z — 2h) + q) - - - (p(z — [m — 1]h) + q)]
[(p(z + h) +q)(pr + ¢)(p(x — h) +¢q) - -~ (p(x — [m — 2]h) + q)]
—[(pz + @) (p(x — h) + q)(p(z — 2h) +q) - - - (p(x — [m — 1]h) + q)]
[(p(x + h) + ql(pz + )"V — (pz + )™ Vp(z — [m — 1]h) + q]
= (pz +q)" V[pz + ph+ g — pzr + p(m — 1)h — g

= pmh(pz + q)" V.

This means that as Az = h we have

Alpr +¢)"™ _

(m—1)
s pm(px + q) :

as we were to show.

Part (b): Now if m < —1 then

1
(p(z 4 h) + q)(p(x + 2h) + q)(p(x + 3h) + q) - - - (p(x +mh) +q)

(pz + )™ =

This means that
- 1
~ (pz+2h) + @)(p(x +3h) + q) - - (p(z + [m + 1]h) + q)
1
(p(x + ) + q)(p(x + 2h) + q)(p(x + 3h) +q) - - - (p(x +mh) +q)

Alpz +q)m

This is the fraction

1
(p(z +2h) +q)(p(x +3h) +q) - - - (p(x + mh) +q)

multiplied by the expression
1 1 —pmh

pir+m+1h) +q plr+h)+q @@+ m+1h)+q)(pla+h)+q)

m)

The total expression for A(pxz + ¢)(™™ is then a fraction with a numerator —pmh and a

denominator that is the product
(p(z +h) + q)(p(x + 2h) + q) - - (p(z + mh) + ¢)(p(z + [m + 1]h) + q) .

Notice that

1

(o 4 g)(—(mFL)
(p(x +h) +q)(p(x +2h) +q) - -+ (p(x +mh) + q)(p(x + [m + 1]h) +q) (pz +9) ’
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and thus we have shown that
Alpz +q)="™ = —pmh(pz + q) ="+

This means that as Az = h we have

Alpz + ¢q)™
Az

= —pm(pz +q) =",

as we were to show.

Supplementary Problem 1.75

Part (a): There are probably several ways to write this but one way is to recognize that it
is (22 — 1)2™® with h = 2.

Part (b): In working this problem I'll assume that the last factor in the denominator is
2x + 7 rather than 22+ 9. Now there are probably several ways to write this but if we desire
to have

1 1

2(x+h)+1)2(x+2h)+1)2(x+3h)+1) (2z+3)2x+5)(2x+7)’

we would want to have

2h+1=3
4h+1=5
6h+1=7.

This can be made true if A~ = 1. In that case the given expression can be written as

2z +1)(2z + 1)

Supplementary Problem 1.76

For this problem we will use

st =sp — sy, (11)

with the “boundary” conditions that s =1 and s} =0 for k <0 and k >n + 1.

If we take n = 1 then we have s" = sl = 1 which we can check is correct by noting that

M = sixlhl_l =gzl

which is true.
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Next if we use Equation 11 with n =1 and k£ = 1 we get
57 =sp—ls;=—1.
If we use Equation 11 with n =1 and k& = 2 we get
s3 =51 —lsy=1.
We can check this is correct by considering
e = 2 W 4 s2a?h? = —ath 2t = 2® —zh = x(x — h),

which is true.

Next if we use Equation 11 with n =2 and k£ = 1 we get
st =s0—257=0-2(—1)=2.
If we use Equation 11 with n =2 and k& = 2 we get
sy =57 —2s53=—1—2(1) = —3.
If we use Equation 11 with n = 2 and k£ = 3 we get
s5=s5—2s5=1-0=1.
We can check this is correct by considering
3 =222 — 3220t + 123
= 2° — 3ha® + 2h*x
= 2(2? — 3hx + 2h?)
=z(x — h)(x —2h),

which is true.

Next if we use Equation 11 with n = 3 and £ =1 we get
s]=s0—3s0=0-3(2) = —6.
If we use Equation 11 with n = 3 and k£ = 2 we get
sy =85 —3s3 =2—3(-3)=11.
If we use Equation 11 with n = 3 and k& = 3 we get
53 =55 —3si=-3-3(1) = —6.
If we use Equation 11 with n = 3 and k& = 4 we get
si=s—-3s5=1-0=1.
We can check this is correct by considering
2 = sia'hd 4 sia’h? + siaPht 4 siath®
= —6zh® + 112%h* — 623h 4 2*
z(x® — 6ha® + 11h*x — 61h°)
x(x — h)(2* — bhx + 6h?)
x(x — h)(x — 2h)(x — 3h),

which is true.

25



Supplementary Problem 1.77

We will start with Eq. 32 or
S,’:“ =S+ kS, (12)

where S =1 and S} =0 when £ <0or k >n+ 1.

Now starting with n = 1 we have S{ = 1. We can check that this is correct by considering
z! = Sllx(l)hl_l =z

which is true.

If we take n = 1 in Equation 12 then for £ = 1 this is
S;=5)+15 =1.
For k = 2 this is
S;3=S81+28=1+0=1.
We can check that these are correct by computing
2* = St 4+ 53R’
= ah+ 2% =gh+a(x — h) = 2%,

which is true.

If we take n = 2 in Equation 12 then for £ = 1 this is
S =824+157=1.
For k = 2 this is
Sy =824+252=1+2(1)=3.
For k = 3 this is
Sy =83+355=1.

We can check that these are correct by computing

2 = S3 B2 1 S3rOR! + SR
= zh? + 32@h + 2
= xh® + 3z(x — h)h + z(x — h)(z — 2h)
= zh? 4 32 — 3xh?® + (2 — ha)(x — 2h)
= 3ha® — 2h%z + 2 — 2ha? — ha® + 2h%x = 23,

which is true.
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Supplementary Problem 1.78

The method of Problem 1.25 is to use "long division” to express the polynomial % in terms
of factorial polynomials z*) as

at =Y SpaWpnk, (13)

k=1

In a format similar to that presented in the book we have

20 25 2t 2 2?2 o 1
171 0 0 0 0 0 0
1 1 1 1 1
211 1 1 1 1 1
2 6 14 30
311 3 7 15 31
3 18 75
411 6 25 90
4 40
51 1 10 65
5
6| 1 15

The last element in each "row” is Sg for 1 < k < 6. Reading these elements we have

2% =2 1+ 1520 +652@ 4902 + 312@ 4 21

Supplementary Problem 1.79

Note that the definition of the Stirling numbers of the first kind satisfy

n
2 = g sk
k=1

When h = 1 and we take x = 1 then as (™ = 0 if n > 2 the left-hand-side of the above is
zero and we have .
-

k=1
as we were to show. Note that looking at the numbers s} in Appendix A summing “across
rows” gives zero.



Supplementary Problem 1.80

Part (a): From the definition of the Stirling numbers of the first kind we have

™ = Z ssz ,
k=1
where
W =gz —1)(x—2)(x—[n—1]).
If we take z = —1 then the left-hand-side of the above is
(=)™ = (=1)(=2)(=3) -+ (=(n = 1))(—n) = (=1)"n!,

while the right-hand-side is

n

D sp(—1)F = =8 b sh — sy (—1) s
k=1

If we set these two expressions equal to each other and multiply everything by —1 we get
S — sy 4+ sy — o+ (1) = (=1)""nl, (14)

as we were to show.

Part (b): Looking at the numbers in Appendix A we might form the hypothesis that if n

is odd then

sy <0 for k even
sy >0 for k odd,

while if n is even then

s, <0 for k odd

sy >0 for k even.

Then in both cases Equation 14 will simplify to the desired expression.

Supplementary Problem 1.81

To start we will quote the Gregory-Newton formula

B Af(a) (z —a)  A?f(a) (z —a)? A" f(a) (z — a)™
o) =Ha+ =" 4t 2z o Tt am g e (19)

Part (a): If we have f(z) = 32> — 5z + 2 with h = 1 and a = 0 then f(a) = 2 and we
compute
Af(x) =3(x + h)*> = 5(z + h) — 32> + bz
3(z% 4+ 2zh + h?) — 32% — bz — 5h + 5z = 6xh + 3h% — 5h.
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This means that Af(a) = 3h? — 5h. Next we compute

A?f(x) = 6h(z + h) — 6hx = 6ha + 6h? — 6hx = 6h>
A*f(a) = 6h*.

Finally we have A3 f(x) = 0. Using all of these in the Gregory-Newton formula we get

. (3R*=5h) 2 6h2x
flz) =2+ . T + 12 ) +0

+ (3h — 5)zM 4 32@ .

If h =1 the above is
f(z) =2—22W 4+ 322

We can check that the above is correct by expanding the right-hand-side as

222 +3x(r—1)=2—22+ 32> — 3z = 2 — 5z + 322,

Part (b): Next for f(z) = 22?4+ 52% — 42 + 7 with h = 1 and a = 0 we first evaluate that
f(a) = —7. Next we compute

Af(x) =2[(z + h)* — 2] + 5[(x + h)* — 2°] — 4h
= 2[42°h + 62°h* + 4zh® + h'] + 5[2hx + h*] — 4h
= 8ha® + 12h%2? 4 (8h* + 10h)x + 2h* 4 5h* — 4h.

This means that
Af(a) = 2h* + 5h* — 4h.

Next we compute

A?f(x) = 8h((x + h)* — 2°) + 12h*((x + h)* — 2%) + (8h* + 10h)h
= 8h(32h + 3xzh?® + h®) + 12h%(2ha + h?) + 8h* + 10>
= 24h2%2? 4 24Rh%x + 8h* + 24h3x + 12" + 8h* 4 10A?
= 24h22? 4 48R3z + 28h* 4 10R2.

This means that
A?f(a) = 28h* + 10h*.

Next we compute
A3 f(z) = 24h*(2zh + h?) + 48h3(h) = 48h3x + T2h*.

This means that

A3f(a) = 72R*.

Next we compute

A*f(x) = 48h*.
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Which means that
A*f(a) = 48R*.

Finally we have A’ f(z) = 0.

All of this taken together means that we can write f(z) using the Gregory-Newton formula
as

B 2h* +5h% — 4h\ (2 28h* + 10h2\ (2 72ht\ (20 48h*\ [ =@
foy=tr {7 )\ )" )\ =) (e ) ) ) L) O

=74 (28° + 5h — 4)zM) + (1412 + 5)2? + 1202 4 22 .

Lets verify that this is correct. If we call the right-hand-side of the above RHS then we can
expand the factorial monomials 2™ to get

RHS = 7 + (2h® + 5h — 4)z + (14h* + 5)x(z — h) + 12ha(z — h)(x — 2h) + 2z(x — h)(z — 2h)(z — 3h)
=7+ (20% 4+ 5h — D)a + (14h2 + 5)z(x — h) 4+ (x — h)(z — 2R)[12h + 22 — 6A)]
=T+ (2h3 4+ 5h — 4)z + (14h® + 5)x(z — h) + z(x — h)(x — 2h)(6h + 2z)
=7+ (2h +5h — 4z + z(x — h)[14h? + 5 + 6ha — 1242 + 222 — 4ha

=7+ (23 +5h — 4z + x(x — h)[22% + 2ha + 2h* + 5]
=7+ 2[2h% + 5h — 4 4+ 22 + 2ha® + 2h%x + 52 — 2ha? — 2h%x — 2h3 — 54
=7+ z[—4+ 223 +52] = 22t + 5a® —dx + 7,

as expected.
Supplementary Problem 1.82

From the form of R, we see that R, = 0 if f(x) is a function such that "V (z) = 0 for all
x. This means that f(x) must be a nth order polynomial.

Supplementary Problem 1.83

To start we will assume that A # 1 and a # 0 with x = a+h. Then using symbolic operations
we have

fla) = fla+h)=E"f(a) = (1 + A)"f(a)

= <1+hA+ wAM hh - 1?3!(h_2)A3+---) f(a)
=1+ hAf(a) + wAzﬂa) 1 = 13)!(}’ — 2)A3f(a) T
14 Af()hO) + %h@ N %h@) n
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From the definition of # we have that h = £ — a so the above becomes

flz) =14+ Af(a)(x — a)(l) + #(x — a)(2) + #(m — a)(g) +..., (16)

which is the Gregory-Newton formula.

Supplementary Problem 1.84

Now since f(z) = apx™ +a1 2" ' + a2 2+ - -+ a,_1x+a, is O(z") polynomial if we were to
write it using the Gregory-Newton formula Equation 16 we will have ay be the coefficient of
the 2™ factor monomial. From the Gregory-Newton formula Equation 16 itself this means
that

A" f(z) 1

— = qap.
Ax™ n!

Thus
AMagz™ + a15" "t + apr™ 2+ -+ ap_17 + a,) = nlagh”,

which is what we wanted to show.

Supplementary Problem 1.85

If we take the limit as h — 0 on both sides of the Gregory-Newton formula Equation 16 then
because

_A"f(a) _ d"
i Aer g W
and
lim 2™ = 2™,
h—0
we get
'a @ (q ®) (g ™) (g
f(x) :f(a)+%(x—a)l—i—fT()(x—a)2+fT()(x—a)3+-~-—|—f n'( (x—a)"+R,,

with R,, given by

(n+1)!
This is the Taylor series expansion.
Supplementary Problem 1.87
We will use Leibnitz’s rule to evaluate
A3(z*-27).
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Recall Leibniz’s rule for n = 3 for the differences of a product of two function fg is given by
w9 = 8%+ () ar@eg+ (5 )arart + (5 ) A%,

For this problem we will take f(z) = 2? and g(x) = 2°. Then to use the above we need to
compute differences of f(z) = x? as

Az? = 2hx + h?
A% = 2k
A3r? =0.

Also we need to compute differences of g(z) = 2* as

A2® = 9vth _ 9z — gz(9h _ 1)
A22IE — 2%(2h o 1)2
AT =27 (2" —1)%.

This means that
A3(2227) = 2227(2" — 1)% 4 3(2ha + A?)27 (2" — 1)? + 3(2h%)2° 72" (2" — 1) + 1(0) .
If h = 1 this becomes

A3 (2227) = 222" 4 3(22 + 1)2°T1 + 6 - 2712 = 2227 4 6(22 + 1)2° + 24 - 27
= (2° + 122 4 30)2".

Supplementary Problem 1.88

Leibniz’s rule in this case is given by

A"(za") = zA"a® + ( | ) Az(A" ' Ea®) + ( 5 ) A2p(A"2E%0%) 4 -

= za"(a" — 1)" + nhA" "™ + 0
= za®(a" — 1)" + nha"a”(a" — 1)"7!

= za®(a" — 1)" + nh(a" — 1)" o™

Here we have used the fact that A"z = 0 for n > 2.
Supplementary Problem 1.89
Leibniz’s rule in this case is given by

n
1

n

An(l,2a:c) — 1,2Ana:c + ( 5

) Ax* (A" Ea®) + ( ) A? (A" 2 E2a") + 0.
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Here we have used the fact that A"z? = 0 for n > 3. Next we compute

Az? = 2zh + h?
A2 = 2h°
A3z =0.

This means that we have

A"(a?a") = 2%a* (a" — 1)" + n(2xh + h*)a"(a" — 1)"'a” + 7”(”2— Y (12)a (ah — 120

= 22a%(a" — )" + (2zh + RH)n(a" — 1)" o™ 4 RPn(n — 1)a®(a" — 1)"2a®

= (a" — 1)"2%a” 4 2nh(a" — 1)" ' za™™"

+ h*n(a" — D" a4+ h?n(n — 1)a*(a" — 1)"%a”

= (a" — 1)"2%a” 4 2nh(a" — )" 2a™™ + nh?(a" — 1)"2a*[(a" — 1) + (n — 1)a"]
= (a" — 1)"2%a” 4 2nh(a" — 1)"'za®™" 4 nh?(a" — 1)" 20" (na" — 1).

Supplementary Problem 1.90

If we write down Leibnitz’s rule for differences and divide it by Az™ = h™ and then take the
limit of both sides as h — 0 we get Leibnitz’s rule for derivatives.

Supplementary Problem 1.91

Part (a): Recall that Vf(z) = f(z) — f(z — h) and thus
Vf(z)= (22 + 32 —5) — (2(x — h)* + 3(z — h) — 5)
2[2* — (z — h)?] + 3[x — (z — h))]

= 2[2hx — h*] + 3h = 4hx — 2h* + 3h.

Part (b): Recall that 6f(z) = f (x+2) — f (z — %) and thus

) ] elles) )

2 2
:2[x2+hx+%—x2+hx—%] +3h

df(x) =2

= 4hx + 3h.

Part (c): Using the above expression for V f(z) we have

V2f(z) = V(Vf(z)) = V(4ha — 2h* + 3h)
= 4hx — 4h(x — h) = 4h*.

33



Part (d): Using the above expression for ¢ f(x) we have

0°f(x) = 6(0f (x)) = 6(4ha + 3h) = 4h K‘” * g) - (x - 5)}
= 4h(h) = 4h*.

Supplementary Problem 1.92

We want to evaluate
(V2 —3Vd + 262)(:172 + 2x).

To do that first we evaluate

V(r? +2z) =2 +22 — (x — h)* = 2(x — h)
= 2% 4+ 22 — (2® — 2hx + h?) — 22 + 2h
= 2hx — h* + 2h.

Now using this result we evaluate

V2(2® 4 27) = 2hx — (2h(z — h)) = 2h*.

Next we compute

o= (o a2 (e
= <x2+hx+h£) —|—2(x—|—g) — (:c?—hx+hz2) —2(:5—%)

= 2hx + 2h.

Using this result we have
20,2 h h 2 2 2
0%(x* 4+ 2x) = 2h :)3+§ —2h T-3 =h"+ h*=2h".
In addition we have

Vé(z? + 2x) = V(2hx + 2h) = 2hx — 2h(z — h) = 2h>.

Using these “parts” we can compute

(V2 — 3V6 + 20°%)(2* + 2z) = 2h* — 3(2h?) +2(2h%) = 0.
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Supplementary Problem 1.93

Part (a): We desire to prove that
V2= (AE)? = A’E2.

To start that process, first recall that V f(z) = f(x) — f(x — h) so that the left-hand-side of
the above can be expressed as

VZf(x) = f(x) = fz =) = (f(x = h) = f(x = 2h)) = f(x) = 2f(x — h) + f(z — 2h).
Next consider
(AETY)?f(z) = (AET)(AETY) f(2) = (AETH)Af(x — h)
(AE_l)(f(ff) fx =h)) =A(f(z —h) = flz —2h))

f@) = fle—h) = (fz—h) = f(z - 2h))
f(x) =2f(x —h) + f(x = 2h),

which is the same expression we derived for V2 f(z) showing that VZ = (AE~1)2.

Finally lets evaluate

‘B f(x) = A f (2 — 2h)
= A(f(z = h) = f(x = 2h)) = f(2) = fle —h) = (f(z = h) = f(zx = 2h))
= f(x) =2f(x —h) + f(z = 2h),

which is the same expression we derived for V2f(z) and (AE)%f(x).

Part (b): We have shown above that
V'=A"ET", (17)
for n = 2. For n = 1 note that

V()= f(z) = flz—h),
while
AE™ f(z) = Af(z = h) = f(z) = f(z = h),

which equals V f(z) from above. This shows that V = AE~! which is Equation 17 for n = 1.
Thus Equation 17 holds for 1 < n < 2.

Perhaps a simpler way to show some of the above is to note that

V(@)= f(z) — f(z = h)
= f(xt—h+h)— f(x—h)
= E7(f(z+h) = f(2))
= E7'Af(x),
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and that
Vi(x)= f(x) = flx —h) = Af(x —h) = AE" f(x) .
Thus we have that
V=E'A=AE".

Then to prove Equation 17 for general n we will use induction and some of the results above.
We have

V' =VV" = V(A"E™)
= (AEH(A"E™) = AA"ET'E™
_ An—l—lE—(n—l—l)

as we were to show. Here we have used the fact that E~'A" = A"E~! which we can get by
applying the identity E—'A = AE~! multiple (n) times.

Supplementary Problem 1.94

Evaluating Vo f(z) we have

V(Sf(:c)zV(f (:w%) —f(x—g))
_ <x+g)—2f<x—g)+f<x—%) |

Evaluating dV f(z) we have
OV f(x) = 0(f(x) = f(z —h))

oo )1 D) () 1)
e D) mor (o= ) s (o 2.

As we see that Vo f(z) = dV f(x) we have that the two operators are commutable.

Supplementary Problem 1.95

2
) 92
e (1s)

To start this process we will manipulate this expression some to “remove” the square root in
favor of an identity that involves only products of what I'll call “simple” operators. Note that

We are asked to prove that
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since E is an increment operator factors like £ are not really complicated since E®f(z) =
f(x + «). This is different from operators like

/ 52
14+ —
+4,

which would have to be expressed in their infinite Taylor series expansion as a function of
52.

With that motivation we can write the original expression as

) 92
BY?2 2 — 14+ =
2 * 4’
or squaring
EVS——) =1+ —. 18
(B2-3) =145 (18)

Now the left-hand-side (LHS) of this is

5\ 2 ) 5 1 1 1
— 1/2 2 — 1/2 2 1/2 2 — = 1/2 = 1/2 - 2
LHS (E 2) (E 2) (E ) E- ok ) 25E +45 .

Note that EY/2§ = §EY? as

B1(0) = 5% (1 (a4 3) =1 (2= 5) ) = Fe+0) = 1) = A0

B f(0) =61 (24 3 ) = flo+1) — () = Af (o)
This means that as operators we have
—%Elﬂa — %6E1/2 = A=—(E-1)=-E+1.
Therefore we have shown that the left-hand-side takes the form
LHS = E — %El/%s —~ %6E1/2 + 352
:E—E+1+252:1+i(52,

the same as the right-hand-side of Equation 18.

Supplementary Problem 1.96

From what we want to prove we have

VAf(z) = V(f(z+h) - f(z))
= flx+h)— f(z) = (f(z) = flx = h))
= f(x+h)—=2f(x)+ f(x —h).
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Next we have

AV f(x) = A(f(x) = f(z = h))
= flz+h) = fx) = (f(x) = flz—h))
= fle+h)=2f(x)+ flz—h),

which is the same as VA f(x).

=5 (r(e+3) -1 (-5))

= (f(z+h) = f2)) = (f(z) = flz—h))
= fle+h)=2f(x)+ flz—h),

which is the same as the two expressions above.

Next lets expand

Supplementary Problem 1.97

Both expressions are true. To show this note that

e (3) - (3) -
=i ()12,

oy _ dy
so—0 0z dx
In the same way 0™y is n — 1 applications of § on “dy” so the limiting procedure applied

above would yield higher order derivatives.

Thus

Supplementary Problem 1.98

Part (a): We want to show that M = $(1 + E). From the definition of M we have
MF(r) = S(Fa+h) + F(2)) = S (BF () + F(a)) = (B + 1) ().
Thus M = (1 + E).
Next we consider the operator E — 1A on f(z). We have
(B=58) 50 = flat ) = S5+ 1) = @) = (S e+ 1)+ ) = M (o).
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thusE—%A:M.

Part (b): We want to show y = 2 or uf*/? = M. Consider uE'/? on f(z). We find

pE2 f(a) = uf <x+g> B % {f(Hth <x+g_ g)}

—_

=5 [f@+h) + f(0) = M[(z).

Supplementary Problem 1.99

Part (a): To start we will prove that MA = AM. The left-hand-side of this applied to a
function f(z) is

MAf(x) = M(f(x+h) = fz))
[(f(z +2h) = flz+h) + (f(z+h) = f(2))]

= S f(o+2h) = f(@)]

While the right-hand-side applied to a function f(x) is

=N =

AMf(z) = A [S(fw +h) + f(2))

[(f(z+2h) + f(z + h)) = (f(z + h) + f(2))]
[f (@ +2h) = f(2)] .

As these two expression are equal we have shown that MA = AM.

N DN -

Next we want to prove that M D = DM. The left-hand-side of this expression applied to a
function f(z) is

MDf(e) = Mf(z) = 5(f'(x + 1)+ £'(@)),
while the right-hand-side applied to f(z) is

2

As these two expressions are equal we conclude that M D = DM.

DMF() = D (5(f(e + 1)+ 5a))) = 57+ W)+ £1).

Finally, we want to prove that M E = EM. The two sides of this expression applied to a
function f(z) are given by

MEf(r) = Mf(x +h) = 5(f(x +20) + f(x + )
EM (@) = B (570 + 7(0) ) = 507+ 20)+ flo +1).

As these two expressions are the same we conclude that M E = EM.
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Supplementary Problem 1.100

Part (a): We want to show that
1
A= ,UCS + 552 .

The first term in the right-hand-side of this expression applied on a function f(z) is

udf(x)=u<f (‘”g) ‘f(x_g))
:%Q?Q+E””)O«?+g)_f<x_g))

_ %< f(z+h) — f(z)+ f(x) = f(x — b))
_ %(f(wh) — fle—h).

Next notice that the second term above in the right-hand-side (on a function f(z)) is

SR () = (B — B f(a) = L(B —2+ E7)f(x)
_ %(f(g:Jrh) —2f(x) + f(x — h)).
Using both of these and adding we see that
pb -+ 58 = fla 4+ h) — f(),

which is the same as the left-hand-side showing the desired identity.

Another proof of this identity uses the E notation. From what p and ¢ are in terms of E we
can write

1 1 1
ILL5+ 552 — §(E1/2 4 E_1/2)(E1/2 - E_1/2) 4 §(E1/2 . E—1/2)2
1 1
:§(E—1+1—E‘1)+§(E—2+E‘1)
1 1 1 1
——_F—-E'+-E—-1+-E'=E—-1=A.
2 2 + 2 + 2

Supplementary Problem 1.101

Part (a): We have

(A— B)(A+ B) = A(A+ B) — B(A+ B)
— A2+ AB — BA — B?
— A2 - B2+ AB— BA.
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Part (b): This will be true if (AB — BA)f(z) =0 or ABf(z) = BAf(x).
Part (c): From the above for (A — D)(A+ D)x? = (A? — D?)z? to be true we need to have
(AD — DA)x? = 0. These are true because

ADx* = A(2x) = 2h
DAx* = D((z + h)? — 2?) = 2(x + h) — 22 = 2h.

We can also compute

(A? — D*2? = A((z + h)? — 2%) — D(2z)
=(x+2h)? - (x+h)?—(x+h)?+2° -2
=(z+2h)? =2z +h)?*+2* -2
= 2% + 4hx + 4h* — 2(2* + 2hx + h?) + 2* — 2
= 4hx + 4h® — 4hx — 2h* — 2 =2h* — 2.

and

(A — D)(A+ D)x* = (A — D)((z + h)? — 2% + 22)
= (A — D)(2hz + 2z + h?)
= (2h* +2h — (2h + 2)) = 2h* — 2,

which is the same as above.

Supplementary Problem 1.102

Part (a): We have
Asin(pr + q) = sin(p(x + h) + ¢) — sin(pz + q) .

To simplify this recall the trigonometric identity

sin(f;) — sin(6,) = 2sin (91 ; 92) cos (91 ;92) . (19)

Using this we can write Asin(pz + ¢) as

h — px — 2 2 h
Asin(pr + q) = 2sin (p(x aall) +2q P q) cos (%)

= 2sin (I%h) cos (px+q+p?h) .

cos(f) = sin (9 + g) , (20)

But as

the above can be written

Asin(pr 4+ ¢q) = 2sin <p?h) sin (px +q+ ph;—w) ,
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as we were to show.

Part (b): We have
A cos(pr + q) = cos(p(x + h) + q) — cos(pzr + q) .

To simplify this recall the trigonometric identity

cos(fy) — cos(fy) = —2sin <91 ; 92) sin <91 ;92) : (21)

Using this we can write A cos(pz + ¢) as

h h
A cos(pr + q) = —2sin (px +q+ %) sin (%)
h h
= 2sin (%) [— sin (pm +q + %)} .
But as T
—sin(#) = cos (9 + 5) , (22)
the above can be written
. (ph ph+m
A cos(pr + q) = 2sin o ) cos pr+q+ 5 ,

as we were to show.

Supplementary Problem 1.103

Part (a-b): From the previous problem each application of A produces “changes” the value
of ¢ by adding %(ph + 7) to it and produces factor 2 sin (%) Thus we can conclude that

A" sin(px + q) = <2 sin <p?h>) sin (pm +q+ %(ph + 7T)) .

A similar argument gives the functional form for A™ cos(pz + q).

Supplementary Problem 1.104

The derivative we seek to evaluate can be written as
ar . . A™sin(x)
dl’—m Sll’l(ﬂf) = }1}1}1"(1) T .
Using the results from the previous problem with p = 1 and ¢ = 0 we have
lim A" sin(x) ~ im (2sin(h/2))"sin(x + (m/2)(h + 7)) .
h—0 hm h—0 hm

42



Now note we could show that

_2sin(h/2)  2(h/2)
= =L

This means that the limit above is equal to

i 2) = e+ )
< S1 | T — | =S \{T —_—
2 2 /7

as we were to show.

Part (b): Here the limit we need to consider

dm . A™cos(z)
o 008(@) = limy =2

Using the results from the previous problem with p = 1 and ¢ = 0 we have

lim A™ cos(x)  lim (2sin(h/2))™ cos(z + (m/2)(h + 7))
h—0  hm h—0 hm .

As before we can evaluate this limit to get

zt—mm cos(zx) = cos (x + %) :

Supplementary Problem 1.105

Starting with the left-hand-side and the definition of ( : ) we have

(Z)+(r11):an%m+xn—w+%n@+n!

n! n!
+
n—=r)rl " (n—r—="11r+1)!

B n! 1 n 1
S (n—r—DW!'|n—r r+1

B n! {r+1+n—r}
Cn—r—=D!' [(n—7)(r+1)
B (n+1)!
Cn=r)!(r+ 1)’

as we were to show.
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Supplementary Problem 1.106

Part (a): From the definition of A we have

sin(x + h)  sin(x)
Atan(z) = cos(z +h)  cos(x)
sin(z + h) cos(x) — sin(x) cos(z + h)
cos(x) cos(x + h)
sin(z) cos(z) cos(h) + cos?(x) sin(h) — cos(x) sin(z) cos(h) + sin?(z) sin(h)
cos(x) cos(x + h)

— sin(h) _ tan(h)
cos(w) cos(w + ) S cos(a+ 1)
_ tan(h)
2 (cos(x) cos(h) — sin(x) sin(h))
tan(h) _ tan(h)sec?(x)

cos?(z) — cos(x) sin(z) tan(h) 1 — tan(z) tan(h)’

as we were to show.

Part (b): Using the above we have

— tan(z) = lim —

1 ( tan(h) sec?(z) ) |

dx h—0 h \ 1 — tan(z) tan(h)
As tan(h
Jim 220 _
h—0 h
we have that the above limit tends to
sec?(r),

as we were to show.

Supplementary Problem 1.107

Part (a): Using the definition of A we have
Atan™'(z) = tan"!(x + h) — tan" ().
Recall that

tan~!(z) — tan~(y) = tan"" ( - ) .

This means that

e xth—2 \ h
Atan™(z) = tan <1+(m+h)m>_tan <1+x2+xh)



as we were to show.
Part (b): From the definition of the derivative we have

d 11 h
%tan (IL’) = flzg% %A tan (,’L') = }Lllil)ﬁtan (m) .

Recall the Taylor series for tan™!(z) where we have

3 5

o
tan M) =1 — = + 2 — ...
an~ " (z) ==z 3—|-5

This means that

2 +hr+1) 22+ hr+1’
which means that

pol h y 1
11m — tan —_— ~ l1m =
h—=0 h 22+ hx +1 o \ 22+ hx + 1 1422’

For the last part using the chain rule we have (with v = Z) that

d /Ty d 1, dv1d 1
dxtan ( )-dvtan (U)dx— tan™" (v).

a adv
Using what we know about the derivative of tan™!(v) we conclude that

d _
— tan 1 (g) = a(1—1|—U2) = a(l _1(£)2> = &2—7:{172 ’

a

as we were to show.

Supplementary Problem 1.108

Part (a): We start with the definition of A and have
Asin™'(z) = sin"}(x + h) —sin"(z) .

Then using the identity

arcsin(z) = arcsin(y) = arcsin(z/1 — 42 + yv/1 — 22)

we can write

Asin™'(z) =sin" ' ((z + h)V1 — 22 — 2/1 — (x + h)?).
Part (b): Using this we would then have

1 -1 — 2 \/ﬁ
2 n(e)  lim Asin'(z) _ <sm (z+h)VI—22 —a\/1— (z + h) )) |
d:L‘ h—0 h h—0 h
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This is a limit of the type 0/0 and we would normally use L’Hospital’s rule to evaluate it.

Here we will use a Taylor expansions. To do this recall that when z < 1 we have

x> 32

1 _1 f— —_— —_— .« e .
sin” (z) = x + 6+40+ ,

This means that for small h keeping only one term we have

sin™!'((z + h)V1 — 22 — 2y/1 — (z + h)?) - (x+ h)V1—22 =21 — (x+ h)?
h

h
Next note that

V1—(z+h)?2=V1—a2—2zh—h2~V1—22—2zh=+v1—22y/1—

Then using the Taylor series

11 1
\/1+x:1+§x—§x2+ﬁx3+-~-,
we have that
VI @ P~ vVi—a? |1-< L _h+0(h?)
— X

—VI-2— —L h+OR).

1 — 22

Using all of this we can now evaluate

- VT — oy T 4 -2
lim Asin™ () ~ lim ( ) Vil
h—0 h h—0 h

2 1 — 22 + 22 1
:\/1—(1:‘2—|— v = = ,
V1—2? V1—2? V1—a?

as we were to show.

For the last part using the chain rule we have (with v = £) that

4 sin ! (E) _d sin_l(v)dv _1d sin~*(v).

a dv dr  adv

Using what we know about the derivative of sin™*(v) we conclude that

d 1 (x) 1 1

— sin - ) = =

dx a av1 —v? 1— (m)2
B 1
C Va— 22

as we were to show.
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Supplementary Problem 1.109

Part (a): Recall that
™ = Z stkh"_k )
k=1
If h =1 this is

n
™ = g stk
k=1

Lets take k derivatives of both sides of this expression, divide by k!, and evaluate at x = 0.
Then on the right-hand-side we get s} and the identity

1
Sy = T Dkx(”)‘

xz=0"

as we were to show.

Part (b): Recall that

If h =1 this is
" = Z Spg k) (26)

k=1
Now note that

AFz®) =0,
if p<k. If k= p we have

AFr®) = k!

Y

when A =1 and if & < p we have
AFp®) — O(x(p_k)) ’

which vanishes when x = 0. Thus to derive the desired result for this part we start with
Equation ??, then we take A* of both sides, divide by k!, and evaluate at = = 0. From the
above this gives

Sy = % AFz|

=0 "’

as we were to show.

Supplementary Problem 1.110

From Part (b) in the previous problem we have

n 1 k. n
Sk:EAZC ‘:E:O’
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Recalling that when A = F — 1 we can write the above as

n 1 n
Sk =17 (E—1Dfa"|
k
1 b N
T ZO ( p ) ) p] ’
p:

=0
Now when h = 1 we can write this as

=Y Z (3)cwasr|
- Z (5) v,

which is what we wanted to show.

Supplementary Problem 1.111

Part (a): To prove this we have

E[f(x)g(x)] = f(z + h)g(x + h) = E[f ()| Elg(z)].

Part (b): To prove this we have

E[f(a)]" = fz+h)" = (E[f(2)])"

Part (c): To prove this we have

E"[f1(@) fa(2) - - fu(@)] = fr(x +mh) fo(z +mh) - - fu(z + mh)
= E"fi(2)E™ fa(x) - - E™ fu(2) .

Supplementary Problem 1.112
To show that 2™z £ 2(™+") we can evaluate both sides for particular values of m = 1
and n =2. If m =1 and n = 2 then
Mg = 2Wa® = g g(x — h) = 2%(x — h),
while

Lm0

® = z(z — h)(z —2h).
These are not equal for all x.
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Supplementary Problem 1.113

Using operator arithmetic we have that

A[f(x)g(2)] = (B = 1)"(f(z)g(x))

:<fj(z)ﬂvw%ﬁf@mu>

k=0
= Z(—l)’”" ( Z ) f(x +kh)g(z+ kh),
k=0
which is what we were to show. This is different than Liebnitz’s rule in that the above

involves only products increments of f(x) and g(x) where as Liebnitz’s rule involves products
of differences i.e. products involving the A operator.

Supplementary Problem 1.114

Using the previous problem with g(x) = 1 we have that

&) = o1 () slo+kn).

k=

o

If h =1 this is

n

&) = S0 () k.
k=0
If we take f(z) = a™ this becomes

A?’an —

)=

> ( Z ) (1) *(z + k)"

Now if we take x = 0 in the above notice that the right-hand-side RHS is equal to

RHS = i ( Z ) (=1 kgn

k=0

:nn_n(n_nu(g)(n—z)n—<g><n—3>“+~-~,

which is the right-hand-side of the expression we are trying to derive.

We now need to evaluate the left-hand-side LHS i.e. A"z"| _, is equal to. From miscella-
neous problem 1.41 when

f(z) = apx™ + a1zt +agx™ 2 4 -,
we have that
A" f(x) = nlagh™ .
If ap =1 and h = 1 we see that
LHS = A"z"| _, =n!.
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Supplementary Problem 1.115

Part (a): Using Taylor series in “operator form” we have

h*D*  hW*D?

Ef(x):f(x—l—h):[l—i-hD—i- o T i —i—}f(x)

This means that

212 33
Bfw) - @) = (hD+ "o+ B ) fo),

and thus that

_l_

h2D?  h3D?
A:(hD+ 5 3 +)

Part (b-c): Given the expression for A above we would have

STREAE]

A2 = (hD S0 RD )2

and

STRAE]

In the python code problem 115.py we symbolically evaluate both of these giving results
that match those in the book.

AP = (hD S0 R )3

Supplementary Problem 1.116
Part (a): To evaluate A?f(x) lets use the result of the previous problem where we derived
an expression for A? in terms of D*. Notice that
D¥(32® — 22 + 42— 6) =0,
if k> 4. Thus for f(z) = 32® — 222 + 42 — 6 we have that
A*f(x) = (R*D* + K*D?) f(z) .
We now compute

D(3z® — 22° + 42 — 6) = 92* — 4w + 4
D?*(32° — 22 + 41 — 6) = 18x — 4
D?*(3z° — 22 + 41 — 6) = 18.

This means that

A?(32 — 227 + 4z — 6) = h*(18z — 4) + h3(18) = 18h® 4 18h*x — 4h*.
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Lets check these results by direct evaluation. We have

A(32® —22° + 42 — 6) = 3((x + h)* — 2°) — 2((x + h)* — 2?) + 4h
= 3(32%h + 3xh?® + h®) — 2(2hx + h*) + 4h
= 9ha® + 9h*x + 3h* — 4hx — 2k + 4h
= 9ha® + (9h® — 4h)x + 3h® — 2h* + 4h.

Using this we can compute

A*(32° — 22% + 4w — 6) = 9h((z + h)?* — 2*) + (9h* — 4h)h
= 9h(2hx + h*) + 9h® — 4h?
= 18h® + 18h*x — 4h?,

which is the same as we derived earlier.

Part (b): Here we want to evaluate
A3 ((2® 4+ 2)?) = A (2 + 22° +27) .

Using the expansion for A? in terms of D* derived in the previous problem but keeping only
the nonzero terms (when applied to x* + 223 + 2?) gives

3h*D*

A® = WD + 5

Thus we need to compute

Using these we compute

A3 (2 +2)%) = h*(242 + 12) + gh4(24) = 24h*z + 12h° + 36R" .

Lets check these results by direct evaluation. In this case to do that we will write each of
monomial ¥ in z* + 22° + 22 in terms of falling factorial functions . Note the comment
at the start of this chapter on the expansion of #*. We have

2t 4 22° 4+ 22 = (2@ + 6ha® + Th22@ 4 p32 W)
+2(z® 4 3ha® 4 A2z M)
+ (2@ + haV)
=2 4+ (6h +2)2® + (Th? + 6h + 1)2@ + (h* + 2h% + h)z) .
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Then using Az™ = ma™~Y ] we have
Az + 223 4+ 2%) = 4ha® + (1802 + 6h)2® + (14h% + 120 + h)z™ + (h* 4 213 + h?)
A%zt + 223 + 1) = 12022 + (361% + 121 2xM) + (14h* + 1283 + R?)
A3zt 4 22° 4 22) = 24h°2V + (36h* 4 12h%).

This last expression agrees with what we computed earlier.

Supplementary Problem 1.117

The U(t) function in Problem 1.33 is given by
Ut) = f(t) = pn(t) = K(z)(t — zo)(t —21) -~ (t — @),

and by construction has n+ 2 roots for t € {x, xg, 1, ,z,}. Without loss of generally lets
assume that the points fall in the order listed i.e. that

r<r9g< 11 <29 <<y,
Rolle’s theorem gives us that between any two of these roots say the n + 1 pairs

(Ia xO) ) (xO’ 1’1) e (xn—lazn) )

there exist n + 1 points y; such that U'(y;) = 0 for 0 < j < n and due to the ordering of the
pairs above we also have that

Here

Yo S (Z',l’())
y1 € (2o, x1)

Yn S (xn—lazn) .

If we consider Rolle’s theorem for the pairs (y;, y;+1) we can get n roots 2 such that U”(z) =
0 for 0 < k <n — 1. We will continue this pattern to get the desired result.

The pattern is then
e There exists n + 2 roots of U(t).

e There exists n + 1 roots of U'(t).

e There exists n roots of U”(t).

Continuing

There exist two roots of U™ (t).

There exist one roots of U™+ (t).
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Chapter 2: Applications of the Difference Calculus

Supplementary Problem 2.50

Part (a):
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