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Introduction

Here you’ll find some notes that I wrote up as I worked through this excellent book. I've
worked hard to make these notes as good as I can, but I have no illusions that they are perfect.
If you feel that that there is a better way to accomplish or explain an exercise or derivation
presented in these notes; or that one or more of the explanations is unclear, incomplete,
or misleading, please tell me. If you find an error of any kind — technical, grammatical,
typographical, whatever — please tell me that, too. I'll gladly add to the acknowledgments
in later printings the name of the first person to bring each problem to my attention.

*wax@alum.mit.edu



The Random Behavior of Assets

Notes on time-scaling returns

When we have prices sampled at fixed times, S;, the discrete model proposed for their returns
R; is
Si—i—l — SZ ..

R, = — g = mean + standard deviation x ¢, (1)
where ¢ is a random draw from a standard Gaussian distribution (mean zero and variance
one). We will call these mean and standard deviation estimates the measured estimates,
since they explicitly depend on using the measured prices S; for their estimation. They
also correspond to a mean and standard deviation of the returns over the length of time
represented by the amount of time between the prices S;11 and S; or ;.1 —¢;. The question
we then pose is: given the measured parameters mean and standard deviation how do we
modify these in the case we are interested in the mean return and the standard deviation
or the return for timescales different than the measurement time scales. Let u and o be the
numerical values of these quantities for returns over the desired timestep length, which we
will take to be T; 11 — T;. To express this difference in timescales the book defines ¢ which
is given by . .

_ liy1—
ot = T T, (2)
Note that the above fraction must be dimensionless, that is if the measurement timescales
is in days t;4; —t; = 1 day and the desired timescale is in years T;,; — T; = 1year, then the

value of d¢ should be
_ lday  1lday

~ lyear 252day’

since there are 252 trading days in one year. Thus if the desired timescale is over longer
a longer amount of time (where T;y; — T; > ;11 — t;) we expect §t < 1 and if it is over a
shorter amount of time we expect 0t > 1. Given this definition then we have that the mean
return we want g is given by

ot

Tiyn— T, mean
= . 3
) - 3)

[ = mean ( Po—
This is the expression that shows how we scale the mean returns from one timescale to
another. The standard deviation is scaled in a similar manner. If o is the standard deviation
over the timescale of interest we have

standard deviation

This is the expression that shows how we scale the standard deviation of returns from one
timescale to another. Two simple examples will make this clear. Using the data from the
book we assume that we measure daily returns (using daily prices) and have

mean = 0.002916
standard deviation = 0.024521 .

g =

Then we want to compute



e The yearly mean and standard deviation of returns. In that case, as we talked about
above we have

1
ot = 955 = 0.00396 .

Thus using Equations 3 and 4 we get
pw=10.7348 and o =0.389242.

e The hourly mean and standard deviation of returns. In that case we have

lday  6.5hours

ot = =6.5.

~ lhour  lhours
Then using Equations 3 and 4 we get

= 0.0004486 and o = 0.009617.

Typically we measure the returns over a daily timescale and then report yearly values for u
and 0. In that case if we want statistics for returns over a shorter time period (less than a
year) then 0t is what fraction of the longer time length the short time length is. For example,

in going from the annual mean rate of return Hyearly and standard deviation Tyearly to a
daily rate of return and uncertainty we scale by the appropriate fraction
1
Hdaily = \ 959 | Hyearly
1\ /2
Tdaily = (E) Tyearly -
Using these scalings, 0t in the return model gives us
Sit1— S;
R, = % = bt 4+ o¢ot'/? (5)
where ¢ is a draw from a standard normal random variable. Solving for S;,; we get
Si+1 — SZ = ,uSlét -+ USi¢5t1/2 . (6)

Notes on exponentially weighted volatility estimation

From the definition of the exponentially weighted estimate of o7 given by

1-A\ w— i

j=—00

we can write

1— )\ o 1—2)\ =
2 i—1— 2 _ i—1— 2 -1 p2
0! = <7) A D NTHIRY = (T) A LE_OO:A IR+ AR

j=—00

o (1=A ot 9 112
- (T () o]



which is a recursive expression for exponentially weighted volatility estimation. If we com-
pute R; using daily prices and we want o to be in units of yearly volatility then 0t = % If
you want o to be an estimate of daily volatility then 6t = 1.



Elementary Stochastic Calculus

Notes on the mean square limit

To evaluate the expectation after we expand the square of " (X (t;) — X (t;-1))* —t, we
need to count how many terms we have in the double sum

>_A

n i—

X(ti) (X (t;) = X (tj1))*

2:1]1

We can do this simply as

n i—1 n n n

)B)BEED ST WED n+1_n:%n<n_1>.

=1 =1 i=1

Notes on functions of stochastic variables and Ito’s lemma

From the definition of a stochastic integral we have an expression like
t n
=[x () = lim Y 1) (X5) - X(t5-0), ©

where ¢; = j£. When this is expressed as a differential relation we have
dW = f(t)dX

Thus we expect that sums of differences like X (¢;) — X (¢;_1) seen in Equation 9 play a
prominent role in obtaining differential relationships. Given this observation and the fact
that we want to evaluate the derivative of F'(X) when X is stochastic variable motivates us
to consider the following sum of differences (which we denote &) and where the time points
t; are spaced by h = %x

S = [F(X(t+h)— F(X(t)]
+ [F(X(t+2h) — F(X(t+h))] +
+ [F(X(t+3h)) — F(X(t+2h))] +
+ [F(X(t+ (n=1)h)) = F(X(t+ (n = 2)h))]

+ [F(X(t+nh))—F(X({t+ (n—1)h)).

Note that one way to evaluate S is to note that since it is a telescoping sum that all of the
“middle” terms cancel when summed and we are left with

S = F(X(t+nh)) — F(X(t)) = F(X(t + 6t)) — F(X()).
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Another way to evaluate S is to use Taylor’s series to expand each difference in the function
F(-) in terms of a difference in terms of the stochastic variable X (shown here for the first)
as

FOX () = FX0) = (X4 0) = X)) x4y — (222D
Then each difference in & above turns into the sum of two terms and we get
§ = (x+n-xa T

s L - xppfEED)

+(X(E+2h) — X(t+ h))W

+ %(X(t +2h) — X(t+ h))2d2F(§§2+ h)

+ (X(t+nh)— X({t+ (n— 1)h))dF(X(t ;)((" —h)

+ % X(t+nh) - X(t+ (n— 1)h))2d2F(X(tJX(f = L4)

L OST(X (4 h) - X+ (G — D) X ;)((9 — Dh) (10)

LSO ) - X - LTI )

j=1
We consider the two summation terms 10 and 11 above. The first sum above (Equation 10)
is a discrete approximation to
t+6t dF
/ —dX.
t

dX

For each term in the second sum above (Equation 11), as argued in the text, we evaluate the
second derivatives at the left-most end point X (¢), so that it comes out of the summation.
In addition, the quadratic sum that remains is a discrete approximation in the mean squared

sense of
t+ot
/ (dX)? = ot.
t

thus we get

t+ot F 1 t+ot 2F
d / TE e w)dr.
t

F(X(t+dt) — F(X(t)) :/t d—X(X(T))dX(T)+§ W(

Note that the argument of the first integral is evaluated at 7 the variable of integration,
while the argument of the second integral is evaluated at the left most end point ¢ and is a
constant with respect to the variable of integration 7. If we desire to extend this expression

to integration lengths ¢ where we cannot just evaluate 32712 at the left-hand end point we
need to evaluate this expression at 7 rather than ¢. This gives
LdF 1 [Pd*F
F(X(t) - F(X(0)= | —(X(n)dX — [ —(X(1))dr. 12
(¥ (0) = Fx(0) = [ o eNaxe)+ 5 [ X (12)
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When we write this using the differential equation shorthand we get

dF 1d*F
dF = = dX + §wdt (13)

for the stochastic differential equation satisfied by F'(X).

Notes on Ito from Taylor

If we have a variable, say S, that changes according to a stochastic dX and a continuous
term dt as
dS = a(S,t)dt + b(S,t)dX . (14)

If we have a function of S say V(S) then we can derive the expression for dV using Taylor
series and the heuristic dX? ~ dt. Performing a two term Taylor expansion of V(S) we have

v . 1V,
AV = —=dS + 575 dS”.

Using the heuristics discussed in the book we find

dS? = (a(S,t)dt+ b(S,t)dX)? = a(S,t)*dt* + 2a(S,t)b(S,t)dtdX + b(S,t)*dX?
b(S,t)%dt . (15)

So that with this dV becomes

av 1 A2V
dV = 7=dS + (S, 1) Zdt (16)

We could replace dS with adt + bdX in the above to get an expression in terms of the
Brownian increment d.X to get

dV o, d?V

av
ds b(S 2 dsS?

) dt + b(S,t)—dX . (17)

de((St) S

As another slight generation if V' = V/(S,t), so that V' depends on the deterministic time ¢
as well as the stochastic term S then by using Taylor’s series we get

ov oV . 18V,
dV = —di + S2dS + §st

as in Equation 15 we have dS? = b*dX? = b?dt so dV above becomes

ov . oV L, 02V
AV = Zodt + Z—dS + b(S 05

ot 89S (18)



Notes on Ito in Higher Dimensions

Now Taylor’s series for a function V' = V' (S, Sa,t) of two variables S; and Sy (and time )
would have first derivative terms for Si, Sy and ¢, second derivatives terms for S; and S
and a cross derivative term for S7 and S,, given by

ov

AV = —-dt
+ g—;dsl ;gzs‘gdS?
+ g—;;ds ;gz‘gdy
+ 822/52 dS1dS, .

Now as earlier we consider the heuristics dSTb?dt, dS3 = badt, for the squares of the random
terms and

dSldSQ = (aldt + bldX)(agdt + bngg) = bleXmng = blbgpdt,
for the cross product. In that case we thus get for dV the following

ov oV ov P2V o P2V
av =L+ a5+ Yas, + 220 v i+ 22 a (o
T T TR Ml T I DAL AP T (19)

Pertinent Examples: The Lognormal Random Walk

In this case the differential equation for S satisfies
dS = pSdt + oSdX , (20)
and we will use the heuristics that
dS? = 0*S%dX? = 0*S?dt .
If we consider a function F' defined as F'(S) = log(S) then

dr 1 d*F 1
— and — =

s~ S sz~ S
so using the “Ito from Taylor” idea to compute the differential of this function gives

_dF o LEF

1 1 1
= —(uSdt+oSdX) + 5 (—ﬁ) o S3dt

— 10'2) dt + odX .

I
7/~ \n
[\
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From the above expression for dlog(S) we can integrate this to get

o8(5(0)) ~ 1og(S(0) = (1~ 0 ) ¢+ o X(0) = X(0),
or solving for S(t) we get
S(t) = S(0)elr=3o%)t+o(XO-X(©) (21)

Since X (t) is a Gaussian process we can write X (t) — X (0) = ¢/t where ¢ is a random draw
from a N(0, 1) distribution.

Pertinent Examples: A Mean Reverting Random Walk

In this case lets consider the stochastic differential equation for r given by
dr = (v —yr)dt + odX .
If we let W = r — £ where £ is not yet determined. We then have that

dW =dr = (v —r)dt + odX = (v —y(w + §))dt + 0dX
= (v =7 —yW)dt + odX .

Thus if we pick & such that v —y§ =0or £ = % then

W=r—2 ,
~
and
AW = —yWdt + od X . (22)

Note the drift term in the above stochastic differential equation is —yWdt and has a W
as a factor while the stochastic term odX does not have a W factor. This is like a partial

lognormal random walk and is called a Ornstein-Uhlenbeck process. Let I = €7 and consider
d(IW). We have

d(IW) = IdW + Wdl = e”’t(—WWdt + 0dX) +~yWIdt
= ge’dX .

This we can integrate from 0 to ¢ to get
IW(t) — IW(0) = U/Ot e*dX(s).
Multiply by } = e~ on both sides to get
W(t) =e "W (0) + oe /Ot e’ dX(s)

= "W(0)+ o /t VX (s). (23)



We can further simplify this by using integration by parts on the last term to get

t t
/ eV(S_t)dX(S) = eW(S_t)X(S) ‘1;:(] — ’}// €W(S_t)X(S>d8
0 0

=X({t)—e"X(0) -~y /Ot I X (s)ds .

Since we assume that X (0) = 0 the second term in the above vanishes. Thus we get for
W (t) the following

W(t)=e "W(0)+ o (X(t) — /0 t eWS—“X(s)ds) :

and for r(t) we get

Pertinent Examples: Another Mean Reverting Random Walk

In this case r is governed by
dr = (v — pr)dt + or*/?dX |

then the heuristics we use is dr? = o%rdX? = o?rdt. When we consider the function F
defined as F = /2 we have that

daF 1 PF 1

a1 i q Ll

ar 2 e e Ty

Thus using Ito from Taylor to compute dF' gives us

d(r'?) = dF = —dr + —-—dr

Now the stochastic term is constant (a relatively simple expression) but the coefficient of
the drift term is more complicated. This leads us to consider if we can find a function F'(r)
under the same stochastic differential equation for r such that with the help of Ito’s lemma
has a zero drift term for dF. This function F(r) would have

dF 1d*F

d(r'’?) = dF = A+ 5o dr”?
r r
F 1d*F
= Ocll—r((y — pr)dt + or?dX) + 562?027"(#
dFF 1 , d*F 172 AF

10



Setting the coefficient of dt equal to zero gives

dF 1 , d*F
(I/—,Uﬂ")%‘i‘ﬁarﬁzo
If we introduce the function Y (r) defined by Y (r) = “E this equation becomes
dy 2(v — pr) v 2u
— =—————Y =|-——+4 = | dr.
dr o’r ( o’r * o)

Integrating both sides gives

2v 2
log(Y(r)) = = log(r) + U—'ZT +C,

for a constant C'. Thus solving for Y (r) we get

2v 2u

Y(r)= Ar oZes2"

11

(24)

(25)



The Black-Scholes Model

Notes on solutions to the Black-Scholes equation

In this section we show that S and e" satisfy the Black-Scholes equation. The Black-Scholes

equation is given by
oV 1, ,0%V ov
4+ -0*SP—— +rS—— —rV =0. 26
o 27" s T es (26)
For V(S,t) = AS, we can calculated each of the required derivative on the left hand side of

this expression as follows

oV
o =Y
1%
- - A
08
0%V
a5z — U

Thus substituting V' = AS into the left hand side of the Black-Scholes equation gives
04+0+rSA—rAs=0,

showing that V = AS is a solution. We note that this solution represents a pure investment
in the underlying. Note that also in this case
ov

A:—_
as

A.

In the case when V = Ae™ we again evaluate each derivative in tern and find that

ov

B = rAe"
oV

55 = 0
92V

gz = O

so placing V = Ae™ into the left hand side of the Black-Scholes equation we obtain
rAe™ —rAe™ =0,

proving that V = Ae™ is a solution. This solution represents an investment in a fixed interest
rate account like a bank account. Note that when V = Ae™ we have A = 0.

12



Notes on options on futures
Here we will transform the Black-Scholes equation in the original variables (¢,S) into the
new variables (v, F') defined in terms of the original variables by

v =t
F = ¢gTrtg,

Note that the above transformation has an inverse given by

t = v
S = Fe"Ir=t) = per(Tr—v)

Then the derivatives with respect to (¢, S) transform as

g — a_Fi 4 @2 — —TeT(TF_t)Si 4 3
ot ot oF  otdov OF v
S )
— TR T o
0 OF 0 v d gy 0
R — - _I_ — W =e r -
oS 0S oF 0S5 ov oF
0
— orTrp—v) 7
¢ oF
P e O
052 OF?

Thus we put these two expressions into the Black-Scholes equation for V = V(F,v) we get

ov Jdy 1 0%y oV
—Fr=—_ e - 2F2 —2r(Tp—v)\ ,2r(Tp—v) Y ¥ )2 —r(Tp—v)\  ,r(Tr—v) 2 Y -0.
T8F+8v +2(0 e )e 8F2+r( e Je o7 rY =0

When we cancel terms we get

o 1., ,0°V B
%‘F?UFﬁ—TV—O,

the pricing equation for an option on a future.

13



Partial Differential Equations

Transformations to a constant coefficient diffusion equation

In this section of these notes we verify the transformations needed to change the Black
Scholes equation into the diffusion equation. As suggested in the book lets define unitless
parameters x, 7, and U in terms of the given financial parameters T, t, S etc. as

S = "= x=1log(9)
B T 1

V(S,t) = eo‘”ﬁTU(x, t).
Then with this transformation the derivatives needed in the Black-Scholes equation become

9 ord (0xd 1,0
ot tor otor . 27 or

9 _oro 0z0 10 _ .90

S oSor 0S0x Sox Ox

02 —x 9 —x 9 —2z d —2z 82
@ = € % <€ %> = —€ % +e W .

Using these the derivatives of V' in the Black-Scholes Equation 26 becomes

38_‘; _ _102387.( o+ — ;0.2604:04-67 (5U+ C(;_:J:)
g_g _ e—m%(eam-l—ﬁTU) _ pla—Detpr ( U a@_g)
PV el [ (a4 2]
= ¢ © l(a _ 1)ela-Dator <aU n g_g) | pla—Da+pr ( gg N ((99; )}
pla—2)a+B7 {a(a - 1)U + (2o — 1)2—5 + %}

When we put these expressions into the Black-Scholes Equation 26 we get

oUu LU 0*U
or

_1 2 oz:c—i—ﬁ'r ou 1 2 ax+pT _ o
50°e <6U+ + Jo°e ala—=1)U+ 2a—1)— o B

+ petTthT {O&U + g—U} — et = 0.
x

When we cancel the exponential factor, take the time derivative to one side of the equal sign,
and group terms we get

1aU B, 1, 1, oU 1 ,0°U
o' 5 <20 +20a(a 1) +ra r)U+<2U(2a 1) +r 0:)3+20 R

14



If we take

Lz, -

then 2a0 — 1 = —3—2 and the coefficient of %—g vanishes. With this value for a lets now look at
the coefficient the U term. When we replace o with the above expression and simplify we
get
B 1 2\2
—§O' —@(27""0’ ) .
To make this vanish we must take  given by
1 sy 1 (2r ?

Using this value for $ and canceling the common factor of %az we get the following pure
diffusion equation for U(x, 7)

ou  o0*U

or 022’

as claimed.

Notes on Similarity Reductions

If we consider the function

@/t/? 142
u(z,t) = / e” 18 d¢ (29)
0
we can show that it satisfies u; = u,,. To do this, we compute the needed derivatives.
S x
o= oe <_2t3/2>
a2 (1
Uy, = € 4t m

1 1 22 lz r 1 22
u:l,‘:l,‘ = —€ t _—— = ——F—-€ t s
Vi 2t 2t3/2
from which we see directly that u; = u,, as claimed.
Let us now look for solutions of a particular form motivated by the form of the above
expression for u(z,t). Consider u = t~/2f(¢) where £ = 7z Next we put t=12£(€) into

Uy = Uy, to see what requirements this imposes on the function f(-). To do this we need to
compute u; and u,,. We find

1 1 1 1
W= O ) (<5 ) = -5t E - 3

2 2
u, = t—1/2f/(£> (tl%) — t_lf/(g)
we = 0 (i) = ).

15



We then put these expressions into the diffusion equation u,, = u; we get

1

t_3/2f”(£) _ _it—3/2f(§) — %xt_zf/(f) :

Multiply this equation by t*? and remember that { = %5 to get

§1(€)- (30)

| —

7€) =56 -

Note that the right-hand-side of this equation is —%d%(f f(&)), and so integrating both sides
gives

£1(€) = ~5EH©) +C.

If we take C' = 0 (we just want to try and find any solution) we get

/')
f€)

or integrating both sides and solving for f(&) gives
f(&) = Dei¥.

If we take D = 1 we have the function f(-) stated in the book. If we next replace § with 7
we see that

1
__567

2 _1z?

u(x,t):t_l/ e 1T,

is a solution to u; = Uyy.

16



the Black-Scholes formula and the ’greeks’

Derivations of the formula for Calls, Puts, and Simple Digitals

In this section of these notes we perform and verify my understanding of the derivations sug-
gested in simplifying the Black-Scholes equation. Defining V (S,t) as V(S,t) = e "T=0U(S, 1)
we have the time derivative of U(S,t) given by

ou -9V

oV
A —T’(T—t)U —r(T—t) ¥~ —rV
ot C te or TV te ot

When we put this into the Black-Scholes Equation 26 we get

U 1 ,,0°U U

If we next let 7 =T — t then the change in the time derivative from ¢ to 7 will introduce a
negative sign and gives

oU 1 , ,0°U ou
We next introduce the variable ¢ = log(S) so that S = ¢* and find that the S derivatives
transform as
9 oo 10 _ 0
oS 0So¢  Sot¢ o

2 2
e G W e
052 0¢ 0¢ 0¢? o€

With this transformation, the Black-Scholes equation becomes

U _ L 5 <€—25‘92_U _ e—zsa_U) I (e—saU)

or 2 og2 o€ k3
_1LPU (1 \ U
27 02 2 o¢

Which is a partial differential equation with constant coefficients. Next lets perform a change
of variables on this equation going from the variables (£, 7) to new variables (z,7") defined
as

17



The derivatives in the old coordinates (£, 7) transform to derivatives in the new coordinates
(x,7') using the chain rule as

ar oror oror o
0 _or9 oxd 9

a_g_a_gaf 06 0r Oz’

o or o ord 0 ( 12>8

and our differential equation in the new variables (z,7’) is given by

0_U N _1 ou 1 , 02U N _1 ou
or’ " a or 8:62 " a Oz’

or dropping the prime on 7 we get

ou 1 2 o U

—— =0 1

or 27 a2 (31)
To solve this equation lets try a solution for U(x, 7) of the form

awefr—21
Ulx,7) =7 f( 3 ) . (32)
Then to verify Equation 31 we need to evaluate 7 and x derivatives of U. Defining n as

Tz —a

n= : (33)

B

we find that the derivatives we need of U are

v =aret s+ (<0 (S ) ) =ar i - P2

-
TOC

U, = B ,(77)
Ta

Upe = 728 ”(77)

Thus Equation 31 becomes

%UZTHB f'(n) =77 (af (n) — Bnf'(n)) - (34)

Equating the powers of n on both sides gives a — 25 = a — 1 so that we get
1
B=3.

When we require that ffooo U(z,T;2")dx to be independent of 7 means that for the functional
form for U(x,7) we are considering and changing the x integration into one over 1 means

that - ) -
« ZL’—I’ o C‘H’ﬁ
/;oon( TB )dx_/;ooT f(n)dnu

18




must be independent of 7. This means that a4+ 5 =0 or

1

Once we have o and  we can put these into Equation 34 to get an equation very similar to
Equation 30 earlier. Following the same algebraic steps following Equation 30 and specifying
the constant D so that the function f(-) over —oo to +oo integrates to one, we obtain the

function form for f(n) given by
1 n?
fnd —6_ 202 5
o=

When we put 7 = Zr5 into the expression for W (xz, 7) we finally end with

Wi, 7) = —— exp{—M} |

2nTOo 2021

Superimposing fundamental solutions W (x, 7) for various values of ' weighted by the payoff
function Payoff(-), and then transforming back into the original S, ¢ variables gives for the
solution V' (5,t) of the Black-Scholes equation

6—7“(T—t) o)

N o\ 2n(T —1t) Jo

When there is a dividend yield D the r in the expression above becomes r — D or

—r(T—t o]
_ e Payoff( 5/)6—[mg(svS)—(r—D—%ﬂ)(T—t)P/%Q(T—t)d_bj' .
o/ 2n(T —t) Jo S

From this point onward in these notes we will try to be consistent (in this chapter at least)
in that we will always include a dividend yield term D in all of our expressions.

_ / (12 _+)]2 2 dS/
Payoff ()¢~ 108(8"/8)=(r=30*)(T=0* /20*(T—1) 22

V(Sa t) S/ :

V(S,t) (35)

Notes on the BS Formula for a European Call

To value a European Call recall that the payoff function in that case is given by
Payoff () = max(S — E,0),

and so that when we put this expression into Equation 35, perform the required integrations,
we get

C(S,t) = SePTYN(d,) — Ee "IN (d,) (36)
_ log(S/E)+ (r— D+ 3a*)(T —t)

d = T (37)

i, = log(S/E) + (r — D — 50°)(T —t) (38)

oVl —t
= dy—oVT —t (39)

N(z) = \/%_W/_m e 3 dg. (40)

19



From the definition of N(x) we can see that
1
V2T

With these results the expression for N'(dy) is given in terms of N'(d;) by

N'(z) = e 2” and N"(z) = —zN'(z). (41)

N/(dg) _ 1 e—%dgz 1 e-%(dl—o\/ﬂfz 1 e—%dz diovVT—1 ——cr 2(T—t)

Ver o Wer V2r

_ N/(d1)6d10'\/T— 6—%(72(T—t) — N/(dl)elog(S/E)+(7«_D+%o2)(T_t) e—%UQ(T—t)

= %N’(dl)e(”‘D)(T‘“ : (42)

Notes on the BS Formula for a European Put

Since we know the analytical expression for a European call we can use Put-Call parity to
derive the analytic expression for a European put. From Put-Call parity we have that

C—P=Se PI=t _ per@=t (43)
which when we put in the known expression for C'(S,¢) and solve for P(S,t) we find

P(S,t) = Se PTY9(N(dy) —1) — Ee " TD(N(dy) — 1)
= —Se PTVN(—d)) + Ee " T-IN(—dy), (44)

where we have used the fact that

N(@d) + N(~d) =1. (45)

Notes on the BS Formula for a Binary Calls and Puts

If our payoff Payoff () is a step function at the strike £ i.e. Payoff(S) = H(S — E), where H
is the Heaviside function, then from the general expression for the evaluation of the option
price above in Equation 35 we see that

)e~lou(S'/5)~(r—D=30%) (=0 20% (1) s’

V(S,t) = / H(S
(5,1) o \/ﬁ o
- e T e—[log(s’/s) (r—D— %02)(T—t)12/202(T—t>d—5v

0’\/27T(T—t) E S

To evaluate this integral introduce an integration variable v (unrelated to the variable V' for
option price) such that

—log(5'/S) + (r— D — 30*)(T — 1)

- d
! T —1 an
dv 1 ds’

v = Lag— -
v P s

20



With this our logarithmic differential becomes %5~ = —g+/T — tdv and our integral above

S/
transforms to
—r(T—t) —00

Vo Ja,

when we recall the definition of dy. This is the formula for the value of a Binary call
option.

e

V(St) = — e Pdy = e "TIN(dy) . (46)

If our payoff Payoff(.5) is instead a step function that turns off at the strike £ i.e. Payoff(S) =
H(E — S), where H is the Heaviside function, then from the general expression for the
evaluation of the option price above in Equation 35 we see that

- as’
174 S,t _ / H E—g —[log(S’"/S)—(r— D——cr WT—1)]2/202(T—t)
(5:9) o/ 2m(T —t) Je K
—r(T— E
_ e o~ llo5(S" /)~ (r—D~Lo*) (T—t)2 202 (7—1) 15
o\/2n(T —t) Jo S’
To evaluate this integral we again introduce the integration variable v such that
—log(S"/S) + (r— D — 30%)(T —t)
oVT —1t
d 1 s’
dv = ~—ds =-——— 22
as'’ CoJT -1 5
With this our logarithmic differential becomes dSS‘,/ = —o+/T — tdv and our integral above
transforms to
€_T(T_t) d2 2 1 & 2
V(s,t) = — / eV 2dy = e [—/ e’ ﬁdv}
( ) 2T 0 V21 Ja,
(1) L Ay
= eVl - — e " dv
|i V 27 /—oo :|
= T - N(dy)). (47)

again using the definition of dy. This is the formula for the value of a Binary put option.

Notes on the derivation of Delta for some common contracts

This section of the book introduces the notation of an options delta which is denoted as the
symbol A. In this section of these notes we will derive all of the given delta expressions
presented in the book. To do this it will be helpful to have the S derivative of d; and d,.
Using Equations 37 and 38 we see that these are equal and given by

ddy  Ody 1

95 =95 — o5UT=I’ (48)
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e The expression for the delta of a European calls given by Equation 36 becomes

ad ad
_  —D(T-t) —D(T—t) p7! L o (T—t) AT 2
A = e N(dy) + Se N'(d) g — Ee N'(d2) 5

6_D(T_t)N/(d1) Ee—r(T—t)N/(dz)
oVT —t SovT —t

o/ 2m(T —t) S

when we use the expression for N'(-) given by Equation 41. Lets consider the two
terms in brackets above. From the definition of d; and dy we can replace dy with
d; — oy T —t and then expand the square in the second exponent to get

= e PTUN(d) +

A = e PTON(dy) +

_e_

|:€—D(T—t) . E r(T—t)e—%(—2od1\/ﬂ+02(T—t)):|
5 .

o/2n(T —1)
We now consider the exponent of the third term. Since the product diov/T — t equals
log(S/E) + (r + %ﬁ)(T .,

we get a third term with an exponent of
(T =t + doVT =+ —%UQ(T _
— (T — 1) +10g(S/E) + (r + %&)(T - %&(T 4
= log(S/F).

With this the expression the two terms in brackets become

o~ D(IT-t) _ B o~ D(T=1) Jog(S/E) _ ()

Thus we get for the delta of a European call
A =e PTON(4y), (49)
the expression claimed in the book.

e The expression for the delta of a European put can be given by taking the S derivative
of Equation 44 or by taking the derivative of the put-call parity relationship

C—P=Se PT=) _ perT=t)
and using the known delta for a European call. Taking the S derivative of this expres-

sion we see that

98 o5 ¢ :
o oP  9C
- _ Y —D(T—t) — —D(T—t) .

the expression claimed in the book.
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e The delta for a binary call is given by taking the S derivative of Equation 46, where

we find
0 od
A = LT TIN () = TN () 52
—r(T—t) N/
_ ¢ (da) (51)
oSvT —t
e The delta for a binary put is given by taking the S derivative of Equation 47, where
we find
o e—r(T—t) N’(dg)
A=—"(e7"TD(1 = N(dy))) = — , 52

the negative of the binary call delta.

Notes on the derivation of Gamma for some common contracts

Here the book introduces the notation of an options gamma which is denoted as the symbol
I'. In this section of these notes we will derive the given gamma expressions presented in the
book.

e To derive I' for a European call we take the S derivative of Equation 49. We find

o*C 0 od
I = —— = —_ DTt — o D(T—0) pp oay
052~ 95°¢ (di) =e (dy) 55
—D(T—t) N’
_ ¢ (dy) -
oSVT —1t
e To derive I' for a European put we take the S derivative of Equation 50. We find
82P 8 820
F = — = — —D(T-t) N —1 —
952 35(6 (N(di) —1)) 952

- ) n
- oSVT —t

the same as the I' for a European call.

e To derive I' for a binary call using Equation 51 we have

_— i (e—r(T—t)N/(d2)> B e—r(T—t)N//(dz) < 1 ) B 6—r(T—t)N/(d2)
~ 08 SovT —t - SoyT—t oSVT —t S2oT —t
—r(T—t) "
— € [ N (d2) _ N/(dQ):| .
oS2/T —t |oyT —t

But we can evaluate N”(dy) in terms of N’(ds) using Equation 41 and we get

ds ,
I'= — d VT —t| N'(d
052 T—t{ ovT —t [Z—I—U ] (d2)
B _e—r(T—t)le/(dz) (55)
B o2S%(T —t)

e—r(T—1) —r(T-t)

-
02S2(T — 1)

- 1} N'(ds) =
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e To derive I' for a binary put recall that since the delta’s for a binary put and a binary
call are the negatives of each other, the gamma for a binary put must be the negative
of the gamma of a binary call and we have

6—T(T—t)d1N/(d2)

ERP=ToT R (56)

Notes on the derivation of Theta for some common contracts

Here the book introduces the notation of an options theta which is denoted as the symbol
and defined as E In this section of these notes we will derive the given theta expressions
presented in the book. To derive these we will need the Black-Scholes equation with a
continuous dividend yield D which is given by

v o1, 5202 oV

8t 557 + (r — )S%—TV—O (57)

Thus an options theta can be obtained in terms of its value (V'), its delta (a—v), and its
gamma, ( 652) by solving for

_ov 1 i 282V ov
= —%azSzf— (r—D)SA+7rV. (58)

We now have everything we need to calculate 6 for some options.

e For a European call we have
V = Se PTON(dy) — Ee "Y' N(d,)
A = e PI-DN(4y)
e PTIN'(dy)
oSVT —t

so Equation 58 above becomes

1 —D(T—t)N/ d
0 = —50°s (6 e _( 1)) - (r—D)Se‘D(T‘“N(dl)
+ r(Se‘D(T_t)N(dl) Ee " T=ON(dy))
B oSe PT-HN'(d,)

= Wi + DSe PTUN(dy) —rEe ™ IN(dy).  (59)

e For a Furopean put we have
V =—-8Se PTON(—d)) + Ee " T N(—d,)

A =e PTD(N(dy) —1) = —e PTDN(—dy)

e PT=ON'(dy)
oSVT —t

=

)
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so Equation 58 above becomes

Y e
oSVT —t

5 ) + (r — D)Se PT=IN(—d,)

+ r(=Se PTDN(—dy) + Ee "I N(—dy))

N/
= —(;ST(dlt) — DSe‘D(T_t)N(—Ch) + T’Ee_T(T_t)N(_dz) . (60)

Since N'(z) is an even function of z we could write the N'(d;) factor in the first term
as N'(—d,) if desired. This last equation could also be obtained from put-call parity
by taking the time derivative of the put-call parity expression 43 and using the theta
for a European call.

e For a binary call using what we have derived before we have

1 oo e "TDdN'(dy) e " T N'(dy) T
_ — — _ _ D T’(T t)N
0 50 S < SIS T 1) (r )S N +re (d2)

d r—2D
_ —-r(T=) N (d —r(T=t) N’ (d 1 _ ‘ 61
" (d2) +-c (d2) 0T —t) oI —t (61)

e For a binary put using what we have derived before we have
L oo (€77 VdiN'(do) T TON (dy)
9 — = 252 ! 2 — D S 2 —T’(T—t) 1 _ N d
2 ( gy ) TS gy tre T T N @)
d r—2D

_ —r(T=0(1 = N(d>)) — e " TN (d |: 1 . :| . 62
" ( (d2)) — e (d2) 2T —1) oT —t (62)

Notes on the derivation of Speed for some common contracts

Here the book introduces the notation of an options speed which is defined as ZST‘Q. In this
section of these notes we will derive the given theta expressions presented in the book.

e For a European call taking the S derivative of Equation 53 and using Equation 48 we
get
BV 6—D(T—t) N”(dl) e—D(T—t)N’(dl)

083 0252(T —t) oS2T —t

Using Equation 41 we can write this as

83‘/ e—D(T—t)N/(d1>
3% =~ TR ) d+oVT —t| . (63)

e Since the gamma for a European put and a European call are the same, the speed of
a European put must equal the speed of a European call or Equation 63.
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e For a binary call, using Equation 56 we see that we will need to evaluate

ON'(dy) Ody N'(ds)ds
= N"(d = 4
S ()55 = osvr=t' (6
the same equation hold when ds is replaced by d;. Using this we find
03_‘/ B 6—D (T— t (d2) e_D(T_t)dldgN/(dg) 26—D(T—t)le/(d2)
083 0353( — 1)3/2 o3S3(T — t)3/2 o2S3(T —t)
—D(T—t) N/ .
_ _6 N(dg) 1 dldg _ le ' (65)
o2S3(T —t) |oT —t

e Since the gamma for a binary put is the negative of the gamma of a binary call the
speed of a binary put is the negative of a binary call or the negative of Equation 65.

Notes on the derivation of Vega for some common contracts

Here the book introduces the notation of an options vega which is defined as %—Z. In this
section of these notes we will derive the given vega expressions presented in the book.

e For a European call taking the o derivative of Equation 53 we have

= 5PN ()55 do 0o

_E—TTtN/d
o (d2) =~

From Equation 42 we change the factor N’(ds) into a factor in terms of N'(d;) to get

ov _ —D(T—t) n7/ ddy . —r(T—t) S (r—=D)(T—t) a1t Ody
9, = SN g, - Be B Nb)| 3y
ody  od
_ —D(T—t) pp/ 1 Y2
Se N'(dy) [00 00} .

From the definition of d; and dsy given by Equation 37 and 38 above we find that

%I—ﬂ—l—\/T—t and %:—@— T—1,
Oo o Oo o

so their difference is given by

d d d
Ody _0dy b= o g T4+ 0T =t = VT =1,
do Jdo
when we recall that do = di — ov/1T — t. Thus we have
g_v = Se PIDN'(d)VT —t, (66)
o

as the expression for the vega of a European call.
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e For a European put taking the o derivative of the put-call parody Equation 43 gives
oP 0C
do  do’
showing that the two contracts have the same value for vega.

e For a binary call we have

2 (e—r(T—t)N(d2)) _ e—r(T—t)N/(d2) |:—\/T— _ @]

Jo o

d
= —e "IN (dy) [\/T —t+ ﬂ : (67)
e For a binary put we have

%(e‘T(T_t)(l—N(dz)))Z "IN'(d ){v t+ } (68)

the negative of the vega for a binary call.
Notes on the derivation of Rho for some common contracts

Here the book introduces the notation of an options rho which is defined as p = %—‘7{. In this

section of these notes we will derive the given rho expressions presented in the book.

e For a Furopean call taking the r derivative of V' is given by

= ST (@) S BT = e TN () — Fe T ON () 52
r r
Since %dl = % = % so that the above simplifies to
88—‘? = (Se—D(T—t)N/(dl) . Ee_T(T_t)N,(dg))% + E(T )e—r (T— tN(d2)
= E(T —t)e "IN (dy). (69)

Where we have used Equation 42 to eliminate the first term.

e To compute the rho for a European put we can take the r derivative of the put-call
parody relationship Equation 43 to get the rho for a European put is given by

oP oC
it —r(T—t) _ . —r(T—t) .
o o E(T —te E(T —t)e (N(dy) — 1)
= —E(T—t)e"T"YIN(=d,). (70)

e For a binary call we have

g (" T IN(dy)) = —(T — t)e " T IN(dy) + e " TIN'(dy) ——
.

Ods
or

T —
= —(T — t)e_r(T_t)N(dg) + Tt6_T(T_t) N’(dg) . (71)
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e For a binary put we have

& (01— N(@)) = —(T—t)e " TD (1= N(dy)) -

VI =t oy

Notes on the sensitivity of D for some common contracts
In this section of these notes we derive the given expressions for presented in the book.

e For a Kuropean call taking the D derivative of V is given by

v _ —D(T-t) —D(T—t) p1/ dd, —r(T—t) a1/ ddy
3D S(T —t)e N(dy) + Se N(d)ﬁD Ee N(dQ)aD.
Use Equation 42 to convert N'(ds) into a term with N'(d;) as
ov _ —D(T—t) —D(T—t) n7/ adl
S od
. —r(T—t) | ¥ ar/ (7" D)(T—-t)| Y%2
ody od
_ _ $\o—D(T—1) —D(T—t) N/ oa;  oay
S(T —t)e N(dy) + Se N'(dy) [aD aD} :
Now
04 _ VT=T o od VT
oD o oD 0D o’
so%—%—Oandweget
ov
— = (T —1)Se”PTIN(dy).
5 = —(T = 1)Se (@) (73)

e To compute the derivative of a European put with respect to D we can take the D
derivative of the put-call parody relationship Equation 43 to get that

a_P _ oc . —-D(T—-t) _ . —D(T—t) . —D(T—t)
30 — 2D + (T —t)Se =—(T —1t)Se N(dy)+ (T'—t)Se
= (T —1)Se PT-UN(—dq,). (74)

e For a binary call we have

0 od
Y (L —r(T—?) _ —r(T—t) gt g2
T—t
- _ ( - ) (T t)N,(dQ) (75)
e For a binary put we have
a% (e—r(T—t)(l _ N(dg))) _V TU— te_T(T_t)N/(dz) . (76)
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Simple generalizations of the Black-Scholes world

Notes on commodities: incorporating the cost of carry

Given the Black-Scholes equation used for commodities
8V 1 2 28 V oV B

here u represents the storage costs assumed proportional to the commodities price. If we
introduce the variable F defined by F = Se"t“= (Tt where y is the convenience yield,
then we can simplify Equation 77 by performing the change of variables from (S, t) to (F,t)
defined as

S = Fe rtu=u)T=8  and t=r1,

which has an inverse transformation is given by
F = Setrtu=u{T=t)  and #=t¢t.
Using these we find the derivatives of S, and ¢ transform as

o oto OF 9 0

TR TE TR T Tt A U 2 T

r 2 2
9 _ 00 OF 0 _ iy 0 O aeruypr-n 9
oS  0S 8t dS OF oF 052 0F?

When we put these into Equation 77 and let V' = H(F,t) we get

OH oH 1 ,_, 2(rtu—y)(T _t-)a?H
o (r+u >F8F+ —g°S%e 72

nOH

Selrtu=y)(T—
+ (r+u)Se T

—rH =0,

or simplifying and writing everything in terms of (F,t) we get

OH 1, ,0°H OH
E‘I'_ Fan‘l‘ Fﬁ—F_TH O

which is the equation quoted in the book.

Notes on the time dependent Black-Scholes equation

Consider the Black-Scholes equation where the “parameters” are now time-dependent

ov 1 , 02V ov B
S+ 5o e + (1) = D()S 5 — )V =0, (78)

to simplify this equation we first transform the dependent variable V as V = e #OV to get

- — av. 1 OV , OV —
_B(t)e=B® 0 20-B(1) 0 ~BOY —
Bt)e "V +e 5 13 o(t)*S%e a2 T (r(t) — D(t))Se 33 —r(t)e "V =0.
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Multiply this equation by ¢’® and rearrange terms to get

ov 1 28‘/ ov P
o T 30O ooz 4+ (r(t) = D(£) S5z = (r(t) + B(1))V = 0. (79)

We can further simplify this by transforming the independent variables S and t as
S =5e® and T=n~(t),

under which we see that the derivative of S and ¢ transform as

o o0to 09S 0 0 0 0 — 0
2 e T . at) 2 _ 44 il
o= aar T args - Wag TN Es =3tz +alt)S s
9 _0t0 950 _ .n0 P e O
9S ~ 9Sot ' 9Sas - a5 9 ¢ 95
When we put these expressions into Equation 79 we get
ov. . oV 1 b2 0%V oV o
— — 4+ = — - D — — =
(0 g7 + 05 g + 500" 4 (r10) = DS s — (r(1) + B0V =0,
or when we group terms some
vV 1, , 20V oV -
At —o(t)?S —5 t) — D(t — —(r(t tHV =0.
V) + 0()58§2+(T() (t) + ())Sas (r(t) +B8()V =0 (80)

As we have not specified the functions a, §, or v we will do so now to make the above
equation as simple as possible. To make the coefficient of V' vanish in Equation 80 we take
B(t) so that it satisfies 5(t) = —r(t) which holds if we take

Bt) = /tTT(T)dT.

To make the coefficient of 2% 55 V vanish in Equation 80 lets pick a(t) in the same way. That is
we will define «(t) as

Mﬂz[(mﬂ—D@Mr

When we use these two definitions for a(t) and 5(t) Equation 80 then becomes
oV 1, ,20*V
t)—+ =0(t)°’S"— =0
)5+ 570

Finally we take 4(t) = —o(t)? (note the negative sign) or

we can make the time dependence of the coefficient o(¢)? cancel. With this we then get

—
v _ 528—_‘§ . (81)
ot 27 53
Then if we solve this equation for V (.S, %) the solution to the original time-dependent Equa-
tion 78 is given by reversing the transformations made above. That is given a functional
form or a numerical procedure for calculating V (.S, %) the solution to the original problem is
given by
V = e POV (Se® ~(1)).

30



Notes on pricing formula for power options

Assume we know how to value an option with a payoff given by the function Payoff(.S).
Then by a simple transformation we can easily value an option that has a payoff given by
Payoff (S*). Since we have S to the power of a this type of option is known as a power
option. To show how this is done we perform the transformation of the independent variable
given by

L=S5".
Then the chain rule gives that S derivative in terms of £ derivatives transform like
i oL o a1 0
9S ~ dSaL oL
82 a—2 8 a—1 8 8
gz ~ o= DSTgE +ast gg (ﬁ)
0 0 0
- _ a—2 Y a—1 a—1_~ .
=ala—1)S 8£+0z5 (ozS 8£) <8£)

0 02
— . a—2 Y 22(a—1) Y
ala—1)8 a£+0z5 Y
Using the fact that S = £ we get
0 o, 0? 8 2(0-1) O
_ et 9 d - - i .
g5 =L T gp wd g =ale- DL GptatT g
Then the Black-Scholes Equation 57 in terms of £ becomes
ov 1, -2 0V o 2001 O*V 1 a1 0V B
EjL —o%La ala—1)L% a£+a£ w}%—(r—D)E {aﬁ aﬁ}—T’V—O.
When we simplify this some we get
av 1 020 , O*V 1, ov
8t+ Ew—l—a (r D)—I—§U(a—1) Eﬁ—rV—O (82)

Now since we can solve the original problem with a payoff of Payoff(S) with parameter inputs
o,r, D, the solution used to value the power option, is given by simply taking S — S* and
changing the definitions of the (o, 7, D) parameters. For example, solving Equation 57 with

& 2
oc—ao, and D — —(« 1)(7’ a—1D+20)’

is equivalent to solving Equation 82.

Notes on pricing the log contract

). If we take V/(S,t) of the form
S
2 (53)

The log-contract has a payoff given by V(S,T) = log (

V(S,t) = a(t) + b(t) log

7/ N\ T
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Then the final condition of V' (S, t) when ¢ = T with the above expression for V' (S, ¢) implies
final conditions on a(t) and b(t) of a(7T) = 0 and b(T) = 1. From the above expression for
V(S,t) we find derivatives given by

v : S
v bft V. b(t)
95~ 5 MY P2 T e

Q
S~— ~—

When we put these expressions into the Black-Scholes Equation 57 we get

a+ blog (%) + 30—252 <—%) +(r—D)S <%) —r <a+blog <%)) =0,

or when we simplify some

i— (%UZ—(T—D))b—m—l—(6—rb>log(%) —0.

Equating to zero the coefficient of log (%), solving with the final condition b(7T") = 1 gives
b(t) = e T

We then find that a(t) satisfies

1 1
a—ra= (50’2—7’—|—D)b: (502—T+D)6_T(T_t).

Which is an ordinary differential equation like 311. Then in this case here we have that the
integrating factor pu(t) is given by u(t) = e~ and a(t) is

! 1 !
a(t) = Ce™ + e / e "t (502 —r+ D) e "I gy’
rt r(t—T) 1 2
=(Ce" +e 37 —r+D|t.

Then we must pick the constant C' such that a(7") =0 or

rT 1 2 1 2 —rT

Ce™ + 20 —r+D|T=0 so C=-— 37 —r+D|Te™ .
With this a(t) is given by
1 2 —r(T—t) 1 2 —r(T—t)
a(t) = — 50 —r+ D) Te + ol —r+D|te

1
= (r - D — 502) (T —t)e " T4

which is the solution given in the book.
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We can explicitly evaluate the option value when the payoff is of a log contract type. Using
the general option integration evaluation framework expressed by Equation 35 when we
consider a payoff function given by

ps) - s e () ).

the integrand vanishes unless % > 1 or S > E. This means that we need to evaluate

—r(T—t 400
v L e—[log(S’/S)+(7‘—%02)(T—t)]2/202(T_t) log <§/) d_Sl
o/ 2n(T —t) JE E) &
—r(T—t t+00
_ e ¢~ [108(S"/9)+(r=30*)(T-)]" /20(T—-1) log(S')d—Sl
oy2n(T —t) JE o
e~ T(T—t) +oo

o [log(5" /S)+(r—%<72)(T—t)]2 /202%(T—t) d_S'

10g(E)W ; I

When we split the original integrand into two parts using log (%) = log(S’) — log(E). This
second integral is the value of a binary call option, see the discussion on Page 20, and is
given by Equation 46 multiplied by — log(F) or

—log(E)e " TIN(dy). (84)
To evaluate the first integral we let

_ —log(S'/S) + (r— D — 30*)(T —t) “

oVi1l —1
log(S") = log(S)+(r—D—%a2)(T—t)—a\/T—tv and

J 1 ds
Vo= ==
oVT —t 5
Now the end points of the integral transform to v(E) = dy and v(400) = —00, so when we

change the order the the integration and negate the integrand this first integral becomes

U\/e% {a\/T——t /_: e (log(S) “(r—D-— %O—?)(T - a\/T——tv) dv]

—r(T—t)

G N Klog(s> v (r—D— %&)(T - t)) V2N (dy) — a\/ﬂ/_: ve—%zv] .

The first term above is given by

<log(5) +(r—D— 302)(T — t)) N(dy)e " T (85)

while the second term above is given by

o T — te (Tt [ V2
V2T

e Jor
= oVT —tN'(dy)e " TV (86)

_6_ 2

da oA /T . te_r(T_t) ( ﬁ)
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Then combining the two parts given by Equations 85, and 84 into one expression and then
adding the part given by Equation 84 we get that the value of our log contract, V', is given
by

V= <1og (%) +(r—D~— %&)(T - t)) N(d2)e™ ™0 + ov/T = tN'(dy)e™ "= (87)

the same expression as in the book.
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Early exercise and American options

Notes on the perpetual American put

In this section we perform the derivation of the value of a perpetual American put. The
Black-Scholes equation is given by

WV 1 5 ,0%V ov
—— 4+ =0?S*—— +1rS— — 1V =0.
A T T
If our solution depends on S only i.e V = V(S) when we put this solution into the Black-

Scholes equation we find

—0*S* —+rS— —1rV =0.
277 s T as T
This is a Euler differential equation and has solution given by V' (S) = SP for some p. Taking

the S derivative of this ansatz gives

av

i~
d*V
a5z p(p —1)S772,

which we can put into the equation above to obtain

1

50252p(p —1)SP72 4 rSpSPTt —rSP =0.
Factoring S? from the above equation we see that p must satisfy

1
502p(p— D+rp—r=0, (88)

or grouping powers of p we find that p solves

2 2
0 o
— - — —r=0.
2p +<r 2)p T

Solving for p using the quadratic equation we find that two possible values for p are given

by
“(r-g)Ee-greag)r (5-r)(+g)

"o 2(2) - o

Taking the plus sign in the above we find that one value for p is

p-i-:]-a

while if we take the minus sign we find that another value for p is



Thus the complete solution in this case is given by
V(S) = AS + BS™*

for two arbitrary constants A and B. If S — 400 then our puts value must go to zero i.e.
V(S) — 0 so we must take A = 0. If we assume that there is a maximum stock price S* at
which we will exercise our option then at S* we must have our option value equal the payoft
at that price or V(S*) = E — S*. In terms of B this means that

BS* ¥/ = F_8* so B=(E— S5/
With this we have that V(.S) for a perpetual American put is given by
g 2r /o2
V(S)=(E—-S") (5) . (89)
As argued in the book we pick S* to make the expression for V' (S) as large as possible. If we

write V(S) as V(S) = §2/7°[(E — §%)5**"/7"] so that the leading expression is not a function
of S* by setting the first derivative of this expression with respect to S* equal to zero we get

oV _ Q2r/o? *2r/o? 2r x2r/o?—1 =\ | _
85*_5 lS +U2S (E-S%] =0
When we solve for S* we get
. E
ST (90)
With this value of S* we have
o?/2r
FE-§8"=—" 1
S Tt (91)
and B is then given by
2r 1
s ((@/20)E gt 2B\
- \1+02/2r) (1+02/2r)2/%  2r 1+‘2’—i '
With this value of B we find that the value V(S) given by
2 ‘%—H 2
el E —= *
VS)={ o <@) 5 5>50 (92)

E-S S < S

where S* is given by Equation 90. This function is plotted in Figure 1. The book then

_2r
argues that at the point S = S* the slope of the function (E —S*) (&) <7 is tangent to the
payoff function £ — S. To show that we consider the difference of these two functions

2r

p-(E-5)(5) " -E-s),
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Figure 1: A plot of V(S) given by Equation 92 for a perpetual American put for £ = 1 and
2

2 = (.666.

2r
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and take the S derivative of this expression evaluated at S = S*. We find
o0 _E-5"
2s S
If we let S = S* we get

2r

(E — 575" <—%S—:f—1) +1.

or
2r

o2
Since E — S§* is given by Equation 91 this becomes

(E—S89)S"+1.

E 1+02/2r
1+o2/2r E

+1=0,
as claimed.

The book then argues that if we consider cases where the power function above meets the
payoff function £ — .S at a point where it is not tangent an arbitrage opportunity results. In
the book’s case (b), since V' (S) < max(E — S,0) we can create an arbitrage opportunity by
buying the option for —V(S) and immediately exercise the option to get a profit of £ — S.
The total profit of this strategy would then be

—V(S)+E—-S>0,

and we have a guaranteed profit in this case.

The perpetual American put (with a continuous dividend yield)

The solution to the dividend modified Black-Scholes equation in this case is given by
V(S) = AS®" + BS* | (93)

where a~ < 0 < a™. Then since again as S — +o0o0 we expect that the put value V(S) — 0,

which means that A = 0 and we have V(S5) = BS® . To match the payoff at some value S*

means that E_ g
BS* =FE-S* or B= S*_‘r .

(94)
With this expression we get that V/(.S) is given by

V(S) = (E — 8% (Sﬁ)a

As before we look for the value of S* that makes this expression a maximum. Writing V' (.5)
as V(S) =S (E—S*)S*™ | to find the value of S* that makes this expression a maximum
we need solve

ov
a5

sa [—S*—a’ —a(BE— S*)S*—a’—l] ~0.
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Multiply by S** ™' and solve for S* to get
Ea~ E

S e T T1-1ja

(95)

With the above expression for $* we have that £ — 5™ is given by
1/a~
E-S"=—-FE(——— | .
(1 - 1/a—)

Using this we can compute B as

1—a™
p-_t (£
a- \1-1/a~

Thus we finally get that V' (.S) is given by

1—a™
1 E a” E
V() ={ "a (m) S%  when S> -

E—-S when S < —E

1-1/a~

for the valuation of a perpetual American put with dividends.

Notes on the perpetual American call

For a perpetual American call we must have V' — 0 as S — 0 so the coefficient of B in
Equation 93 must be zero, to give V(S5) = ASe" . Fitting our function V to the payoff at S*
gives

S*—F

g

AT — S F = A=

Y

and the functional form for V'(S) then looks like

V() = (S;*;E ) 5" = (5"~ B) <S§)

To find the explicit value of S* we choose it to make V'(S) as large as possible. We write V'
as V(9) = 7 (S* — E)S*~*", then to maximize V we take the S* derivative of V, set the
result equal to zero, and solve for §*. This equation is then

at

av - a+ *—O!+ + * *—oﬁ—l _
o =S [5 at(S* — E)S }_o.
If we divide by $*~* ! we get S* + a™(S* — E) = 0 or
—Fa™ 1 1/at
Y= =F d S“—-F=F—n—.
S T - and S T~ 1/a" (96)

Then we have for A

Ao p Ut (<1—1/a+>°“*> 1 (L) (o7)

1—1/a* Eot at \1-1/a*
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Probability Density Functions and First Exit Times

We begin with the assumption that our random variable y evolves according to
dy = Ay, t)dt + B(y,t)dX . (98)

From which we can evaluate the expectation and the variance of this process over the time
interval dt. We have that E[dy] = A(y,t)dt and

Eldy®] = E[A%(y, t)dt* + 2A(y, t)B(y, t)dtdX + B*(y,t)dX?.
Then using the rule-of-thumb that E[dX] ~ dt'/? in terms of dt the above becomes
Eldy?] = A%(y, t)dt* + 2A(y, t) B(y, t)dt>? + B*(y, t)dt .
From this we can compute the variance of y as

Var[dy] = E[dy®] — E[dy]*
2A(y, t)Bly, t)dt** + B*(y, t)dt = B(y, t)dt,

to leading order.

Notes on the trinomial random walk

We now discuss how we can pick ¢*(y,t) and ¢~ (y,t) such that we match the mean and
variance between the discrete model and the continuous processes over a small time step ot.
The mean change of dy

¢y +(1=9¢" —¢ )0+ ¢ (—dy) = (¢ — ¢7)dy.
The mean change in 5y? is
¢Toy* + (1= 0" —¢7)0* + 070y = (67 — 67)dy?
Since Var[sy] = E[5y%] — E[6y]? we get
Var[dy] = (¢7+¢7)oy* — (¢F — ¢7)%0y”
(0" +¢ — (9" —07))oy*.

From the mean and variance of the process dy computed above, when we match the mean
and variance we get two conditions

(67 —¢7)dy = A(y,t)dt (99)
(0" + 6™ = (97 —¢7)*)oy” = B*(y, t)dt (100)
Putting Equation 99 into Equation 100 gives
+ - , 0t 2 2
T+ —AT— | 0y” = B0t
0y
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or

(6T + ¢7)oy? = Bt + A%5t* ~ B0t (101)
when we drop the A%26¢® term. Adding Equations 99 to 101 we get
ot ot 1 ot
=A—+B*— T = B? + Ady) . 102
207 = AT+ B o 0F = (B 4 Ady) (102)
Next using Equation 99 to solve for ¢~ in terms of ¢ we have
ot ot ot
T = ¢t —A—=—(—=)(B*+ Ady) — A—
¢ ¢ 5y 2 5y2) (B® + Ady) 5
1/ ot 9

Notes on the forward equation

In this derivation, the point (y,t) is the starting location and (y,t') is the ending location.
We have the discrete density update equation

p(y,t;y' 1) = o~ (y + oy, t' — ot)p(y, sy + dy,t' — ot)
+(1—¢ (', t'—ot)— ot (Y, t' —6t))p(y, t; ¢, t' — 6t)
+ ¢ (y — oy, t' = ot)p(y, t;y — oy, t' — dt). (104)
The Taylor series we need to expand this are
L , _ o, Op Op 19%p
p(y, t;y + oy, t 5t)—p(y,t,y,t)+ay,5 %5154-58 50y° +
0

Py, Yt —ot) = ply, t;y', 1) — 855t+---

o, , B o dp op 1 0%p
ply, Yy — oy, t' —ot) = ply, t;y', ') — o ,5 8t,5t+28 S0y” +
., , e ¢~ ¢~ 10%¢p
o~ (y + oy, t' —ot) = ¢~ (y,t') + 8/53/ B 6t+2a ,25y +

¢+ a¢+ 82¢+
+.0 I — AT _ _
¢ (Y —dy,t' = dt) =" (v, 1) + 8y,5y 5 5t+2a 5 0y° +
— / ! — ! ! a -
6 ) = (1)~ Tt
+
Ot (Yt —ot) =T (Y, t) — agi, Ot + -+

We put these expressions into the right-hand-side of Equation 104 in the MATHEMAT-
ICA file forward equation derivation.nb and use dy ~ 5t we get (using p to denote
p(y,t;y', ') we have

- +
p=p+ 19)0) p_aCb ap¢_ p¢+ 5tl/2
oy’ oy’ oy’
op  Opdp~  Op 0¢+ (02¢‘ ¢t _ L0 )] 3/2
S - 5t + O(6t%
+[ 0t’+0y oy’ 8y oy’ + 8y’2p+ 8y’2p+¢ ’2+¢ oy’ + O )
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or

- [200) 2]

oy’ oy’
op  Op 0 1( &
+{ Jﬂr@pa (07 +07) + (8,2(¢‘+¢+) (6~ +¢+) )]5t+0(6t3/2)
0
= 5y (&7 =97 ot
op  1( O op 0
+[—a—f,+ <a Pl +¢+)+2—p—(¢ T+ 5, ,2(¢ +¢+))]6t+0(6t3/2).

From Equations 102 and 103 evaluated at (y/,t') we have that

5t 5t ,
¢ — ot = _FA< "oy = —5—14( t) = —5t"P Ay, 1),

and 5t
¢~ +¢" = =B, 1) =By 1),
y
so the above becomes

. op 1 8232 op OB*>  &p _, 3/2
0= gy pa0i+ {_@jﬁ( oy” oy oy T oy?” )} O,

Then to leading order for p we get

op __OopAly. )  19°pB(Y, 1)

o oy’ 2 oy'? ’ (105)

which is the forward Kolmogorov or Fokker-Planck equation.

Notes on expected first exit times

If the function u(y,t) is the expected first exit time then u must satisfy the differential
equation

ou 1 , 0% ou

— B A

a5 F 3B’ ot (v, )5~ o
For the logarithmic asset y = S and since dS = puSdt +0SdX we have A = puS and B = 0.5,
then Equation 107 we must solve is given by

= 1. (106)

1, ,d*u du
igst +uSdS -1, (107)

with boundary conditions u(Sy) = u(S1) = 0. Writing this as

)
d (@) a2
S\ dsS 02SdS 0282’
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g—g. We first find an

we can use the results from the appendix on Page 154, to solve for
integrating factor given by
21 dS’
exp /_,u_ = exp <log (S%>> — S = S~
o2 S’
Where we have defined k as k = (27—‘2‘ With this we have that j—g given by

du 1 w2 ,
=g | [5 (~aga) a5+ ]

Y < et | —K
oS HOST

Integrating this expression once more to get u(S) we find

2 Si=r
u(S) = mlog(S) + 1

C+D. (108)
—K

We now need to pick C' and D to match the boundary conditions u(Sy) = u(S;) = 0. This

means we need to solve

s

0. (109)
2 Si" B

(110)
If we take the negative of the first equation and add this to the second equation we find that
C'is given by

_ _3 10g(51/50)
o2 Sll—/i _ Sé—/i :
When we put this into Equation 109 and then solve for D we get
2 Sy "
D =————1log(S5 0

log(S1/50) -
o2(1—k)S{F —S5" 08(51/5)
Then with C' and D specified we find u(S) given by

u(S) = 20 =r) (log(S/So) + _Si_;n_+5§2;n log(Sl/So))
— 1—2p/02
%(721_ - (log(S/So) _ 11_ ((51//?;90))1_2“/02 log(Sl/So)> _

(111)

Notes on expectations and Black-Scholes

Recall the backwards Kolmogorov equation for the random variable y that satisfies the
stochastic differential equation dy = A(y, t)dt + B(y,t)dX or

op 1_, 9p op
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When the variable y is the stock price S and satisfies geometric Brownian motion with
dS = pSdt + 0SdX we have A = S and B = ¢S so that the the backwards Kolmogorov
equation in this case becomes

1
— +-0*S* -+ puS—==0. (113)

If we have a payoff at t = T depending on the final value of S given by F(S), then we can
calculate the expected payoff by solving the backwards Kolmogorov equation with a final
condition given by this payoff. Call this function pg(S,t), so that pr(S,T) = F(S5). Consider
the discounted value of pg(S,t) or

e pp(S,t).

If we call this function V (S, t) then pp(S,t) = e"T=DV (S, t) and derivative of pr in terms of
V' become

2 2
Opr _ 6r(T—t)a_V and 0°pr _ 6r(T—t)a 14

95 oS 052 082
Opr _ —r(T—t) rr—t) OV
W = re V + e E .

When we put this into the backwards Kolmogorov equation we get
T(T—t)av_l_l 25«2 thaV v

_ o (T=1) ' 4z
re V+e BT 20 052_‘—”585 0,
o O 1V OV
2 2_ _ —
815 5852+M585 rV =0.

This is just like the Black-Scholes equatlon when the coefficient of g—‘é is 79 rather than u.S.

Notes on a common misconception of a call options delta

In this section we consider how to compute the probability that a stock will be above the
strike £ at the time 7" given that at an earlier time ¢ it has value S. To solve this problem
we will need to solve the forward Kolmogorov equation with initial conditions given by a
delta function. This solution to this differential equation is quoted in the book and is given
by

1  (log(8/5")+(n—%0%)(t' —1))?
p(S,t; 8 t) = e 202(¢/—t) ) (114)
2n(t' —t)

To evaluate the total probability that the stock ends above F at the time ¢ = T is given by

00 1 (log(S/8") +(u=Fo*) (T 1)
//:Ep(s,t; S, T)dS" = W //:E o 202(T-1) as’.
To integrate this let
_ log(S/8) + (=T —1)
oVT —t
dv = —i;dsl,

S'oJT —t
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and we get

log(S/E)+(u—402)(T—1)

% L ] E — Loy —
1 T o dU:N<og(S/ )+ (1= 50°)( t))'
oV —t

V2T J_so

The book defines the expression in the argument to N(-) as d;. This differs from d; given
by Equation 37 in two ways. One way is that the r in the coefficient of T" — ¢t in d; is
replaced with a p in the above expression. A second way is that the sign of %a2 in the above
expression is negative where in the expression for d; it is positive.
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Multi-asset options

Notes on exchange options

The payoff of the exchange option considered can be written

=m&mm@—@ﬂ),
q1

with & = g—; Thus in terms of the function H defined with V(Sy,55,t) = ¢1.52H (&, t) we
have our final condition given by

H(E,T) = max (g - @,o) .
q1

If we now consider the derivatives of V with respect to S; and S, in terms of the new
variable £. Recalling that the definition of the partial derivative of a function with respect
to S; means that we keep the other variables (like Sy and ¢) constant we find that

9 _9%9 _10
89S, 05,06 S, 0¢
o 00 S0 £ 9

95, 05,06 SBOE " S,0¢ (116)

O 0 (1ON_ 109 (ON_10 /(0 _1& (117)
952 95, \S0¢) ~ S,05, \oc) ~ S0 \og) ~ S2oe2
2 9 [ S0 o (10
= re (—m e | = —Siza | ag7s
95,2 05, \ SZo¢ S, \ 52 o¢

s [ 20 L0 ()] g [ 20 L(LEa)]
T SBac T s2as, \oc)| T T sBac T s\ 5,06

_ X0 &0
T 20 T SZoez

® 0 ( coy_ 10 (0
05,05, 05 S, 06)  S,08, \"O¢
1 0 0 1[0 0?
- sz (¢3¢) =~ [oe 5| )
These give the formulas for the transformation of the S; and Sy derivatives into derivatives

with respect to £. In the Black-Scholes equation we have S; and S, derivatives of the function
V' which we need to convert into derivatives of the function H. We find given how V and H

(115)

(118)
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are related and the above relationships that

ov oOH Sy OH oOH

DA g2 — g == 12
o5, ~ Mg T g e T Mg (120)
0?V 0 oOH @ 0?H
= 121
5 = a5 (n5) = § 7 12y
oV 0 oOH
- it - il 122
S = () = ql{ +5285} -5 (122)
BV 0 (g )] £ [0 on
95,2~ 95, o€ s, [og T e Yo
@& P H
S 12
S, g (123)
0*V o [oV 0
_ .2 (g_oH 124
95,05, _ 08, (852) 53, ( 2 ¢ ) (124)
2 2
_ o (0H _OH | OHN\ _ afoH (125)
So \ 0§ 0§ 0g? Sy €2
It is these derivatives we put into the two dimensional Black-Scholes equation
8V 17, , OV 0?V o PV
ot { 18155 +200pubiSpene + 03550
oV ov
(T_D1>518—51+( D2)528—52—7’V O
to get
5H 1 o PH @§0PH 1 @& 0P H
@S2 5% T3 %5125 e — 01020125152 S, 0¢ + U S S, oe2
OH
+aqi(r— D1)S1— - o€ + qi(r — D2)Ss [H § f] —rq15:H =
If we divide by ¢;.5; and simplify some we get
OH 1 O?H 0OH
8t + = ( 20’10'2p12+0'§>£2 052 +(D2—D1>£a—€—D2H:O

If we define the coefficient in front of 52 e as %a then the above equation is exactly the

Black-Scholes equation with simple a parameter change
r—Dy, D-—Dy, o-—0, and Eo 2
q1
Then we know the solution for H(&,t) and it is given by Equation 36 or
H(g 1) = &P TON(dy) — ZeP TN (dy),
q1
with d] and d, given by

log (251) + (D = Dy + 30™)(T — 1)

o'\ T —t
&y =d, —o'\T —1,

dy =
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Then with this expression for H(,t) we have that V' is given by

V(S1,82,t) = 152 H (&, 1)
= 91516_D1(T_t)N(d,1) — 92526_D2(T_t)N(d,2) ;

Now using Equation 120 and Equation 122 the hedged portfolio II for this option is given by

0H OH
=V —=AS —AySy = 1SoH — 1S e (C_IlH fa€>52_0

Notes on quantos

We can consider the differential of the product SySs using the multidimensional version of
Ito’s lemma. We have d(SySs) given by

0 1 0? 0? 0?
(at(SNS$) 5 |:UNSN85N (SnSs) + 20n05 ,05N5$85N05$ (SnSs) + Ugsgw(sm%)}) dt
0 0
+ D5x (SNS$)dSN + g(SNSé)dSé

= onog pSNSsdt + SgdSy + SndSs ,

which is the expression used in the book for the change in the value of the quanto’s portfolio.
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How to Delta Hedge

Warning: In this chapter I attempted to duplicate several of the results stated in the
chapter. In a couple of places I found results that differed from what the book presented. I
checked my algebra several times and couldn’t find any mistakes. These differences maybe
due to typos or errors in my algebra. If anyone gets a different results from the book or
these notes (or the same) please contact me.

Notes on what if actual and implied volatility are different

Consider an at the money (ATM) straddle or a portfolio that is long one call option and one
long one put option with the same strike and time till expiration so V = C + P. If we are
close to expiration then from the two expressions given in the book earlier

C ~0.45e PTVay/T — ¢
P~ 0.4Se PTNeT —¢.
So if we add these two contracts

V=C+P~08Se PT V5T —+t.

™

Since \/E ~ 0.8 when D = 0 this is the result considered in the book. If the true volatility o

is larger than the implied volatility ¢ then the profit from this straddle will be proportional
to the difference between ¢ and ¢ or

PnL ~ 08S(c —6)VT —t,

when D = 0.

Notes on hedging with actual volatility o

In this section we further document and provide more extensive derivations of many of the
results in the book. We start with the portfolio before the time step dt which in net is given
by

Vi—A*S + (=V' '+ A*S) =0. (126)

Then after a discrete amount of time, each “term” representing the option, the stock position,
and any left over cash, in the above expression changes according to

Vit dV' + (—A%(S +dS)) + [(=V' + A*S)(1 + rdt) — A*DSdt] .
When we recall Equation 126 the above becomes

Pl q = dV' — A%dS + (=V' + A*S)rdt — A*DSdt (127)
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which is the expression in the book. If the option had been priced with the actual volatility
o then there must be no profit (or loss) from this transaction and the expression above will
be zero. This is expressed by replacing “i” with “a” in the above to get

AV — A%dS —r(V* — A*S)dt — A*DSdt = 0.
We can subtract this last expression (which has value zero) from the previous one to get
AV —dVe +r(=Vidt) +rVedt = dV' — dV® — (VI = V*)dt = e"d(e (VI = V).

This is the profit we obtain over the time ¢ to ¢ + dt.

The total profit is the integral of the infinitesimal profit e"d(e="*(V* — V%)) or

T
6”0/ d(e—rt(vi o Va)) — erto [6—rt(vi _ Va)}z;
to

— o [e—rT(Vi(T) . Va(T)) _ oo (Vl(to) — Va(to))]
= —(Vi(to) = V(o)) = V* = V",

which shows that there is a guaranteed profit for this strategy. We can also consider the one

time step mark-to-market profit and loss in Equation 127 using Ito’s lemma. For the term
dV? we have

dV' = 0'dt + A'dS + %azS2Fidt,

to get

PnLy g = 0'dt + A'dS + %UzSzfidt — A"dS —r(V' — A“S)dt — A*DSdt .
Since our stock price changes according to dS = puSdt + 0SdX the above becomes

O'dt + (A" — A" pSdt + %J2Szfidt + 0SdX (A" — A") —r(V' — A*S)dt — A*DSdt .
Recall the Black-Scholes equation
V, + %(7252‘/53 +(r—D)SVg—rV =0,

with ¢ — ¢ and written in terms of “the greeks” of

. 1 . ) )
0 = —§~252r’ — (r — D)SA" +rV". (128)

Using this we can replace ¢ in the expression for PnL;¢yq above to get
1 . . .
PnL, a0 = 5(02 — 5%) S dt + (A" — A" pSdt + (A" — AY)oSdX
+ A% Sdt — A*DSdt — rSAUdt + DSAdt
1 . . .
= 5(02 — 62)52F’dt + (A" = AY)pSdt + (A" — A*)oSdX
— (Ai — A")rSdt + (Ai — AY)SDdt

1 | |
= 5(0? = 8)S°Tdt + (A" = A) (1 = 7+ D)Sdt + 05dX] .
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Notes on hedging with implied volatility o
When we hedge with implied Volatility ¢ the total portfolio initially is the same as given by
Equation 127 but with A* — A® or
PnL; ;g = dV' — A'dS —r(V' — A'S)dt — A'DSdt .

We again use Ito’s lemma to replace dV* with an expression in terms of ©%, A%, I to get

PnL; s g = 0'dt + %UQSQFidt + A'dS — A'dS —r(V' — A'S)dt — A"DSdt ,
or grouping terms

PnlL; g = 0'dt + %U2S2Fidt — (V' = A'S)dt — A'DSdt .

Now use Black-Scholes with ¢ — ¢ or Equation 128 we get

—%&QSQFZdt —(r—=D)SA" + V' + %UQSZFidt — (V' = A'S)dt — A"DSdt,

which simplifies to

1 )
PnLt,t—l—dt = 5(0'2 - 52)52F1dt . (129)

T’(t—to

The present value of this profit is e~ ) multiplied by the above, so the total profit is

T 1 . 1 T .
/ e—"<t—t0>§(a2 — 6% Sidt = 5(0—2 — &%) / e "(t=10) 21y

to to

As explained in the book if you hedge with a volatility o; then it can be shown that the
principal value of the profit is given by

1 T
V(S t;04) — V(S,t;6) + 5(02 ) / e m(t=t0) G2kt (130)
to

It would seem to be a good idea to hedge with a volatility ¢; that maximized this expression.

The expected profit after hedging using implied volatility

For the differential equation

oP 1 , ,0°P oP 1
o T2 g trgg T

0P
(0% — 52)64940)5%2W =0, (131)

with the final condition P(S,I,T) = I when we consider a solution of the form

P(S,I,t) =1+ H(S,1),
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we have derivatives of P in terms of H given by
or oM op_oH P _oH op
oo ot 0SS 0S8’ 0Sr 0527 0l
So that the differential equation for H satisfies

OH 1 , ,0°H OH 1
E R SR T

First consider the source term 1 (0% —5%)e~"("=") ST recall that when we hedge with implied

volatility &, the expression for I is given by Equation 53 (with D = 0) or
. 0V N'(dy)

(0% — 2)e ") S = (132)

FZ 082 ST —t’
and using the facts
N'(dy) = L ezt
V21
g, — log(S/E) + (r — 16*)(T — t)

ovVT —t
di=dy+ovVT —t,
we first have that

N'(dy) = 1 e 3(d2+aVT=1)? _ Le—%(d§+2&\/T_—tdz+&2(T—t)) _ Le—a/T—tdQe—%&?(T_t)

V2r V2r V2r

Now from the definition of dy we see that

1.2
_§d2'

e

VT —Tdy = —log(S/E) — (r %62)(T — ),

and thus
N'(dy) = —— ex {—10 (S/E) — (r — ~63)(T — 1) — 2627 — t)} e~
1 on p g 5 9
- —\/127 exp {~ log(/B) = (T — )} e 4% = ——— 5% o0 b

With this the source term becomes

5(0.2 _ 6_2)6—T’(t—t0)52ri —

3(0° —g%)er)g ( L e—r(T—t)e—;d%)
oVl —t SV 2
2 ~2
E(O' — 0 ) e—T’(T—to)e—%d% (133)

T 2520 (T — ) ’

the same expression quoted in the book. We now perform the change of variables from (.9, t)
to (z,7) where x and 7 are defined by

r=1In (%) + %(,u — 302)7 =In <%) + (pu— %az)(T —t) (134)
= “;(T —1). (135)
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Note that this is different than what the text of the chapter says but matches what the
appendix to this chapter states. In this case we have that our ¢ and S derivatives transform
as

0 0rd 9ro 1,\ 9 o290
a—m—ﬁaa——(ﬂ—ia)

8 dxrd 9rd 10

95 050z 9507  Sow
0_2:£<13):_Lﬁ+i<3):_ié+ié‘_2
052 0S5 \Sox S20x 0SS \ Oz S20x  S?20x2

With this transformation of the independent variables we find that the operator given in
Equation 132 or

o 1., B
ot 27 % gg THYhg
becomes
o 1, ) L\O 0 1,0 1,8 0
ot T 37 % g TG T <“ 27 )or 2or 2% o 2% o Han
o? 0 0?
—7(%*@)’ (136)

as claimed in the appendix. If we perform this change of variables in Equation 132, when
we define the change of coordinate function as h(z,7) = H(S,t) we get

1 h 2h 1 .
_0.2 (_8_ + 8_) + 5(0.2 o 5’2)6_T(t_t0)52FZ =0.

2 or  0x?
Solving for We get
oh  0*h o2 =%\ ;
5 oz T ( g )e (t=to) G210 (137)

Note that the book calls the function H(S,t) above as the function F'(S,t) and calls h(z, 7)
as the function w(x 7) in the appendix. In this last expression we want to use Equation 133

with /T V2T e get

ah azh E(U2 - 52) —T(T—t()) _ld2
or 02 * ( 260+\/TT ) ‘ ‘ ' (138)

Warning: I get a factor of 2 in the denominator of the forcing term in Equation 138 that
the book does not have. I have checked this algebra several times and can’t seem to find
any errors. If anyone sees anything wrong with my derivation please let me know (or if it is
correct). When we express dy in terms of the variables z and 7 we find

log(S/E) + (r — 56°)(T — 1)
\/r
(m - p(,u — 30 )T + 3 ( §U2>T> _ dg(l’, 7-) . (139)

dy =




If we denote the forcing function in Equation 138 by f(x,7) then recalling that the solution

2 e e .
hz,7) to % = 2L + f(x,7) that is initially zero when 7 = 0 and has zero at plus and minus
infinity in x is given by

zcv)z
h( A= dr'da’ 140
(z,7) 2\/_/ / 7__7_6 T'dx (140)

Using this, when we put in what we know the expression for f(z, 7) is we get for the solution
to Equation 138 is

h(z’T):<2\1/7_r) E(o? ;UUU\/(T m/ /fﬁ (2,72, )dr'de’, (141)

where

(z—2/)> o2 2 1, 2 1, )\’
K(z,7,2',7") = exp {— - v — —(p— 50 )T+ ﬁ(r— 50 )7 :

ATt —1') 4o o

To evaluate the integral in Equation 141 above needed to evaluate h(x, 7) we want to expand
the argument of the exponential in K(x,7,2',7’) to get a quadratic polynomial in z’. We
then take this polynomial and complete the square to write it in the form —a(2’ + b)? + ¢
where a, b, and ¢ can possibly be functions of the variables ¢ and 7/. We do this algebra in
the Mathematica file expectation_single_stock.nb. In that script we find that the value
of a and ¢ are given by

1 o?
N _ 142
a(r,7') A(r—7) " 4527 (142)
o%(x — m(7'))?
N = — ith 14
c(x, 7,7 1020 —77) 1 5% wi (143)
/ 2 1 / 2 1 ~ /
m(r') = p(ﬂ - 50'2)7 - ﬁ(r - 502)7 : (144)

The value of b is computed in the Mathematica workbook but is not needed since it plays
no roll in the final expression for h(x, 7). With some simplifications these expressions agree
with the ones in the book. When we put this factorization into Equation 141 and exchange
the order of the 7/ and 2’ integration we get

2\1/%> E(0? gja\/:rT o) / \/_\/TT/ ol

= (55) e | Jrgeme ([ o) ar

/ e~ " dy! = \/z, (145)
_Oo a

we have that the above is given by

1 E e r(T=to) 7 1 1
ha,7) = NG ("~ 5%)e / exp() o (146)
ago 0

h(z,7) = < a(x’ +b)? + ¢)da'dr’

Since
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Note that both a and ¢ are functions of 7/ and cannot be taken out of the integral. We now
make the change of variable from 7' to s where s is defined in terms of 7’ as

o /
s=1-+ ;7’ .
We also replace all 7’s and x’s with their equivalent expressions in terms of ¢ and S using

Equations 134 and 135. To do this we need to transform several pieces in the above integral
namely

7= 72(3 — 1)
T—7 = %(T —3)
1 5’2(3_t)+0.2(T_S)
a 20252 ( (s —t)(T — s) )
(B 4 (3T — )+ (r — 36°) (s — D)
2(02(T — s) 4+ 62(s — t))
(1 —7)a= o (62(s — 1) + 0*(T — 5)) .

82
With all of these expressions in terms of S and ¢ we finally find that H(S,t) is given by
E(o? — g%)e It (T 1

02\/21 ¢ \/02(s—t)+ 02T —s)

[ (£) + (= 302)(T =)+ (r — 152 (s — 1)]”
X exp (— 22T — ) 1 5% — 1) ) ds. (147)

H(S,1) =

This can be evaluated at a particular time tq and stock price Sy as desired. Warning;:
This result is different from the one presented in the text. One difference is that I have a
Uiz in front of everything. Another difference is the factor of 2 (from before). The largest
difference, however, is that the coefficients of T'— s and s — ¢ in the square root and in the
denominator of the fraction in the exponent are exchanged. I've checked this result several
times and have not found anything wrong with it. If anyone sees anything wrong with this

(or agrees with it) please contact me.

The variance of profit after hedging using implied volatility

To evaluate the wariance of the profit when we hedge with implied volatility we need to
calculate the solution to Equation 131 with the final condition now given by P(S,I,T) = I*.
To solve this we consider a solution of the form

V(S t,I)=1*+2IH(S,t) + G(S,t),
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then we have the following derivatives

OV 0H G
o ot ot

OV, 0H G
oS T oS oS
0V oPH 0°G

o5~ o5 t o
av
=l

When we put these into Equation 131 we get

8H 1 2 282H 8H 1 2 ~9 —’r‘(t—to) 21

21 {81& 5852 SaS (U 7°)e ST
oG 1 2 282G O0G 1, o o0 i—to)c2pipr| _
{81& 5852 SaS (a a°)e S I"H| =0.

If we equate the coefficients of powers of I to zero we get the two differential equations
presented in the book for H(S,t) and G(S,t). Earlier in this section we have shown how to
solve the H equation and thus we know its explicit solution given by Equation 147. To solve
the equation for G we will perform the same change of variables as in Equations 134 and 135.
We will represent G(S,t) in the (x,7) coordinates as the function g(x, 7). Performing the
desired change of variables we find the equation for g(x, 7) given by

o? dg g I, —r(t—to) Q270 _
7( &+ﬂﬁ)+(a—a) S*Tih(z,7) = 0,

where the function h(z,7) given by Equation 146. Note that the book calls g(z,7) above
w(z, 7). Using the same transformations that lead to Equation 138, plus the expression for
h(z,T) given by Equation 146 we get

dg Py E(0* - 357 o (T—t0) o~ hda(z.7)?
200\/TT

or  0a?
1 (E(0®—g%e T exp(c(z, 7,7'))
% 44/ ( oo )/ \/_\/7'—7‘ Va(r, ) i

When we simplify the coefficient of the integral, the equation we need to solve for g(z,7) is
@ _ H%g <E2(0.2 _ 5.2)26—2r(T—t0)) e—3d2(@7)? T q 1 exp(c(z, T, 7_/))d /
or  Ox? VT o VT'VT—=1  \Ja(r,T)
Note that with the above notation we are very explicit in what variables the functions ds,
a, and ¢ depend on. For example, we write dy(z,7) to indicate that ds is a function of z
and 7. This will help when we need to treat the integral above as a forcing term and need
to integrate over its independent variables. To do that we will need to replace x with 2/, 7

with 7/, and 7" with 7”. Using the known solution to this type of partial differential equation
given by 140 we get for g(x, 7) the following

E2(02 — 52 26—27‘(T—t0)
gz, 1) = ( ( i )

1673/25202

1 2 ’
00 T 1 —sda(a',7") T 1 1 T} (m— x/
x/ / v : 2,/‘ exp(c(:z,f,f))dT” e 1 dr'dy’
o Jo T — 7! ! 0 /11 \/7-/ ! \/CL(T,, 7_//)
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The integral in the above expression is the following triple integral

[ / NN e V()

"2
X exp {—%dg(l’,,T/)2 _ %(3; _f_,) + C(ZL’I,T/,T”)} dT”dT’d{L’,.

Again we perform the 2’ integration by completing the square of the argument of the exponent
with respect to the variable z/. Given what we know about the functional form of dy(2’, 7’)
and c(z’, 7', 7") via Equations 139 and 143 we can write the argument of the exponential as
—d(2'+ f)?+g where d, f, and g are potential functions of 7, 7/, and 7. In the Mathematica
file variance_single _stock.nb we find

o? 1 o?

2 + AT — 1) * A(o2(7 — 1" + 527"’

d(r, 7, 7"

(148)

and the function g(x,7,7’,7") is given in the Mathematica file. This last expression for d
agrees with the one from the book. Also in that same Mathematica file I verified that the
expression for g derived there agrees with the one given in the book. Once we have these
expressions for d and g determined, performing the 2’ integral by recalling Equation 145 we
get

E2(O.2 _ 5.2)26—27“(T—t0)
g(z,7) = 3/252,2
16m3/262%0

o Jo \/F\/ﬁ\/T—T’\/T’—T”\/W d(r,7,7") '

To simplify this we transform the variable 7 in the inner most integral to the variable u
defined as

2
™ = %(T—u).

In that case the differential transforms as d7”’ = —%du and the point 77 = 0 becomes u =T
and the point 7”7 = 7’ becomes the point u = T — 0—227" and the double integral above becomes

“_ﬁ/ /T exp (3 (2.7 5 (T - w))) dudr’ .
V2o Jre e ST =TT T = ST = o (7 5T = w) d (7,7, ST~ w)

We now change the integrand from 7’ to the variable s defined as

In that case the differential transforms as dr’ = —%ds and the point 7/ = 0 becomes s =T
and the point 7/ = 7 becomes the point s = T — 02—27. With this change of variable the
leading coefficient and the limits of the integrals become

T T
U—g/—jﬂ/s O duds ,
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while the integrand, [J, becomes

exp (g (LL’,T, ”—;(T — ), ”—;(T — u)))

VT —sVT —uyJ7— 2(T — s)va =5\ Ja (2T — ). (T —u) d (r. 2T — 5), 2T —u))

We now want to convert the solution g(x,7) found above above into the variables (.5,¢) or
G(S,t). To this end we again use Equations 134 and 135 and find

G(5,t) = (EW ;;2;23;””‘“’)
« /tT /STeXp (g (m (%) +(— %&)(T 9, %2(T 1), %2(T _ ), %2(T _ u)))
8 \/T—s\/T—zlL\/s—t\/u—s
x L . (149)

Va (BT =), 2T —u) d(Z(T 1), % (T ~ ), 5(T — )

In this expression the function g(x,7,7’,7"”) is given in the Mathematica file, the function
a(t’,7") is given by Equation 142 and d(r,7’,7") is given by Equation 148.

Warning: This result is similar in form but somewhat different than the result the book has.

I have not had time to compare the two versions and see if there are differences. If anyone
sees anything wrong with what I have done above (or think it is correct) please contact me.

58



Fixed-Income Products and Analysis

Notes on bootstraping with discrete data

To compute the yield y, we use

M _ —y1(Ti—t) ,—y2(To—t) _ 7 M —y2(Ta—t)
Zy =e e =Ze ,

so that ys is given by
log(Zy" /Z1")
- L-T
This expression is not implemented in the excel example given in the book. Instead the
above expression is written as

—log(Z3") + log(2}")
T, =T
log(ZzM log(ZM
_ %—215 )(T2 1)+ %“E—lt )(T1 — 1)

(Ty —t) = (Th — 1)

Yo =

We can replace 2 with ¢ and 1 with ¢+ — 1 to get the general recurrence relationship. The
M
spreadsheet is calculating —logjﬂ(ii)

—— in column C and T;—t in column A. So the above expression
above for y; becomes

C(i)A(i) — C(i — 1)A(i — 1)
Al — Al — 1) ’

which is the formula given in the book.
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Swaps

Notes on bootstraping

Since at inception the swap has no value to either party then as argued in the book we have
N
ey Z(6T) — 1+ Z(t;Ty) = 0.
i=1

Solving for r, gives

B 72?;1 Z(t;T;)

which is the quoted swap rate. If we assume that r4(7") is known from the yield curve we
can take N =1 in the above expression to get

s

(150)

=) == 76T

When we solve that expression for Z(t;77) we get

1
2T = ——
(t:T1) 1+ 7ry(Ty)

We now consider the case where we assume we have Z(t;7;) for 1 < i < j and want to
determine Z(t;Tj.1). If we have Z(t;T;) for 1 < ¢ < j then from Equation 150 with

N = j+ 1 we have
1= Z(t;Tj1)

T( o Z(t;Ti)) |

If we solve for Z(t;T;;;) in this expression we get

Ts (,—Tj—l—l) =

1= ry(Tj)7 30, Z(6T)
L+ ry(Tjs)T

Z(t;Tyr) = for j=1,2,--.
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The Binomial Model

Notes on statistics from the binomial random walk

For these examples we first show that if we take the parameters u, v, and p given by

u=1+ oVt (151)
v=1-0V0t (152)
_ 1 et
=5t (153)

then we get the same average asset price change. The expected asset price after one time
step is given by the standard expression for expectations and we have

puS + (1 —p)vsS = (2 Mf)(l—l— \/7)S+<1—'u2£>(1—0\/7)

t ot 1 ot ot
Lo 0 s+[__€m_ﬂf+ﬂ_]s

2

2 2 20 2

= (1 + pot)s.

This gives the expected change in the asset of S0t which has the expected return of pdt
as we expect for a geometric random walk. The expected value in the change in asset price
using the above is then pdtsS.

Next if denote the change in the asset price by AS (this is not the same A introduced later
in this chapter), we want to determine the variance of AS. Since the asset can go up with
probability p to a change in asset value of uS — S = (u — 1)S or down with probability
1 — p to a change in asset value of vS — S = (v — 1)S if it goes down which happens with
probability 1 — p. Using these expressions and the definition of the variance we find

Var[AS] = E[(AS — E[AS])?]
pl(u—1)S — pudtS)* + (1 — p)[(v — 1)S — pdtS)*
ploVot — pdt)2S? + (1 — p)(—o Vot — pudt)?S>
= (026t — 2ucdt®? 4 126t%)S? + (1 — p)(020t + 2ucdt®? + 126t%)S?
(020t + p26t* + (1 — 2p)(2ucdt®?))S? .

But from what we know about the expressions for p we have that

| gy VOt

o
and thus the above becomes
ot

Var[AS] = <025t + 126t% + —£(2,u05t3/2)) S?

o

= S2(o?5t — pot?) .
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As 8t — 0 this becomes S?0%dt so that Var[AS] ~ 5?02t and thus Var [%} ~ 020t so we
see that the standard deviation of returns is approximately o+/dt.

Notes on the value of an option

With the derivation of the hedging amount A need to make the final value of our portfolio
equal independent of what value the stock takes
A Vt-V- VTV~
CuwS—vS  (u—wv)S’

(154)

there are two ways we can evaluate the final portfolio value. The first where we assume that
the stock goes up gives

Vt -V~ —oV T V-
V+—AuS:V+—u< ): AL (155)
U—v U—v
and the second wen we assume that the stock goes down is
VTt -V~ —oV T V-
v——AuS:v——v<7):$. (156)
u—v u—v

which are the same as they must be. With the definition of A given by Equation 154 we
find that the original portfolio Il has a value given by

+_ —
mev-ag—v-L =" (157)

u—v

Asserting that the new portfolio is given by II + 611 = IT + rIldt = (1 4 rdt)I1 and setting
this equal to Equation 156 gives

—oVt +uV—

u—v

(1+ 7o)l =

But putting in what we know about Il via Equation 157 into the left-hand-side of the above
gives
vVt -V~ Vt—-VvV-
(14 rot) <V—7> _v (7) .
uU—v uU—v

Solving for (1 + r0t)V in the above we have

+_y- - _ U+
(1+r5t)V:(1+r5t)(V V)+“V v

u—v

(158)

u—v

If we write the right-hand-side as linear function of the two prices V'~ and V1 we get

(1+r(5t>vz<1”5t_ . )v++<—1+”§t+ “U)v—

u—v u—v u—v u —

_ <1—|—7’5t—v) vt <—1—7’5t+u) V-

u—v u—v
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Recalling what we know about u and v we see that u — v = 20/6t and the above equals

(1+rét)V = Lt rdt = (1 —oVil) vt —1 — 7ot + 14 o/6t) V-
- (2 i )V (2 20 )V (159)
=PV (=P, (160)
were we have taken .
/ 1 r (5t
P=5% 5 (161)

Notes on the continuous time limit

Consider the small time step expansion or Taylor series of the values for V™ and V~. We
have for the value of u and v we have been considering that

uS,t + ot) = V((1+a\/_)S t 4 6t) = V(S + aSVit,t + dt)

(
(S,t) + VsoV/otS + V35026t52 + Vot + -

(vS,t+d0t) = V((1 — axf)s,t +6t) = V(S — aSVit, t + 6t)
(S,t) — VsoV/otS + %ngazétSz + Vot + - -

V
V
V
v

Then under these approximations Equation 154 can now be written in the limit of small
time step ot — 0 as

VE-Ve | 2VsoVotS

(w—v)S = 20v5ts

In the same way Equation 159 under this limit becomes

A:

(14 7r0t)V = (5 T;O_F) (V +oVotSVs + a2at52vsg + V;dt)
+ (% — Tf) (V — oV6tSVy + %a25t52v55 + V;dt)

1 rvV ot
=V + 502(%52‘/554—‘/2 %
When we simplify the above we get

1
Vi + 50252‘/55 +rSVs—rV =0.
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Notes on another parametrization

We start with a geometric random walk in continuous time which is given by
dS = pSdt + 0SdX .

This equation has been seen before and has a solution given by S(¢) given by Equation 21.
We need to pick the parameters u, v, and p such that we have the same discrete expectation
after the time step 6t as the continuous process or E[S(dt)]. That means that

puS + (1 —p)S =E[S(6t)]=F [Se(u—%ﬂ)awm\/ﬂ _ Se(u_%(ﬂ)&E [e"‘i’\/ﬂ |

We next need to evaluate the expectation over the Gaussian random variable ¢.

E[eofb\/ﬁ} :/_OO 0¢\/_<\;i_7r>d¢

To evaluate this integral we group everything into the same exponent and complete the
square by writing the exponent as

1 1
—§¢2 + oVt = —§(gb —oVot)? +
With this substitution the above expectation becomes

1 1. toeo
E |:6U¢\/gi| _ 14 ot 6_5( O’\/ﬁ d¢ _ 62 025t ]
V2T o

Using this the total expectation we want to evaluate is given by multiplying this by S eln=30%)st

to get
puS + (1 — p)vsS = Sert

which if we divide by S gives
pu+ (1 —p)o = e,
or solving for p we have
erdt _ g
p= : (162)

u—v

the expression we were to show.

Next we want to make our continuous process have the same variance at the time 0t that
our discrete binomial process has. To do that we first evaluate the expectation of S(dt)? for
our continuous process and then use the fact that Var[S(5t)] = E[S(6t)%] — E[S(6t)]*. We
find

E[S(6t)’] = E 5262(”_%"2)&””@] = 5262(“_%02>6tE [ezom/&] ;

which is the same type of expectation we have evaluated above by taking ¢ — 20 and we

see that it evaluates to
526(2u+02)6t
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After having computed expected value of S(§t) and of S(6t)? above the variance of the
continuous random walk is

Var[S(6t)] = FE[S(6t)%] — E[S(dt)]?
e(2u+02)6t G2 _ o2udt g2
220t (720 ) (163)

To compute the variance of S(dt) under the discrete binomial process requires the calculation
of F[S(6t)?]. Using the definition of our binomial tree we find this expectation given by

E[S(t)°] = p(uS)* + (1 —p)(vS)*
= (pu® + (1 — p)?)S2. (164)

Using this, the discrete variance is then given by

Var[S(0t)] = (pu®+ (1 — p)v?)S? — S22t
= 52(pu2 + (1 o p)v2 . 62M6t) ) (165)

Setting this expression equal to the continuous variance expression in Equation 163 requires
pu2 + (1 . p)v2 _ p2ubt _ 6025t+2,u5t _ p2uét
This then becomes ,
pu® + (1 — p)v? = Brte)ot (166)
which is the equation in the book. Solving this equation for p we get
€(2u+02)6t a2

(%
p=
u2

(167)

— 2

Dividing Equation 162 by Equation 167 we obtain

erot _ g u? — v? )
U—v e(uto?)st _ 2 | T

This allows us to solve for v + v and we find

2uta?)t _ 2

6( (%

uU+v= it — g ,

When we multiply by e#%* — v on both side this expression becomes
(u+v)et —uv —v* = euta?)ot _ )2

or
2
(u + U)e“5t — Uv = 6(2’u %)ot .

If we now enforce the constraint the the up returns u and the down returns v are equal in
magnitude that is we take u = % and obtain (after multiplying by ve ) the equation

,U2 _ (6—u6t + 6(M+02)6t)v + 1=0.
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If we define a variable A as

A= % (e‘“& + e<“+”2>5t) , (168)

we obtain a quadratic equation for v given by

v? —2Av+1=0. (169)
This has solutions given by the quadratic formula. We find

v=A+ VA2 1. (170)
Note that u since it equals 1/v is then given by

1 1 1 AF AT -1
v A+ VA1 (Aim) (A:Fm)
= AFV/A2-1. (171)

Since v < v we must take the negative sign in the expression 170 for v and the positive sign
for w in the expression 171. This is the solution for v and v given in the book. If we consider
the case where 0t is small we can Taylor expand the expressions for u, v, and p. We do that
in the Mathematica file chap_15_algebra.nb where we find that

1
ur 1+ oot + 502515 + 0(5t%?)

1
vl —ott? + 502& + O(6t%/?)

1
2 20

5t + O(6t%?) .
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How accurate is the normal approximation?

Notes on the empirical probability of a 20% SPX fall

In this section the empirical probability is just the number of times this event happened
(once) divided by the the number of times we could have had that event happen 24 x 252 =

6048, this fraction @ = 0.00016534 as claimed.

Notes on the theoretical probability of a 20% SPX fall

If we estimate the daily volatility to be 04ai1y, = 0.0106, then the annualized volatility is given
by
Ooearty = 25207,5, = 0.02831,

yearly

which when we take the square root gives gyeay, = 0.16826 the quoted 16.8% annual volatil-
ity. Then to compute the theoretical probability that a random sample from a normal
with zero mean and standard deviation of 0.0106 is less than —0.2 we need to evaluate
the cumulative normal distribution at the point —0.2 or in R notation we need to evalu-
ate pnorm(-0.2,mean=0,sd=0.0106). When we evaluate this expression using R we get
1.046805 10~ 7.
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Investment Lessons from Blackjack and Gambling

Notes on the Kelly Criterion

Assume that we can bet on the ith outcome of an experiment that if we bet an amount A
will pay out ¢;A. Here ¢; is negative if we “loose” and we have to pay money while ¢; is
positive if we “win” and we get to collect money. If we start with a portfolio valued at Vj
and we bet a fraction f of it after the bet will will have

Vo + éi(fVo) = Vo(1 + fos) -

If we place M bets sequentially betting a fraction f of our current portfolio each time, then
the total portfolio value after these M bets starting with Vj is given by by

V(f) =V H<1 +for). (172)

This is a function of the fraction to bet f. We evaluate the above expression for two values
of f in Figure 2. For small values of f the function V(f) grows very slowly, while for larger
values of f the total portfolio value V' (f) can reach 0 before the time step equals M. We
expect that there must be an optimal f such that we maximize some function of V'(f) after
M time steps.

Taking logarithms and then the expectation leads us to consider evaluating E[log(1 + ¢ f)]
(I have dropped the experiment index i on ¢), which we do by first expanding log(1+ ¢f) in
a Taylor series and then taking the expectations. Recall that the Taylor series of log(1 + z)
is given by

=1 1 1 1
1 1 + k+1k T2 T3 T A, 173
og +a: ngk =z 295 +393 493 + ( )

From this we have 1
log(1+ 6f) = 6f — 56 +

Since E[¢] = p and E[¢?] = o + E[¢]? = 0 + 1%, the expectation of this expression is

Bllog(1+ 1)) % uf — 5 (0 + 1) (174)

To maximize E[log(1l + ¢f)] with respect to f, we take the derivative with respect to f, set
the result equal to zero, and solving for f to get

po (@R =0 or f= s

Using this value we find that the maximum expectation is given by

2 2 2
Ellog(1 -5 ~ 9 '
m;lx( log(1+o¢f)]) = o242 202+ 42 2 (02—|-,uz)
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sample path of total portfolio value for different bet sizes
3500 T T T T T T

larger bets

small bets
3000 _— B

2500 - b

2000 - b

portfolio value

1500 b

1000 - 4

500 b

1 1
0 5 10 15 20 25 30 35 40 45
timestep index

Figure 2: Two sample paths when we bet a large f = 0.8 or a small f = 0.1 fraction of our
wealth at each time step. Note that the probabilities are set such that we should win in the
long run and you see the small bet curve slowly increase. The large bet curve takes a serious
loss which shrinks the portfolio to zero and we cannot play any more.

Notes on arbitrage in horse betting

We will place bets on all N horses such that the total bet made is one unit i.e. Zfil w; = 1.
Then if horse j wins we will win back an amount (g; + 1)w,, where g; is set by the bookies.
This is after having paid 1 to place all N bets (the other N — 1 bets return 0). Thus we will
have an arbitrage opportunity if no matter which horse wins we make a positive profit if

1

4+ Dw;, —1 >0 ;>
(4 + Dy o

Y

for all 7. Summing both sides of the above for all bets gives

N N 1

i=1

Since Zf\il w; = 1 this means for arbitrage that 1 > S°~  —L_ must hold. If the opposite

i=1 g;+1
inequality holds then there is no arbitrage.

Notes on how to bet

When we bet w; on horse i for ¢+ = 1,2, ..., N then we have an initial outlay of money given
by Zf\il w; = 1 dollars. If we assume that horse ¢ will win with probability p; where due to
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our bet on that horse we will win an amount W = w;(¢; + 1) so that the average amount
won will thus be

EW] = sz'wz'(%’ +1).

Here W is a discrete random variable with probability distribution of p;. Since we have to
outlay an amount 1 to place all of these N bets the expected total amount denoted by m,
we will have after these N bets is given by

m= (Zpiwi(% + 1)) —1.

i=1
The variance of these wins is

o = B[(W = W) =Y pilwilgi +1) — (m+1)]?,

1=1

since the expected value of W is Zf\il piw;(¢;+1) = m—1. We now consider some procedures
that would yield “optimal” betting solutions for the example odds ¢; and probabilities p;
given.

e In the case where we want to maximize the expected winnings or m we will pick the
index j that makes p;(¢; + 1) the largest and bet all our money on that horse. In the
MATLAB script max_expected_return.m we verify that this strategy has m = 0.4 and
o = 2.80.

e In the case where we would want to minimize the standard deviation. In the MATLAB
script min_std_dev.m we verify that this strategy produces has m = —0.6216 and
o = 5.6064 10~° with a weight vector of

0.0631, 0.0541, 0.1892, 0.1892, 0.1261, 0.1261, 0.1261, 0.1261

This matches quite well with what the book obtained. It would perhaps be better to
use the logistic transformation (see the next item) in performing this optimization.

e In this case we want to maximize the return divided by the standard deviation. To do
this and still use the unbounded MATLAB solver we will first map the infinite range
(—o0, +00) to the range (0,1). To do this we will use the logistic transformation, in
that we obtain the needed weights w; from variables with an infinite range x; using

T

e

wZ:T for 12172,,]\[—1
14+, e
N-1 ]
wy=1=) w=-——x7 -
; 14>, e

Then we can optimize over the x;’s. In the MATLAB script max_adj_return.m we find
m = 0.3082 and o = 1.6352 and weights given by
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0.4590, 0.5410, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000

These results match quite will thoese found in the book.
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Portfolio Management

Notes on diversification

In this section we assume we are considering a portfolio, denoted by II, of N stocks. We will
let w; be the number of shares of the ith security valued at a per share price of S;. Then the
portfolio’s value at this time is given by

N
I=> wsS;. (175)
=1

If each stock S; undergoes a return of R; then their value changes to S;(1+ R;) and this new
portfolio has a value II 4+ 611 give by

N
i=1

Thus the portfolio change, dI1, is given by Zf\il w;9; R; and the return on our portfolio over
this time interval is given by

oll 1 N N ZSZ l
- i—1 -

where we have defined the portfolio weights W; as

W, = w;S; _ Z’ifUiSi ’
I > = WSy

(177)

and we have used Equation 175 to replace the symbol II with a summation. Note that these
weights W;, by construction, sum to one. The mean portfolio return (if our time frame for
the individual returns R; is T") is computed as

1 o] 1& 1
pi = TE [ﬁ} = T;V{/ZE[RZ] = TZVVZTM = ZVVM:', (178)

i=1 i=1
while the variance of our portfolio’s returns over T are computed is

N N
1 oIl

of = —Var [f] = Z_:VVZ-VVjpijaiaj. (179)

i=1 j=1

Notes on return risk characteristics in a portfolio

As a simple example of the meaning of the terms “the efficient frontier”, consider the case
where we have just two stocks say A and B, where we own a portfolio fraction W of the
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first and correspondingly a portfolio fraction 1 — W of the other. Then the average return
on this two stock portfolio from Equation 178 is given by

pr = Wpa+ (1 —=W)ug,
and the variance of this portfolio from Equation 179 is
2 _ 242 2 2
o = W03 +2W(1 —W)poaor + (1 —W)oy.

We can plot the points (op(W), un(W)) as a function of W for various portfolio weights
ie. 0 < W < 1. This gives us the set of possible values for (oy, ) we could obtain
corresponding to different values of W. In the two stock case given a desired (and fixed)
value for the portfolio return, ur, from the formula above gives an explicit value for W which
then explicitly determines the value of o;. In the general case with N instruments there are
many settings for W; which could give the same desired portfolio mean return pr;. We would
most naturally want to select the weights that give a mean value of py while minimizing
the value of op;. This leads to the efficient frontier in the general case. That is, we want to
determine the values for W; such that Zf\il W; =1 and that the value of ur given by

N
Mo = Z VVZ,UZ 5
i=1

is fized. Subject to these two constraints we want to then minimize the value of oy given by
Equation 179. Note is seems we could also frame the asset allocation problem as to specify
the values of W; such that they sum to 1 and that maximize the Sharpe ratio

adl
O'H'

Notes on the Capital Asset Pricing Model (CAPM)

Under the Capital Asset Pricing Model (CAPM) the ith stocks return is modeled as

RZ’ = Q4 -+ BZRM + €, (180)

2

and its variance o7, is given by

o2 = B0y, +er. (181)

Here Ry is the “market” return and 0%, is the market variance over the same return time
frame. With these returns we see that the expected return for the ith stock is given by

i = o + Bipenr

and our expected portfolio return by Equation 178 is then given by
N N
= 3" Wiy + (z m) .
i=1 i=1
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Here pip/ is the expected market return. We can define the portfolio values of o and S as

N N
am = Z Wia; and fp = Z WiBs
i=1 i=1

so that pupg = ag + Bapa. The variance of our portfolio s return can be computed in the
CAPM framework also. We find from the expression for I of

s X
L
that [3]

Var[ } ZZWWCOV Ri, R;).

i=1 j5=1

Thus we need to compute Cov(R;, R;). We find

COV(RZ', R]) = E[(Rz - RZ)(R] - R])]
= E[(Bi(Rm — pim) + ) (B (R — par) + €5)]
= BiBE[(Ru — pur)?] + Eleie;]
= B;Bi0%; + dije;

where 9;; is the Kronecker delta. Thus using that we find

of = (ZZWWJ@@ oh+ ZW2 ;

i=1 j=1

If we assume that W, ~ % then the first term above dominates since

o(xwee)=o(wx1)=o(7)

N N 1
o(Sox ) =0 () -0

i=1 j=1
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Value at Risk

Notes on VaR for a single asset

Recall that the variance of return of our stock over a time length of 4t is given by
08

Var | —
ar { - ]

= o6t
The variance of 4.5 over this time is then given by
Var[6S] = S?0?0t .
The standard deviation of 4.5 over this time is the square root of the above and we get

Std [65] = Sodt'/?.

To compute the probability that a stock moves less than some number of standard deviations
from is starting value of S we introduce the cumulative normal distribution function a(-)
where for example if we desire a confidence of 99% we take ¢ = 0.99 and find that a(1 —c¢) =
a(0.01) = —2.326. Thus with a probablity of 0.01% we will loose at least the amount

~2.326S06t"/2.
This is the potential loss of one share of the stock. If we actually hold A shares of the stock

we must multiply the above number by A. If we want to evaluate ¢ to be 1 week where o2

is the annualized variance then 0t = % since there are 52 weeks in one year.

If there is a drift to the distribution of returns then we assume that the distribution of

returns % is normal with a mean of pdt and a variance of 02§t. Then the lower limit of the

confidence interval of % is given by
pot — a1 — ¢)odt'/?

The lower limit of §5 over this length of time 6t is then given by multiplying the above by
S and if we have A shares we get

VaR = AS(udt — a(l — ¢)oV/ot) .

Notes on the Delta-Gamma approximation

If we assume that the change in asset price S over the time 0t is given by
08 = 1Sot + o Sot' % ¢
where ¢ is a random draw from a standard normal. Then the square of S is given by
05% = 1252612 + 200 S%pot3? + 6282 %6t = 02S%p%5t + O(5t%?) .
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Then performing a Taylor expansion of V'(S,t) our portfolio V' changes during dt as

LV o0, OV
5 5g 0 S 0t + S0t
oV 102V oV
1/2 2.Q2
o Sedt (aS“S 550 50+ 8t)5t+

oV = g‘g (1St 4+ o Sot' 2 ¢) 4 =

4
~ s

= Ao Spot? + ot (AMS + §FU2S2¢2 + 9) 4+ (182)

We see that 0V is a quadratic in ¢ where ¢ ~ N(0,1). We can write 0V as a function of ¢
by completing the square to find

1 2A
8V ==T 252&( L A — )+5tA S+ 0
4 ¢ Pm%tl/gcb (Ap )
R P 9 2A A? A?
= —T'o*S°6t ((b + F055t1/2¢+ [2,2525 5T + dt(ApS +0)
I T A\ A2

Note that the last three terms are nonrandom and thus is not subject to risk. Depending on
the sign of I' the change in 6V will be larger or small than this deterministic number. We

see that )

A
oV > —ﬁ+5t(AuS+9) if I'>0.
Thus in this case we have a lower bound on our potential loss V. While if I' < 0 we find

2
5V§—2A—F+5t(AuS+9) if I'<O.

and there is no lower bound. It stands to reason that all things being equal one desires
portfolios that have a positive I'.
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Chapter 23: Barrier Options

That S*Vpg(X/S,t) is also a solution to Black-Scholes equation
As discussed we now show that the expression

S

where Vgg is a solution to the Black-Scholes equation is also a solution to the Black-Scholes
equation. To do this, consider the needed derivatives (using the substitution { = % when
needed)

‘N/<S7 t) = Sl_%VBS <£7t) )

~ 2r OV
_ ol—2% BS
Ve=25 ot
- 2r e 1_%8VBS X
o= (1) s s 5 ()
2’/‘ _% _1_%8VBS
:(1—§)S¢7VBS—XS Jﬁ—é_

- 2r 2r 2 2r\ _2r OVig X
o= (1-5) (-5) s i (1-5) 55 52 (55)

o2 o€ ogz | 52
2r 2r\ _q_z2r A4Xr 5 2 OVpg _g_20 0*Vpg
== (1-= )52y B I G i e e
o? ( 02) Bs ¥ o? o€ * 0g?

we will put this into the left-hand-side of the Black-Scholes Equation 26 to get

27 8‘/
1-25 BS
S ot
1 2 2r 2r 1_2r 4Xr _2r 8‘/}33 2 —1—2r aZVBs
PUA el N 2V o X o
+ 20’ [ 02< 0_2)5 Bs + o2 S ¢ + X=S e
2 2r 2r 2r
+ r [(1——2) Sl_?VBS—XS_?aVBS —TSI_;ZVBS
o 0¢

Number each term above with a Vg in it using the numbers 1...7. Note that if we add the
terms numbered 2 and 5 we get zero. Combining the rest of the terms we get

_2r 8‘/}33 1 82VBS 8VBS

gl |88 4 S p2x2g XS

{ ot 27 oez TN e

When we replace XS with £ we see that the above is the Black-Scholes equation in the

2r
variables ¢ and t and thus vanishes showing that the original expression S~ 2 Vig (%, t) is
a solution to the Black-Scholes equation. Note that the solution to the down and out call
given by

— TVBs}

S\ S2
V(S1) = Vos(S.0) — 5 Vos ( 22.t) . (183)
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satisfies the correct final conditions. Since we must have S; < S we see that % < 1 thus

2

Sa
L <S;< FE
S < 9g < ;

where we have assumed that S, is below E. Using this we get when ¢t = T that the expression
2
Vs (S—S‘i, t) takes the value

2 2
VBS (S,S(Y T) :max<%—E,0) :O,

and we have shown that the final value for a down-and-out call option equals Vps(S,T') as
it should.

Notes on Hedging Barrier Options

Here we duplicate some of the statements made in the book. For example, we take D = 0,
r =20, and S = Sy in Equation 36 we find that C, d;, and d, are given by

C(Sa,t) = SaN(di) — EN(d2)
log(S4/E) + 30*(T —t)

LT oI —t
log(Sa/E) ~ 30T — 1)

d pr—
2 oI —t

While in Equation 44 with strike take to be %‘% (again D = r = 0) we have

P(S1.1) = ~ SN (~d) + HAN(-d

—d,
()

oV1 — __d2
log (Sﬁ) —% 2T —t)
oT —t

Thus using these last expressions for Jl and cig in the formula for P(Sy,t) we see that

— —d.

P(S1) = =Su¥(ds) + SN (ar) = (32 (SaN(a) - BN (@) = He(si).

This last equation says that we need to hedge each call with s% puts (note the reciprocal)
and we are perfectly hedged at S = S; and when r = 0.
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Chapter 25 (Asian Options)

Notes on discretely sampled averages

For a discretely sampled geometric average we have

_exp< Zlog ) = o (%ilogw(tk» + %mg(S(ti)))
= exp <Z; log(A;_1) +%log(5(ti))) .

Thus continuity of the option price across the sampling date is given by

V(S,At7) =V (S, exp (Z - L log(4) + % log(S)) ,tj) .

Notes on exponentially weighted and other averages

For the given expression of I note that we can write it as

¢ ¢
I = )\/ e_’\(t_T)s(T)dT = e_’\t)\/ 6)\TS(T)dT,

—00 —00

from which we can more easily compute the differential of this expression dI. We find

t
dl = —Xe ™ ()\/ e’\Ts(T)d7‘> dt 4+ e M\(eMS)dt

—0o0

= —\dt+ \Sdt
A(S — T)dt,

the claimed expression. Note that with this type of averaging by following the discussion
from earlier in the book we have a partial differential equation for the option value V' given
by

ov oV 1 0V oV

— +MNS 1T 252 S—— -1V =0.
or TAS T DGE T 957 a5 T

In the discrete case for the jump condltlons we need the expression [; given recursively by
I; = F(S(t;), li—1,1). In this case, this is computed as

I, = )\Ze—)\(t —tr) g tk_)\[ZeA(t —t) g tk)"‘S(ti)

k=—o00 k=—o00

i—1
Y [e_)‘(ti—til) Z e_)‘(tifl—tk)S(tk)_FS(ti)

k=—o00

I
. [e_wi_m (le ¥ S(t»}
el A AS(t:)
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We can derive the jump conditions for V' using this expression in the following way

V(S,1,t7) =V (S, e M 001 4 A ¢+

Notes on similarity reductions

For the reduction discussed in the book we introduce the two variables I and R given by

t
IE/S(T)dT and Rz#zg.
0 fo S(rydr 1

With these two variables, we can write the running payoff of a continuously sampled arith-
metic strike option as

t
max <S— %/ S(T)dT,O) = max (RI—%,O) = I max (R—%,O) :
0

Based on the fact that in the payoff we can factor I outside of another function (namely
max (R — %, 0)) we propose an option price V' of the following form

V=IW(R,1),

with again R = % Then to find the differential equation that W satisfies we need to compute
the derivatives of V', needed by the Black-Scholes equation, but in terms of derivatives of
W. We find

ov _ oW
ot~ ot

oV _ 0w (1y_ow

oS " OR\I) OR
OV _ 0 (W) _ 0 (W) (OB _10°W
082 0S \OR) OR \OR 0S) I OR2

ov oW OR ow S ow

ar - erar =V T aR (—ﬁ) =W iR

Therefore with these derivatives the Black-Scholes equation becomes (in terms of 1)
ow ow 1 ,I*R*9*W ow B

The second term above comes from the S %—‘; term needed to included the state variable 1.
If we divide by I we get

oW OWN 1, ,PW oW

or changing the order of various terms and grouping we finally have

oW 1, W oW ~

the same as in the book.

—rW =0,
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Put-call parity for the European average strike option

In this subsection we derive put-call parity relationships for European average strike options.
To begin consider the payoff at expiration, II(T"), on the suggested portfolio of one European
average strike call held long and one European average put held short

1 1 1
H(T):Imax(l—?,O)—Imax(T—l,O):S—?.

Now consider what type of instrument will provide a payoff given by the second term —%.

Since the continuously sampled average strike option has a value that can be expressed as
V(S,1,t)=1IW(R,t), where W(R,t) is a solution to Equation 184. At expiration we would
like to construct a continuously sampled average strike option that has a payoff given by
—£. This means that when ¢ = T the function W(R,t) must have a final condition that
satisfies IW(R,T) = —£ or

1

W(RT) = —. (185)

With this final condition the solution we seek for W (R,t) must also satisfy the standard
boundary conditions of

W(0,t)=0 and W(R,t)~R as R — 0.

To find a functional form for W(R,t) that will satisfy these requirements we propose a
W (R, t) of the specific form given by

W(R,t) = a(t)R + b(t) (186)

Note that for the expression for the payoff in Equation 185 to hold true at ¢ = T when
W (R,t) is as Equation 186 we need

W(R.T) = a(T)R+b(T) = —.

which requires that we take a(7") = 0 and b(T)) = —=. Now to put this proposed functional
form for W (R, t) from Equation 186 into Equation 184 requires we compute

ow
ot
ow
OR
2

ow .
OR?

= d(t)R+V(t)

= a(t)

so that Equation 184 evaluates to
d(t)R+V(t)+ R(r — R)a(t) — (r — R)(b(t) + a(t)R) =0,
or grouping powers of R and simplifying we get
(a'(t) +b(t))R+ (b'(t) —rb(t)) =0. (187)
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Equating the powers R on both sides of this equation we find for the coefficient of the zero
power of R to vanish requires that

V(t)=rb(t) so b(t)=Coe™.
When we then require that b(T) = —% we find

T
1 1
7 = Coe'l or Cy= —Te_’"T,
which means that the function b(t) is given by
1
b(t) = ——e"TY (188)

T

Using this result and equating the constant terms in Equation 187 requires that the function

a(t) must satisfy

0 (1) = —b(t) = 7@

On integrating this we find a(t) given by

1
alt) = —=e 7T L Oy

rT
To evaluate C; we recall that a(T) = 0 requires that C; = —== so that the functional form
for a(t) is given by
1
t)=——(1—e"TN). 189
at) = — (1 - 7T (159)

Using these we conclude that the put-call parity relationship for average strike options is

C—P = S+V(S,It)=S8+IW(R,1)
— S+ I(b(t)+a(t)R)

1 1
= + 1 —= —r(T-1) IR — 1— —r(T—t)
S ( T6 ) ( r ( € )

S 1 ¢
e PR 1 — _T(T_t) - _T(T_t) / 1
S TT( e ) Te i S(r)dr, (190)

using IR = S.

Notes on the square root of three rule

In this section we simply compute the value of the variable 5% when o is a constant. We

compute
1 [T T —t\° o2 (T (T —t\?
_9 2
== ) ——) dt== =) dt.
Let v = % so that dv = —% and the above becomes
0 31 2
_92 2 2 2 (VU g
- _ dv = | =2
Oc o /1 vidv =0 (3 ) 3
Thus 65 = %
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Chapter 26 (Lookback Options)

Notes on similarity reductions for lookback options

To motivate the similarity transformation we are going to make, we first note that we can
write the payoff for the lookback strike put as

S
max(M — S,0) = M max (1 - M’O) ,

which is of the form of the variable M times another function (of the ratio <). This motivates
us to look for a lookback options solution of the functional form

S
MW | —
()
for some (yet to be determined) power « and function W. If we define £ = M we can change

the Black-Scholes equation in V' into an equation for W = W (&, t). To do this we need the
following derivatives. We have

oV oW
o M

VW IE W (LN oW

o5 ~ M agaS_M ag( )‘M o€

PV 0 0w\ W T PW
W‘%(M a—g)_M o m M e

Then the Black-Scholes equation for V' (using S = M¢) becomes

ow 1 0PW ow
M 2M2 2 Ma—2_ M Ma—l__ M —0.
v —|—2 13 ( 852)+T( £) I rM*W =0
If we divide this by M we get
OW 1 5.5 W ow B
T T30 e trége —TW =0

With our final condition that V/(S, M, T) = MW (&, T). The boundary condition of 2 = 0
on S = M becomes

ov._ 9 o ot a@W o€
(‘9—M_8—M(M W(E, 1) = aM*W(E, 1) + M 9 oM
Since
3 0 S 5 &
oM~ oM M M
we get that
EIa aM*W — M*™ 56
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If we set this equal to zero and then divide by M*~! we get

ow
fa—g—aW—
On S = M we have £ =1 and we get
%—‘z/—aW:O on £=1,

the equation given in the book.
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Chapter 27 (Derivatives and Stochastic Control)

Notes on Passport Options

From the book we have that our portfolio has an evolution given by
dr = r(m — ¢S)dt + qdS .
If our stock had the standard dynamics dS = puSdt + 0SdX then we can write dm as
dr =r(m — qS)dt + q(uSdt + 0SdX) = (r(m — qS) + quS)dt + qoSdX . (191)

This explicitly shows the coefficient of the dX term which is needed in taking derivatives
with respect to m using Ito’s Lemma. If we define our hedged portfolio in the normal way
as long one option and short some amount of stock as I =V — AS since V is a function of
S, m, and t we find that

dll = (%‘t/ ; 252222) dt + g—gd5+ g—vdw + =¢*S%0 2(3 ‘;dt + (an)(Sa);;ngt — AdS
= <88—‘t/ + 30252% + qa25288285 ; 25%0 22 ‘;) dt + g—‘;dé’ + g—‘;d — AdS
= <%—‘Z + 30252% qa25288285 % 2% 2?;—‘/ +7(m — ¢9) ?;) dt
+ g—gdb‘ + qg—vdS AdS |

where in the last equation we have used the fact that dm = r(m — ¢S)dt 4+ qdS. To make the
coefficient of the random term d.S equal to zero we must enforce

ov. . oV

N - A —
95 " Tor 0
or solving for A that
v ov
A= . 192
a5 o (192)
Under this condition dII is deterministic and we set dIl = rIldt to find
oV 1228V o on O2V 12228V ov
— —_— A pum—
Ot 5052 anaaS S4o a2+7°(7T qS)aW rV 4+rS 0,
or since we know an expression for A via Equation 192 we have
ov 1228V o on O2V 2228V ov ov
— — — — = 1
8t 5852 an&aS q-S*o 97 5854-7’7?8 rV =0. (193)
The final condition on our passport option is V (S, m,T") = max(w,0).

To more easily solve this equation, we seek a similarity solution of the form V(S,m,t) =
SH(,t) with § = 5. To derive the differential equation for H (&, t) we need to take derivatives

85



of the given functional form for V. We find

v _ od

g‘t/ o OH T

a5 ~HT Sa_g< ?)_ 53_5

PV 9 OH\ 0 o€

7w o5 (1 ~€ag) ~ o (¥ ‘%—s)(—)
OH OH a2H €202H
<a_5__‘ 8&2) 2 ~ 5 o

oV _ OH 1

or o9 S ag
OV _ D (o) 15H
or? ¢ ) — S o¢z

V.0 (0H\ 0 (0H\ 0 OPH w\  (OPH
asaw_ﬁ(a_g)_a_g(a_g)%_a@( ?)_ S oe2

Using these derivatives in Equation 193 we find

OH 1, (€0 Yo € OH s o (1 OPH
Sor t277 (?agz + a5 ~ 55 e 57| 55

+ rS (H faa—[z) +rm (%[z) —rSH=0.

If we divide by S and simplify we get

OH 1 1 0*H
-+ (50252 — qo*t + §q202> — = 0.

ot 3
or when we simplify the coefficient of %512{
oH 1 0?H
E_'__ o€ — q)? 5 =0. (194)

The payoff transforms as follows
V(S,7,T) = max(r,0) = SH(E,T),

when we divide by S we get
H(&,T) =max(,0),

for the simplified similarity solution final condition.
We now write the optimal strategy in terms of H. We find

2V 1 2V _EOH 1 LO°H
2 02 Lo 20"V 2 q2 P05 =

02
=y ((-oe 4 50°) 852)

1 O?H
:1?2}{;((2((; —2¢€ +&7) - 25) a§2>




since % is just a scaling and & is a constant in the above maximization. If the sign o

is positive we can factor that expression out of the maximization above to find the optimal
strategy to be

0’H
f Ber

| =1 when £>0
7=\ 41 when €<0
Assuming the optimal control ¢ specified above we find the coefficient of %2712{ in Equation 194
to be given by

(-4 =(+1)° when €>0
(- =(~-1)°=(-¢+1)" when £<0.
In either case we can write the above as (|¢| + 1)? for all £ and we get

o 1,
5 T3¢ (1€ +1)

2
OH
g2

the same as in the book.
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Chapter 28 (Miscellaneous Exotics)

Notes on Forward-Start Options

Following the book, we look for a similarity solution of the form V(S,S,t) = SH(,t) with
¢ =% and S = S(T;) the asset price at the time 7j. To derive the differential equation for
H(&,t) we need to take derivatives of the given functional form for V. We find

oV OH
FrT
o s (Lo on
oS S 0¢ o€
PV 10°H
957~ S0

Using these derivatives in the Black-Scholes equation we get

Sa—H + 1028252 (1 82H) +r(S¢€) <0—H> —rSH =0.

ot 2 S 02 o€
If we divide by S and simplify we get
oH 1 ,,0°H 0H B
E 50’5 8&2 +7’£a—£—7’H—0

The boundary conditions transform as follows
V(S,8,T) =max(S —8,0) = Smax({ —1,0)SH(E,T) .

Since the left-hand-side is equal to SH (£, T') we get that H(£,T) = max({—1,0) in agreement
with the book.

Notes on the Volatility Option

With one state variable §; = S(t;_1) we can write the other state variable I; as follows

=\ Zlg (%)
5t<z‘1— ) Zlg <%) " 6t<z'1— 1) 8 (Sft(t)>)

\
\
1, . 1 S(t) \’
i \/5t<z‘ 762D + gy o ()

o i=2\ 1 St
- <z—1)]"—1+5t(¢—1)log< S, ) ’
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note the state S; value in the last term inside the square root above. In the continuous case

the definition of I is given by
1 t
I = \/—/ o(S,T)dr
tJo

From this the differential of I or dI is given by

1/1 [ 1z H2 1
dl = = —/aS,7’d7’) [ - = STdT:|
2 <t 0 (5:7) t2 Jo

2 2
_ L (eSO TN dt .
of \ ¢ t 2tI
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Chapter 30: One-Factor Interest Rate Models

Notes on the Text
Notes on the bond pricing equation for the general model

In this section we derive the bond pricing equation in the case when the bond pays a coupon
K(r,t). This is very similar to the equivalent derivation presented in the book. In the case
where our bond pays coupons we need to add a K(r,t) term to the dt increment of dV to
get

ot or 2 Or?
Using this expression for dV' we consider the change in the mixed portfolio II = V; — AV as

2
dV = (a_v + K (r, t)) dt + a—vdr + 1wzﬁ—vdt. (195)

oVvy oy 1 282‘/'1
dll — 4+ K |dt + —d — dt
<8t+ ) +87‘ 7’+2w or?
oV, Vs 1 2821/2
— Al =—=+K)dt+ ——=d — dt
{(815—’_ ) +8r 7’+2w or?
Here we have explicitly assumed that K(r,t) is paid by both bonds. If we take A given by
v
or
A=y

or
and then the dr terms in dlI vanish, and we get

[ 1,02V, oV 1,0V,

Which to avoid an arbitrage opportunity we set equal to
rlldt = r(Vy — AVsy)dt .
Thus when we do this and place Vi on the left-hand-side and V5 on the right-hand-side

v, 1,0, oV, 1,07,
N gl =AY el
or TR gvgE —h R Sl v

—TVQ] )

Next we divide by % on both sides to get

1 [0V 1,0V 1 [0V, 1 ,0%V,
)

or

or
Setting each side equal to a(r,t) which we take equal to w(r,t)A(r,t) — u(r,t) we see that

both Vi and V, must satisfy

oV 1 ,0*V ov B
E+K(r,t)+§w W%—(u—)\w)E—TV—O, (196)

which is the desired equation.
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Notes on what is the market price of risk

The differential of our bond price V' when V depends on a stochastic interest rate, r, such
that dr = w(r,t)dX + u(r,t)dt and a deterministic time variable, ¢, using Ito’s lemma to
leading order is given by

oV oV 1,0V
AV = “dr+ ——dt + —w*——dt
Vo= grdrt rdt+ quigs

2
oV (av ov 1 2av>dt.

— tu—+-w
ot ar 2 0Or?
From the zero coupon bond pricing equation derived in the text we have that

OV 1 L,V oV oV

from which when we put this into the coefficient of dt above we find that the value of dV/
computed above becomes

dV = wﬁ—vdX + w)\g—v +7rV ) dt.
or or

Transforming this expression some we find

dV —rVdt = waa—‘:(dX + Adt), (198)

which is the books equation 30.5.

Notes on tractable models and the solutions of the bond pricing equations

When our stochastic interest rate r satisfies
dr = w(r,t)dX + u(r,t)dt,
with
w(r,t) = a(t)r+ p(t) (199)
u(r,t) = —y(@&)r+n(t)+ A, t)Valt)r+ B(t), (200)

Then we make the vary simple verification that that « — Aw in Equation 196 is independent
of A(r,t) since
U—Aw=—yr+n+Iw—Aw=—yr+n. (201)

independent of A\. Now lets consider solutions to Equation 196 of the following form

Z(r,t) = eAGT—rBED) (202)
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To put this form into Equation 196 we need the following derivatives

4 0A 0B
ot (at Tm) )
4
— = —Bt:T)Z(t,T
bt (6T)Z(5T)
0?7
— = B*t;1)Z(t;T
87"2 ( ) ) ( ) )
When we put this into Equation 196 and divide by Z we get
— —r—+ -w*B*— (u— B—r=0. 2
T —|—2w (u— Aw) r=20 (203)

which is the books equation 30.9. If we take % of this expression we find

2 —
_ 0B N 1328(111 ) _Bﬁ(u Aw)

ot 2 or or

Taking another derivative with respect to r we get

1_,0%(w?) 0?
—B? —~ B=——(u—w)=0.
2 or? or? (u = Aw)

When we divide this by B we get

1 5 P (w?) o

2 Or? or?
Since B is a function of T" and u — Aw is not a function of T' by changing the value of T" the
left-hand-side of the above would change values unless

—-1=0.

0% (w?)
=0. 204
or? 0 (204)
In this case we would then also have
0?(u — \w)
i S e § 2
52 0 (205)

Thus these last to expressions show that w and u — Aw must have the functional forms given
by Equations 199 and 200.

From Equation 201 we find that ©w — Aw = n — ry by using this and putting Equations 199
and 200 into Equation 203 we get

0A 0B 1

- R _ 2 — (— — —
5 rat—|—2(ar—|—5)B (—yr+n)B—r=0.
Equating power of r on the left-hand-side to the zero on the right-hand-side gives
0A 1
e + §B(t)B2 —nt)B = 0 for O(r) (206)
oB 1
o §a(t)B2 —y(t)B+1 = 0 for O(r'), (207)
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both of which match the equations given in the book. Note that we have explicitly used
function notation for «, 3, 7, and 7 to emphasize the fact that that in general these expres-
sions can be functions of t. The final condition for Z(¢;T) when t = T is that Z(¢,7) = 1
or

eA(T;T)—rB(T;T) — 17
or again equating powers of r gives

A(T;T)=B(T;T)=0.

The bond pricing equation with constant parameters

In this subsection of these notes we derive the analytic expressions for A(t;T) and B(t;T)
found in the expression Z(r,t; T) = eAET)=7BET) for the pricing of a zero coupon bond when
the parameters in the dynamics of the stochastic interest rate r

dr = (n—r)dt + v/ ar+ dX, (208)

namely «, £, v, and n are are constant. There is a lot of algebra in the notes that follow, but
having all of the computations in one place can make the verification of the results easier. If
desired this section can be skipped on first reading. From the discussion in the the book for
the differential equation for B we have

dB 1 1 27 2

L —ZaB’4~AB—-1=-al|B*+ZB_-2). 209

a2t 2“( T a) (209)
To begin to integrate this equation lets find the two roots, ry o, of the quadratic in B on the
right-hand-side of the above. Using the quadratic equation we find

2
_%i %+4(%) vy v 2 =yt 4 2
T2 = 5 =——4% —2—|——: .
(6% « « (6%

Thus we see that

2 2
BM%B—E — (B—m)(B—m)

_ 2 2 2 2
_ <B+7 7+a><3+7+\/7+a>‘
8%

«

If we now introduce a and b so that @ = —-V. 2+ VO:YZHOC and b = 1TV Vfﬂa, we can write the
above as (B — a)(B + b). Before continuing from the definitions of a and b above we have
the following simple relationships (which will be used later) for expressions involving a and

b

2
b= 2 210
b = > (210)
2
—a+b = g (211)
20 /77 +2a 2
opb — Y2 20 (212)
« «
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where we have defined v as ¥; = /7?2 + 2a. Back to the main development, using the
above quadratic factorization we have the differential equation we want to solve written as

dB 1
&2 4B - a)(B
o 2a( a)(B+Db),
or
dB

1
B-aB+y 2"

Integrating both sides from T (where B(T;T) = 0) to t (where B = B(t;T')) we have

B(t;T) dB’ 1 t 1
_ = — Za(t—T).
/0 (B —a)(B +0) 2“/T dt =0t =1)

To evaluate the left-hand-side of this expression we performing a partial fraction decompo-
sition of the given fraction. We find

1 1 1y 1 1
(B'—a)(B'"+b) a+b\B —a a+b\B +b) "

Using this we can evaluate the integral over B’ to get
/BW) dB’ _ 1 (B=a\__1  (B+b
0 (B'—a)(B'+b)  a+b —a a+b b
_ 1 In b(a — B) ‘
a+b a(B+0b)
Setting this equal to sa(t —T) we have

1%%) :a;ba(t—T).

Using Equation 212 we see that (“T“’) a = 1. Thus we have

In (ff};) — (T — 1) +1In (S) ,

or
Brb _ b wa
a—B a ’
or
B+b= (9) e TV (aq — B) = b1 — éewl(T_t)B,
a a

or finally solving for B we get
b(ewl (T—t) _ 1) et (T—t) _q
B e R B R S

To simplify this further first consider

1 o —v = /7?4 2«
a 7+ VY +2a \—v -7+ 2
a(—y =7 +20) v+ H2a  y+Yr ba
- ; -

- 21
v — (v? + 2a) 2 2’ (213)
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and second from Equations 210 and 212 that

a b ab «

1 1 a+b:2_¢1<c2u):¢1.

Thus using these two expressions we get

2(e1 T 1)
(7 + 1) (e T — 1) 4 24y

the expression in the book for B(¢;7T"). To find the solution for A(¢;T) we using the time
differential equation for A and B to derive

B(t:T) = (214)

1 2 _ 21
@ TIB—§532 5( B BB ) (215)

B IaB?+4B—1 a\B+ZB_2
2 2 2 2 2 2
_ p(P+ZB-1-2p+l-up
B B2_|_2_'YB_2

«

X n _2
8 . 2<a+B>B >
o\ B2yEB-2

In the above we have added and subtracted the same quantity in the numerator so that we
have a proper rational function of B. We next factor the denominator in the fraction above
as we have done earlier, to get

%__ﬁ 1_2 %—F%)B—%
dB « (B —a)(B +b)

To integrate the right-hand-side of this expression we will need to apply partial fractions to
the fraction that remains. That is we seek coefficients A and B such that

e () (k)

(B—a)(B+0) B—a B+b

To find A, multiply both sides of the above by B — a and let B = a to get

_ 1 Y on AN Y ,m 1
A_a+b(2<5+5)“_5)_a+b<(5+5)a_5)'

To find B multiply both sides by B + b and let B = —b to get

ooy (oo D) ()

Thus we have shown that

dA B - A B
dB  « B—a B+b)’
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which we can integrate from 7T to ¢ (since A(T;T) = 0) we get

A= P an (B _“) B <B—+b) .
[0} [0} [0}

—a b

We have almost shown the result in the book. To fully derive that result consider the
following manipulations of the coefficient of In (%)

A (2a—2|—ﬁb)oz ((g+%) “2_ i)li(aib) (n_g(é_v))
B Emiw(”‘%gK&9<ﬁ‘”ﬂ)‘

Consider now the expression ﬁ (% — 7). Using Equation 213 we can write % as %d” to get

i l_ :i =+ :—’Y+¢1
aa \ a i a 2 ace

Since a = %wl the above expression evaluates to 1. Thus we have shown that

g, 2 a aB\ 2
EA_E<MW)G_E>_EW%

where we have defined v, as

_n—ap/2
a+b
b+B

Next we consider the coefficient of In ( T) given by

B, 28 v o), 1
8= e () s)
2.0 (v n, 1
—zfmw(a+g+@)-

Introduce 15 into this last expression by solving Equation 216 for ) to get that

U2 (216)

Q_a—l—b a
ﬁ_ 3 Yo + =

Thus we get that

B, 2,0 v  a+b a 1Y\ 2 I5; v a1
aB_aba+b oz+ I5; w2+2+ba _ab ¢2+a+b oz+2+boz '

Next we use Equation 213 we can obtain that % = %, and thus i = 3, and
a 1
—4+—=a.
2 ba

After this we now have



We find that the inner most expression is given by

I A e W
o « « o
and 5
a+b:ﬂ,
o
so that
1 Y (67 ¢1 1
R
a+b\a 2 a2
Thus we have shown that )
P2 ().
o Q 2

Combining many of these previous results we finally get the desired expression for A(t;7T)
in terms of B = B(t;T)

A(LT) :—§B+§aln (“;B) +§b <¢2+§) In (#) , (217)

which is the books equation 30.15.

We now seek to determine the long time to maturity asymptotics of the yield curve. From
the definition of the yield curve
—At;T)+rB(t;T) —A(1) N rB(T)

Y: =
T—t T T

2_ and so the second term 20 5 0 in

When 7 — oo by using Equation 214 we get B — e P

this limit. From the differential equation for A

dA 1

— =nB— =pB?
when we consider large 7 from the known limit of B as 7 — oo the right-hand-side of the
above expression has the limit

_ Lo 2 \_ 1,/ 4
"B 253 o <7+¢1) 2B ((VJF%)Q)
2

= W(U(VJFM)—@,

which is independent of . Thus integrating th on both sides of the differential equation for
A gives

A(T) = s (aly+1) = A) (=),

which when we negate and divide by T'—t = 7 is the asymptotic expression presented in
the book.

Recall from Chapter 10 on Page 40 that for a stochastic process that has dynamics given by
dy = A(y,t)dt + B(y,t)dX
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The Fokker-Planck or forward Kolmogorov equation is

aP 1 82 ! 4\ 2 a ! 4l
o ~ 20,2 BWLOTP) — 5 (AW E)P) (218)

which for the spot rate r dynamics considered in this chapter of
dr = (u — Aw)dt + wd X ,

means that we take A(r,t) = u(r,t) — A\(r,t)w(r,t) and B(r,t) = w(r,t) to get the Fokker-
Planck equation of
or 10% 0
2T (wWiP
o~ 20 " g

In steady—state P (0 and our notation changes to P = P, to give

- ((u—=Aw)P). (219)

1 d?

iﬁ(szM) dr((u — \w)Py) .

Under the constant parameter model from Equation 208 this becomes

(o B)Pa) = ()P

Multiplying by two and integrating both sides of the above we get

(ar +B)Px) = 21— 71)P + Ci,

for some constant ;. Using the product rule to take the derivative of the expression on the
left-hand-side gives

dPs,
aPy + (ar + 5)? =2(n—~yr)Px +C1,
or ip.
(ar + B)—=+ (@ = 2+ 2yr) Pog = C1,
or on dividing both sides by ar + [ gives

dP,, —a—2n+2yr C
dr + ar + 8 ar + 3 (220)

This is a non-homogeneous differential equation for P,, and the total solution is given by the
sum of a homogeneous solution and a particular solution. We first solve the homogeneous
problem where we take the right-hand-side equal to zero. Writing this expression as

dP,,  (2n—=2y7r—« J
P, ar + 3

r
27 T+2ﬁ_ﬁ 2
= =7 # dr = —
o r—}—a

2
_ __7<1_<é_g+

o a2y
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We can integrate both sides to get

1n(\poo|):—%7 (r— (g—%+g) In (wé)) + Oy,

for some constant Cy. On solving for p..(r) we have

i Fen (2o 3)

Note that the coefficient of the logarithm in the exponential can be written

2y (6 a n) 298 2n
a \a 2v v

Motivated by the expression above, define k to be

2n 2By
k= —+—. 221
a+ a? (221)

Then we get for p.(r)

k—1 k—1
p(r) = CeEr <r+é> OB (re2) 2(2) (HE)

k—1
= D (r -+ é) e_%y(r—i_g) ,
«

for some new constant D. Having found the homogeneous solution we next need to go and

find the inhomogeneous solution. In general to do that one would introduce an unknown
2y

function v(r) and put v(r) (r + g)k_l e~ ("+2) into the differential Equation 220 to derive
an equation for v(r). When one does that one gets

—k+2
dr Qo o

If we don’t take C'y = 0 then this solution will have an exponentially growing component
as r — 0o. Thus we take C'y = 0. To finish this formulation we must have the integral of
Poo(r) evaluate to 1 or

© ﬁ k-1 2y B
I = / D (r + —) e_F(HE)dr =1.

B/a @

To evaluate this let u = r + g then this integral becomes
[e.e]
D/ uk=te T dy
0

Let v = 2 and dv = %’du and the above becomes

00 k—1
(8% (8%
I = D/ (—) v“%ﬂm(—>
0 2y 2
a\" [ a\"
::D<—> / M*&mzp(—) L(k)=1.
2v) Jo 2y
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So solving for D we thus have

o=(2)

Thus with this explicit value of D we have our final expression for p.(r) of
_ p 2 (r+2) >_2 999
= () s (+a) - T, 22

The mean of this distribution can now be computed

/ TPoo(r)dr = / (r + é) r)dr — —/ Poo(T
—B/a —B/a a Bla

Now by normalization the second term above is given by —g, while the first term is given

by
koo k ko poo
L (21) / (r + é) e w(+ar = L (2—7) / vFe= Ty
I'(k) \ « 8/ a I'(k) \ « 0

Combining with —g we have a mean of

as claimed in the text.

Notes on named models: Vasicek

We are told that the Vasicek model is a special case of Equation 208 with o = 0 and 8 > 0.
In that case the stochastic interest rate r satisfies

dr = (n — r)dt + BY2dX . (223)

The solution for the pricing of the general zero-coupon bond is still given by eA®T)—rB&T)

with A and B modified since we are now considering the case a = 0. To derive the ex-
pressions for A(t;T) and B(t;T) in this case we could simplify the general solutions found
in Equations 214 and 217 by taking the limit as a — 0. For the function B(¢;T') given by
Equation 214 this seems to be a tractable approach since the limits of ¢; as o — 0 is simply

~ and we get

2eV(T-t) _ 1 1
e ) _ Ly ey, (224)

29T =1)+2y v

the same as in the book. For A(t;T'), however, there seem to be a great number of indeter-

minate limits that need to be simplify to compute the expression for A when a = 0, and

B(t;T) =
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thus it is preferable to go back to the original derivation of A starting with the assumption
that a = 0. Starting with Equation 215 in that case we get

dA nB-38B> 18 (32—%@}3)

A= aB-1 2y B-!

Performing long division on this fraction of B shows that we can write

E:B+(1_2_n)+w

B — v B

2= Q|§

which is more easily integrated as a function of B. Thus we have shown that

dA 18 1 277> 1<1 217) 1
— __~F B . Bl A I
dB 27( +<7 B) "7\ B B—%)’

Integrating this expression from 7" to ¢ and using the fact that A(T;7T) = B(T;T) = 0 gives
18 ( B? (1 277)
AtT) = —s= |5 +(=-——=)B+
1) 27 < 2 v B
= _ﬁB2_lé (1_2_77)3_% (1_2_77) In (1 —~B)
Ay 2v\v B 2 \y P
B, 1 (B L/ B T
- gy (L B+ — (-2 In (e=7T~
- +72 2+Wl +73 2+7n n (e )
B o B\ |1 1
- B OV AB e ()T —t
™ =3 v + 73( )( )
s

_ Bl _5
= 57 5B TH)(W 2), (225)

which is the expression in the book. To determine the probability density for r we could
again take the limit o« — 0 of the general expression Equation 222 but this again involves
several indeterminate limits and proceeding that way is more difficult than simply deriving
the expression for p..(r) starting from the assumption that a = 0. In that case the steady-
state Fokker-Planck Equation 219 becomes

L BP) =25 (1= ) Px).

Integrating both sides gives

dP..
57 =2(n—97)Psx +Cy,

for some constant C;. Thus we have

dP. 2 Ch
dr )
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If we solve the homogeneous part of this equation first we need to consider

dP, 2

P 3(77 —yr)dr,
or integrating both sides gives
2 7 2
In(Py) = =nr — sr*+Cs.
(Pas) 53 >

On solving for P, we find

2 2 2 2
P, = eCQexp{—% (7"2—7777")}:6’2@(10{—% (7"2—77]7‘—1-%—%)}
2 2 2
_ LAY ) A/ LAy e
B CzeXp{ B(T v) +5v} Dexp{ ﬁ(r 7) }

Note that in the Vasicek model since 5 > 0 and o — 0 our lower limit of r becomes in this

case —g — —o0. This logic is used in the to make this expression a valid density since we

must require that P, integrate to one. This requires that D must satisfy

00 2 () N 00
/ De_%(r_%) dr = D/ e B dr = QD/ e~ B dr
—0 —o0o 0

= 2D\/E/we‘”2dv:2D\/Eﬁ:D b _1.
7 Jo v 2 g

v
D= ,/—.
B

P(r) = \/%Q_Z(T—Zf , (226)

as claimed in the book. This density has a mean that can be easily calculated as

/_Z rPoo(r)dr = /_: (7’ = %) Py (r)dr + g /_Z Po(r)dr.

Since P, is a normalized probability density this second integral is g The first integral

becomes
> Y n 2
l/ (r — ﬁ) e 3(=3) gr = 0,
V 67 ) e gl

by symmetry. Thus the mean of this distribution is g as claimed in the book.

or

Thus our density is given by

Notes on named models: Cox, Ingersoll, and Ross

This model takes 8 = 0, which from Equation 208 gives
dr = (n —r)dt + VardX ,
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for the differential equation satisfied by r. The value of a zero-coupon bond is still given
by eAtT)=rBET) where A and B are given by Equations 214 and 217 with 8 = 0, in all the
dependent relationships. The expression for the steady-state probability density P, (r) is
given by Equation 222 again with # = 0. In that case we have k = %" so that

P(r) = i kirk_le_%w for r>0.
a ) T(k) -

The mean value for of this steady-state probability density is

ak _a2n _ 1
2y 2ya v

Y

in agreement with the book.

Notes on named models: Ho & Lee

The Ho & Lee model has a =y =0, 8 > 0 and 7 a function of time i.e. n = n(t), so from
Equation 208 we have
dr = n(t)dt + /BdX (227)

as the differential equation for the spot rate r. In this book, it is also common to see the
constant ¢ defined as ¢ = /. Using Equation 201, with the parameters specified above
(namely v = 0) the zero-coupon bond pricing Equation 196 under the Ho & Lee model takes

the form 07 1 .97 07
2

— 4+ —c"— t)— —1rZ=0. 228

o T2 e TG T (228)

When we consider a solution of this equation of the form Z(¢;T) = e , in Equa-

tion 209 we see that B(t;T) satisfies %2 = —1, which when we integrate from T to ¢ with

dt
B(T;T) =0 gives

At;T)—rB(t;T)

Bt;T)=T—t. (229)
Then from Equation 206 for A(t;7) we have

U 0(1)B — 2B = (t)(T 1)~ S (T — 1)

Integrating this from 7" to t gives
t 1 t
At;T) = / n(s)(T — s)ds — —B/ (T — s)%ds
T 2 Jr
B s [T
E(T —t)° — n(s)(T — s)ds. (230)
t

Thus combining these two parts the full solution for, Z(t;T), is then given by

Z(:T) = exp {%02@ 4= /t n(s)(T = s)ds — (T — t)r} | (231)
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Notes on Equity and FX Forwards and Futures: Forwards

Consider a portfolio, II, consisting of one forward contract, of value V(S,r,t), short A
underlying shares of stock, and short A; risk-free bonds or

=V(S,rt) —AS—AZ,

Ito’s lemma for the two stochastic parameters r and S on II gives

ov ov ov

I = — — -
d g dt+8SdS+ 8rdr
L[ 5,0V ov , OV
- Z 19 — -
+ 2(05 8S2+ p05w858T+w 57 dt

07 07 . 1 ,0°Z

Group everything by the differentials dt, dS, and dr to get

2 2
dll = [8@_‘; +% (UQSQa—V + 2poSw 8Vr +w28 V)

052 0S50 or?
07z w?o*Z oV ov 07

We now pick A and A; such that the above portfolio is deterministic. The coefficient of dr
will be equal to zero if we take

v
A =2
or
The coefficient of d.S will be zero if we take
ov
A=—.
a8
Then setting dIl = r1ldt and dividing by dt we get
ov 1 [ , ,0%V ov , O*V 0z w?0*Z
il bt ' 49 ) oA 1222
o 3 (“5 g5z TS GeE T G ot T2 e
Vv
= rV—-—rAS—rAZ = TV—TSg—S —rA 7.
Putting terms that depend on V' on one side and terms that depend on Z on another to get
ov L[ , .0V ov , OV ov
— = S*—— 4+ 2p0Sw——— — | =V +rS—
o T2 (“ 957 TP asar T W g ) TV T8
0z w?0*Z
=& {E+7W‘T4 ’
or dividing by the numerator of A; or %—‘: we get
L [oV 1 /[ , ,0*V ov ,O*V ov
il B Z 19 B v il
o <8t T3 (" S g TS Ges, T g ) TV S
— i a_Z + w_202_Z —rZ
S zZ\a 2o )
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Since Z satisfies Equation 196 with K(r,t) = 0, the right-hand-side of the above is equal to
—(u(r,t)) —w(r,t)A(r,t)). When we make this substitution and multiply both sides by %—‘7{
the equation for V' becomes the following

V1 .,V v LV
o 5(“5 g5z TP EeE T G
oV oV
— TV"‘TS%—F(U—)\U})E—(]’ (232)

or the equation in the book. The final condition on our forward contract is V(S,r,T) = S—S.
The book then assert that a solution to this equation the the given boundary condition is
given by V(S,r,t) = S — SZ. To show that this true we can take the required derivatives
and see if they satisfy Equation 232. The derivatives of this proposed solution are given by

ov 07
a - a
v
oS
0*V
o5z~ !
ov 07
> - o
2
o°V _ 0
orosS
eV _ 02
orz or?
Thus using these for the left-hand-side of Equation 232 we get
=07 1, 50*Z _0Z _
B [0z 1 ,0°Z 07
= —S E"‘iw W—F(U—)\w)E—TZ]

Since Z satisfies Equation 196 this final expression is zero.

Notes on Equity and FX Forwards and Futures: Futures

The partial differential equation satisfied by the futures price F'(S,r,t) is

OF 1, ,0°F OF  ,0°F
ot 2 (“ S o5 TS e T g
OF OF
+ TS%"‘(U_)\U})E—O, (233)

note that there is no —rF term as there is in the forwards Equation 232. The reason that
there is no —rF' term in the above expression is that when we equate dII equal to r1ldt our
portfolio initially has a value of —AS — A;Z since a futures contract has no value initially.
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Motivated by the quoted forward price of % we will consider an expression for the futures
price of the form F'(S,r,t) = %. Then the equation that p(r, t) satisfies is given by putting
this expression into Equation 232 then the needed derivatives of F' in terms of those of p
become

or S Op

ot prot

oF 1

as  p

OF

sgr = 0

OF S op

o  p*or

OPF  Sop

ordS — por

PF 28 (9p\® S
o F@) S pPor?’

Then using these derivatives we find that the differential equation for p(r,t) given by

Sdp poSwdp 1 , (28 (9p\? S rS Sop\
p? Ot p? 0r+2w p3 \Or p? Or? +p +(u—w) p? Or =0

Multiply by —%2 and changing the order of some terms we get

op 1 ,0p op w? [ Op 2 dp
§+§wﬁ+(u—>\w)5—ﬂ?? o +paw5—0, (234)

which is the same equation as in the book. The final condition on F of F(S,r,T) = § = —=2
means that the final condition on p is p(r,T) = 1.

106



Chapter 31: Yield Curve Fitting

Notes on the Text
Notes on Ho & Lee

In the Ho & Lee model the risk-neutral spot rate has the process
dr =n(t)dt + cdX ,

where the theoretical model price for zero-coupon bonds then is given by Z(r,t;T) =
eAET)=r(T=t)  where

At T) = —/t n(s)(T — s)ds + %CQ(T — 1),

On today t = t* we can pick the functional form of n(¢) to match the market prices of traded
zero coupon bonds that mature at time 7" denoted by Zy/(t*;7"). Under the Ho & Lee model

this means that
ZM(T,*; T) — 6A(t*?T)_T*(T_t*) .

Using the expression above for A(¢;7T) this means we need n*(t) to satisfy
T 1
/ T (NT — $)ds = ~loa(Zu (7)) = r*(T = #9) + ST ). (235)
t*

We can extract n*(-) from this expression by taking 7" derivatives. The first 7' derivative of
this expression gives

PN+ [ (s = = og(Zut ) = 1"+ ST — )

Note the first term is zero due to evaluating T'— s at s = T. Another T derivative of this
expression gives

o
n'(T) = 572 log(Zu(t*;T)) + (T —t*).
When we use this expression for the functional form for n*(t) we get for A(¢; T')
T T 82 1
Alt;T) = — / A(s —t*)(T — s)ds + 952 log(Zas (%5 $))(T — s)ds + 602(T — ).
t t
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To evaluate the first term in the expression for A(¢;T) we write it (without the ¢?) as
T T
— / (s —t)T — s)ds = / (—s+t")(T — s)ds
t t -
= / (T —s+t"=T)T — s)ds
t

_ /tT(T —$)ds — (T —t) /tT(T — 5)ds

= TP ()T -]
1 3 1 , 2
= (M=) = (T = )T = 1)*.

Combining this expression (with the ¢? factor) with the last term, $¢*(T —t)?, in the expres-
sion for A(t;T) we find

c? 3 c? . s 1, 5 1, * 2
SOt = ST =) T = 1)+ AT = 1) = =S = £)(T ~ 1)’

To evaluate the integral of the derivative or the second term in the expression for A(t;7") we
will use integration by parts. We find

’ % log(Zu (5 8))(T' = s)ds = (T — S>% log(Zau(f"; )

t

o
+ /t %log(ZM(t;s))ds

d Zu(tT)
= —(T'—t)=log(Zy(t";t)) +log | ———— | -
(7 1) 5 o (e ) + 1o 150
Thus for A(t;T') combining all of these expressions we get
ABT) = log 2V 20 (7 — ) L log(Za (¢t
1) = 1o (U5 ) (1= 0 tou(Zutr's0)
- %(;2(t—t*)(cr—t)2. (236)

Notes on the extended Vasicek model of Hull and White

The Hull & White extended Vasicek model has the following differential equation for the
short rate
dr = (n(t) —yr)dt + cd X ,

this expression matches the more general differential equation for r of

dr = (n(t) —y(t)r)dt + /a(t)r + p(t)dX ,
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if we take a(t) = 0, the values of , and 3 constant and the value for ¢ = 3%/2. Then the
general equation for B is given by Equation 207 but since we are taking o = 0 and the value
of v independent of time or in this specific case by

B
aa—t:fyB—l with B(T;T)=0.

This is integrated to give the solution

1

B(t;T) = ;(1 — e Ty (237)
Using Equation 206 we find A(¢;T) is given by
0A c?
— =n(t)B - =B*
5 — 1B — 5B,

since ¢? = 3. Integrating this from T to ¢ since A(T;T) is zero we get

T 2 [t
At;T) = —/ n(s)B(s;T)ds — 5/ B(s; T)dt .
¢ T
Since for this model we know B(t;T") from Equation 237 we have

1
B(s;T)* = ?(1 — 2 T=8) 4 o= 2(T=9)y

This second integral is therefore proportional to

t 1 [ 2 B o)t 1 _ Y
/TB(S;T)2d3 — ? (t—T)—;e ~(T )‘T_|_%€ 2v(T )‘T}
10 2 1
= ; —(T —t) — ;(e—“/(T—t) ~1)+ a(e—m@—t) _ 1)}
1 2 1 3
— | (T —=¢t)= 2T 4 — o=2(T=t) = |
7| ( ) 7e + 276 + >

Thus at this point for A(t;T") we have

AET) = — / B Thds + o (T -4 2o _ L mrn 3 (g
’ ‘ ’ 29° v 2y 2y)

We next impose conditions such that A(¢;T) and B(t;T) produce values for zero-coupon
bonds that match market prices today i.e. when t = t*. Under the assumed model zero-
coupon bonds are given by

ZM(t*7 T) _ eA(t*;T)—T’*B(t*;T) )
so that by taking logarithms this requires that
At T) =log(Zy(t5T)) +r*B(t*T) . (239)

Since B(t*;T') is known via Equation 237 (assuming we have a way of calibrating ) and we
know the functional form for A(¢;7") this is in fact a condition on the function 7(-) in the
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expression for A(t;T"). To determine this requirement on the functional form of n(-) we first
set Equation 238 equal to Equation 239 (with ¢ = t* and n = n*) and then take T derivatives
to remove the integrals. Doing this and taking the first 1" derivative we get

9 * T
GrAUST) =~ (MBET) = [ (s) g B T)ds
2
C (1 — 9Tt | pm2(T—t)
T o5 (1—2e +e )
= 9 rog(Zu(t: ) + 2B T
= or B\ Tor”V o)

Since B(T;T) = 0 and 2 B(t;T) = e "~ we can put these expressions into the above
and solve for the term with the integral of n*(s) to get

T
/ n*(s)e 7T =9ds = 0 log(Zu (t*;T)) — r*e 7 T=)
" - aT

2
+ 202(1—26 W) 4 =Tt (240)

Taking another T" derivative of this expression gives

T 2
n*(T> - 7/‘ n*(s)e_FY(T_S)dS - 8??2 log(ZM(t T)) f}/r*e_'Y(T_t*)
t*

2
+ —26 5 (27 VT _ 9y (T=17))
7

Solving for n*(T") by using Equation 240 we get

2

0 L2 ) )
o7 108(Za (55 T)) +yrte 7T 4 ;(e—WT—t L))

n(T) = ~a7

8 2 * *
+ v ~ 57 log(Zy (t5T)) — e YTt 4 %(1 — 2Tt 4 o= |
v

on canceling terms and simplifying

2 2

n(T) = a(?m log(Zy (t*;T)) — yi log(Zy (t5T)) + C—(l — eIty (241)

or 7 27y

To get the functional form for n(t) (rather than n(7)) i.e. as a function of ¢ while it sounds
funny in words simply replace 1" in the above with ¢.

Given the above form for *(+), to compute A(t; T') for any time ¢, we need to use Equation 238
which based in the form for B(t;T) means we will need to evaluate (the negative of)

T
7 5/ n*(s)B(s: T)ds |
t
since the other terms in Equation 238 are already explicitly given. As a road map of the

calculations ahead, we will first evaluate the integral Z (which has several steps) and once
we have that result add it to the remaining terms from Equation 238.
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As evaluating this integral was the trickiest part of this derivation (for me) since there
seemed to be several ways one could try to proceed. We will use the form of n*(t) given by
Equation 241 and keep most of the expression directly in terms of B(t;7). When we use
Equation 241 we see that this integral is really three terms

T 82
7 - —/ 1o (Zu(t*;5)) Bls: T)ds
/ —log (Zy(t*;s)) B(s; T)ds
+ (1 — e PN B(s; T)ds .

27t

Lets denote these three terms by Z;, Z,, and Z3. Lets integrate the first term, Z;, by parts
where we find

I, = - t 8822 log (Zp(t*;s)) B(s; T')ds
= Bls ) loa(Zut'ss)| + / (%lom(t*;s))) & B(s:T)ds.

Now since B(T;T) = 0 the first term in the above expression becomes

B(t;T)% log(Za(t5;1)) .

To evaluate the second expression note that due to the functional form of B(t;T") (an expo-
nential) we can easily take its ¢ derivative and relate it back to the functional form of B(¢; T)
itself. For example we have

I )

= —eT=9) =vB(s;T) -1,

which we now use in the second integral to get two terms

fy/tT (%log(ZM(t*;s))) s;T)ds —/ — log(Zn(t";8))ds .

The first of these two terms exactly cancels the integral term Z, above while the second term
is easily integrated. Thus, due to this cancellation, at this point we have for Z; + Z, the
following

0
T+ T, = B(ST) g lou(Zu(1' ) — o 2402

We now need to evaluate Z3. In great detail, we find

2 (T *
Iy = 55/ (1= e 2= (1 — e T=9))gs
7
2 (T
= 53/ (- e VT=8) _ =27t e (s T=2) g
27y
2
— C_ [T —t — l e_“/(T—s) T + i 6_2,)/(8_15*) T _ l e—'\/(s—|—T_2t*) T |
2’}/2 y t 2,}/ t 7 )
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which evaluate to (dropping the coefficient %)
1 (T 1, o P 1, or o _ .
T—t——(l—e ~(T t))—l-—(ﬁ’ 2v(T t)_6 27(t t))__(6 ~(2T 2t)_e Y(E+T+2t ))‘
gl 2y gl

With this expression we have now completely evaluated Z. To get the full expression for
A(t; T) we need to negate Z and add it to the appropriate part of A(¢;7) namely the
exponential terms. The sum we need to evaluate then is

_ C_2 T —t — 1(1 _ 6—V(T—t)) + i(e—?y(T—t*) . e—2y(t—t*))
272 gl 2y

. %(6—7(2T—2t*) . e—fy(t+T+2t*)):|
L < [T 4 2 L oy E]
272 Y 2y 2y
= _40_; [1 — 21Tt _ om(T—t7) | o= 2y(T—t) _ o=2v(t—t") 26—7(t+T—2t*)] . (242)

To see if we are finished with our derivation lets see if this expression matches the proposed

exponential expressions in A(¢;T) presented in the book. This expression, without the
. 2 .

leading factor of —4%, is

(T — e—v(t—t*))2 (2=t 1)

)

or “squaring” the first factor gives

(6—27(T—t*) o 26—7(T+t—2t*) + e—2y(t—t*))(e2y(t—t*) - 1)

Y

or multiplying each factor together gives
e—2fy(T—t) o 2€—~/(T—t) +1— 6—27(T—t*) o e—27(t—t*) + 26—7(T+t—2t*) )
This expression matches term for term the expression in Equation 242, thus remembering to

negate the expression Z; + Z, we have found that under the extended Vasicek model of Hull
& White that the expression for A(t;7T) is given by

o Zu(t5T) 9 :.
ATy = s (g ) PO T )
2
- (T e e ) (243)

Notes on Yield-Curve Fitting: Against

As suggested by the book for times ¢ close to T let Z be

Zrt;T) =14 a(r)(T —t) + b(r)(T —t)> + c(r)(T —t)> +-- -, (244)
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or the Taylor series expansion about the maturity time 7" of bond with value 1. Then to put
the above expression into the zero-coupon stochastic bond pricing equation of

0z 1 ,0°Z o4
E—i__ W—F(U—AM)E—TZ—O
we need to evaluate several partial derivatives of Z. We find
%—f = —a(r) — 2b(r)(T —t) — 3c(r)(T —t)* + - --
‘g—f A ()T =)+ V)T — 1)+ )T — 1) + -
822 " " 2 " 3
5z = @ (r)(T—t)+ " (r)(T—t)*+"(r)(T—2t)° +---

Then we can put these expressions into the zero-coupon bond pricing equation and group
terms by powers of T'— t to find

(—a(r) —r)
+ (=2b(r) + ;w2a”( )+ (u— dw)d' (r) — ra(r))(T —t)
o (Belr) + g () + (= M) () — rb(r))(T 1) 4= 0.

Thus we see that a(r) = —r. The equation for the 7' — ¢ power then gives since a/(r) = —1
and a”(r) =0

—20(r) — (u— Aw) +r* =0,
or

b(r) = %rz - %(u —Aw).

Thus we find that near maturity we have
1
Zrt;T)~1—7(T —t) + 5(r2 —u+ A )(T—t)* +---. (245)
If Z(r,t;T) is given via Equation 244 then using the approximation

1 1
log(l+x)%m—§x2+§x3+---,

valid when z < 1 we can evaluate the yield to maturity ——== log(Z(r,#;T)). The log term
can be simplified as

log(Z(r,t;T)) = log (1+a(T —t)+b(T —t)* +c(T —t)*+---)
= a(T—t)+b(T —t)?>+c(T —t)> +---

S G AT I A R S R

2

+ %(a(T—tHb(T—) Fe(T—t)P+---)°

= a(T —t)+b(T —1t)° +c(T )+ -

— %(a2(T t)? + 2ab(T — )+%( (T—t)*+--+)

_ a(T—t)+(b—%a2) (T—t)2+<c—ab+%) (T — 1)+ ..
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Thus we have

7 los(Z(ntT)) = —a+ (%aQ—b) (T —1t)+ (ab—c—%ag) (T —t)> + -

Since —a(r) = r the slope of the yield curve is given by

0 [ lsZrT)] _ 1,
(T — 1) Tt - 2
1, 1, 1 1
S +§(u )\w)—Q(u Aw) (246)

and is one half the risk-neutral drift.
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Chapter 32: Interest Rate Derivatives

Notes on the Text
Notes on the relationship between a caplet and a bond option

If we get the cashflow payment max(r; — r.,0) at the time ¢;, then by the theory of present
value [2], to determine the value of this cashflow at ¢;,_; we need to discount it by the factor

1
1477

Here 7, and T are measured in years (7 is notionally a fraction of a year). Then we have for
the present value of this cash flow at the time ¢;,_; denoted by PV;_; the following

1
PV,., = - max(r, — 7, 0)

1 (TLT+1—1—TCT )
= max ,0

Warning: this is % multiplied by the expression presented in the book. Note that the above
expression has a payoff that looks like a put option.
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Chapter 33 (Convertible Bonds)

Additional Notes on the Text
Convertible Bonds with Random Interest Rate

In this section of these notes we derive the convertible bond pricing equation. Since
both the stock of value S and the interest rate r are random we need two instruments to
hedge our convertible bond with. Thus we consider a portfolio long one convertible bond
(with a maturity date T}), short Ay zero-coupon bonds with maturity date 75, and short A;
shares of stock. This portfolio will have values given by

M=V —-AZ —A;S.

Then using Ito’s lemma for the two stochastic parameters » and S we have that II changes
as

ov ov oV

1 [ 5 0%V ov , O*V
+ 2(0’5 852+2p05w858r+w 52 dt
07 1 ,0%Z

07

Group everything by dt, dS, and dr to get that dII looks like

2 2 2
an = |55 (55 +mosugn + ) < (G 4 BT ) | a

ot 2 852 asor Y o ot 2% o
P% oV 07
"— {%—Al] dS+ {E—AQE} d?”.

We now pick the hedge values A; and A, such that the above portfolio is deterministic.
That is the coefficients of dS and dr vanish. From the above we see that the coefficient of
dr will be equal to zero if we take

v
Ag == g—; 5
or
and the coefficient of dS will be zero if we take
oV
A = —.
TS

Once we have done this by setting dIT = rIldt (to avoid arbitrage) and dividing by dt we get
the following equation

2 2 2
oV + 1<U2S28—V+2p0'5w v —l—w28 v)—Ag {8—2—1—1( 20 Z)}

ot P 52 DSor o2 a2\ a2
= rV —rAyZ —rAS
5%
= ’FV—TAQZ—’/‘S%.
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Putting terms that depend on 77 on one side and terms that depend on 75 on another side
to get

ov o n 02V ov , OV ov
il 2 A il
5 + 2( S@S + paSwasa +w 52 rV+rSaS
0Z 1 ,0°Z
= AQ{E—I——U}W—TZ}
or dividing by % aV we get
1L (oV 1 /[ , ,0*V v ,O*V ov
B (T 7 49 _
%ﬁ(at +2< S g T Gge, T g ) TV 5 %5g
B %—f ot w or? '

Using Equation 196 with K (r,t) = 0 we see that the right-hand-side of the above equals
—(u — A\w). Doing this and simplifying some we get for V (.5, r,t) following equation

ov 502V ov , O*V
wr + ( SW—I—QpaSwasaerw 52
ov ov
— v +r5% + (u— Aw)—=— B =0, (247)

which is the convertible bond pricing equation. Here A = A(r,S,t) is the market price
of interest rate risk.

Notes on a Special Model

If we consider the Vasicek short term interest rate model where the differential equation for
r is given by Equation 223 we can look for solutions to Equation 247 of the following form

V(S,rt)=g(r,t)H (WSZiE)’t) , (248)

with g(r,t) = Z(r,t; T) = A& =7BET) and B(t; T) given by Equation 224 and A(t; T') given
by Equation 225.

In the Mathematica file a_convertible bond pricing model.nb we substitute the func-
tional form given in Equation 248 into the convertible bond pricing Equation 247. When
we do that the resulting expression involves t and r derivatives of g(r,t). We next replace
the ¢ derivative of g(r,t) using Equation 196. When we do this and make the substitution
of £ = or S =¢&q(r,t) we get

OH 52 2 g?‘(rv t) 2g7‘(r7 t>2 82H —
5 + (a prgg(r,t) +w g(r,t)2 ) o€ =0.

A@T)=rBtT) e have that

gr(r> t) = _B(t; T)g(’l“, t) )

g(T’ t)

Since g(r,t) =€
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and the above becomes

2
8@—];[ + % (0% + 2wpoB(t; T) + w*B(t; T)?)

O*H

5 =0

In the Vasicek interest rate model
dr = (u —  w)dt + wdX = (n — yr)dt + BY2dX
so w = /2 and the above becomes

2
%—i[ + % (0® +2B(t; T)pB" o + B(t; T)*8)

2
8H:O’
€2

the expression quoted in the book. The value just before maturity of V is V(S,77) =
max(nS, 1) and so
gH(§™,T7) = max(ng™g,1),

or

H(E, T") = max(né, 1).
The no arbitrage constraint of V' > nS is g(r,t)H (&, t) > nég(r,t) or

H(,t) > ng.
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Chapter 34 (Mortgage-backed Securities)

Additional Notes on the Text
Notes on monthly payments in the fixed rate mortgage

If the home is worth a nominal present value of 1 we can use the theory of discounting at an
interest rate of r); to determine monthly payment amount x if the mortgage lasts N years.
The present value of a constant income stream (z,x, - - - , ) where x is payed out 12N times
is given by

12N 12N , —12N
v\ I8V -111— (1 + M)
Zim —xZ(1+—) _x(1+§) [ 12/ ]

(15 - (1+3)
1—(1+e)" —12N 12 (1_ <1+T_M>—12N) |
1+ 1 rar 12

Where we have used the identity

=X

N
: 1—aV
P ) 249
Z a=a ( . ) (249)
When we solve for z in the above we get

’I“M/12
1—(1+1u)

= “12N °

Notes on Modeling Prepayment: The PSA Model

If we consider the given discussion of the simple PSA model then we see that the CPR as a
function of time ¢ when time is measured in months is given by

t
2
H(l—%k) 0<t<30
CPR = k=1

CPR(30) (1 - %) £> 30

In the python code plot_psa model.py we implement this function and then plot it as a
function of year. When we do that we obtain the plot given in Figure 3. This plot matches
the one given in the book.
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" Percentage of remaining mortgages in the PSA model
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Figure 3: A duplicate of the books figure 34.4.

Notes on Valuing MBS

Using the same discounting logic as above but now in continuous time the present value P
of the loan amount which is replicated with a continuous payment stream of x is given by

T
P = x/ e (D7 (250)
t

In a small amount of time dt this expression changes because we must pay the bank that
holds our mortgage an amount r;; P but at the same time we make a payment of z. Thus
our mortgage amount P changes as

dP = (ry P — x)dt.

Now consider the case where some fraction, 1 — Q(r,t), of the mortgages are payed off
prematurely. Note this fraction @) is a function of time since inception of the loan t and
the market interest rate r. Then the magnitude of the present value of the income stream
represented by x ftT e "™ (=D dr earlier will change as the fraction of mortgages changes. We
then have

T
P= xQ/ e_T’M(T_t)dT,
t
Using the product rule dP is given by

T T
dP = dQ (m/ e_W(T_t)dT) +Qd (x/ e_rf‘f(T_t)dT)
t t

= ng + (ry P — zQ)dt .
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If we model the change in @) as
dQ = —al(t)f(r)Qdt, (251)
then using the above we get
dP = (ry P —xQ — a(t)f(r)P)dt, (252)

for the differential equation satisfied for P. Note P only has a differential with respect to
t. We would next like to find the differential equation for V' (r, P, @, t), using the evolution
of d@) given by Equation 251, the evolution of dP given by Equation 252 and our standard
model for the spot interest rate dr = (u — Aw)dt + wdX. With these modeling assumptions,
the partial differential equation for V' (r, P, Q,t) can be argued by following the discussion in
the section “Can I Reverse Engineer a Partial Differential Equation to get the Model and
Contract” given in [4]. Thus since r is a stochastic variable we will need to have terms

1
Vi + §w2VW + (u — Aw)V,.

Since ) and P depend only on time ¢ via Equations 251 and 252 they will require terms
—a(t)f(r)QVy and (ryP —xQ —a(t)f(r)P)V,.

The contract has the present value V' and thus there is a —rV term and finally there are
cash flows due to regular payments of the form x(@) and due to early prepayments of the form
a(t) f(r)P giving two source terms. When we combined all of these expressions we get

Vit Vo (= Xo)Vi + (raaP = 0Q = () (1) PV,
—a(t)f(r)QVg —rV + (a(t) f(r)P +2Q) =0, (253)

for the equation used to value V. In the special case where r is constant and equal to r;; we
have w = 0 and V,, = 0 so the left-hand-side of the above

Vit (ruP —2Q — a@) f(rar) P)Vy — a(t) f (ran) @V — ruV + a(t) f (ra) P + 2@
If we then consider this when V' = P we have Vp =1, V5 =0, and V; = 0 it becomes
TMP — LL’Q — a(t)f(rM)P — TMP + a(t)f(rM)P + SL’Q = O,

showing that the MBS Equation 253 is satisfied.
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Chapter 35 (Multi-Factor Interest Rate Modeling)

Additional Notes on the Text
Notes on the theoretical framework for two factors

Following the discussion in the book we have three equations for the two hedge ratios A
and A, given by

07 A 872y
E—A1W—A2W—O (254)
07 A 872y

£/(Z) - Alﬁl(Zl) - Agﬁ/(Zg) == O . (256)

Since there are three equations and only two unknowns A; and Ay, the linear system given
by all three equations must be over-specified and thus any one of the equations is a linear
combination of the other two. Because of this fact there exists values A\, and ); such that
Aw — u times the first row plus A\;g — p times the second row equals the third row. When
we write this out and then group everything by the function Z (similar equations hold for
7y and Z,) that

, 0z 0z
L£(Z) = (hw—u) =~ + (\g —p) 7 (257)
or ol
When we write out the expression for £'(Z) and put all terms on one side we get
8_Z+1w282_2_|_ w 0z _‘_1 282_2
or 2" o Mg T 21 o
0z 0z
+(u—Aw)—+pP—-—N¢g)— —rZ=0. (258)
or ol

As an additional piece of information, once we have specified that the third row is a linear
combination of the other two we can simply compute A; and Ay by solving Equation 254
and 255. Writing these two equations in the more standard form as

0z, 07y, 0%
I s
0z, 02y, 07
o Ty ey

we can solve them using Crammer’s rule. To use this we need the determinant of the
coefficient matrix

L_| % 2 0z02, 02,02
T2 220 9 ol or Al

With this then computed A; and A, are then given by

1|2 22 1 (0Z20Zy 072507
A== |8 &|=5mmr— s

D a0 ol D 87’ 8[ 07“ 8[

1| %4 92| 1 (92,02 0Z,0Z
No==| g & |== (=22 -2L20)

D | S % D\ or 0l ol or

Note I believe the book has a typo in the expression for A,.
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Notes on Modeling the Long-term Rate

As discussed in the book a consol bond, Cy, must satisfy the pricing equation

aCy aCy
! 1=MN\w—u)— + (A : 2
£(Co)+ 1= (hw—u) 52+ (g —p) 5 (259)
Where the linear operator £’ is given by
LNZ)y=L(Z)-rZ (260)
oz 1 ,0*Z 0?7 ,0*7Z
=22,z 2 vz, 261
or 3 g T qaaz+2q o (261)
The yield [ on a consol bond is given by [ = c o thus Cp = 7. With this expression have
that % = aacro 0, 88010 = —1—2, and a CO = l%, so we find for Equation 259 the expression

1,/(2 r . ANg—0p
24 <l3) R TR

When we solve this for p — \jq we get
2

p—)\lq:qT—rl—i-F.

Warning: The book has the expression ‘11—22 rather than ? for the first term in the above

expression, which I think is a typo. Thus, since we now know an expression for \;g — p in
terms of [ we find for Equation 257

0z 0Z
/ _ _ 2 _
LN(Z)=(A\w—u)— r (l rl+ ) o

where £'(Z) is given by Equation 260.

Notes on General Multi-Factor Models: Vasicek

The general pricing equation for a fixed income instrument V' given N factors z; is given by

N

0
Z Zpualaja 8 -+ Z(u, — )\iai)ﬁ—:‘v/- —rV =0. (262)

=1 j=1 i=1

In general all parameters p;, 0, p;; and A; can be functions of all factors x and time ¢.
This most general framework makes the model to difficult to solve analytically and we will
postulate some special models that make the model tractable. To further simplify things we
consider the multi-factor Vasicek model where the correlations and volatilities are assumed
to not be functions of the factors x. Furthermore we take all cross correlations zero, and all
model parameters are independent of time t. Thus we have o;(t) = ¢,

pi(t) — Xi(t)oi(t) = a; — Z bijzj
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and p;; = d;;(t) =0 if i # j. Then assuming a solution to Equation 262 of the form

V(z,t;T) = exp {fo(taT) + Zfi(t§T>xi} , (263)

i=1

we can evaluate the needed partial derivatives and find alternative differential equations for
the functions f;. From the form above we find

N
V, = (fo—l—Zfi:ci)V, Vo, = £V, and V. =fifiV.
i=1

Putting these in Equation 262, using the stated assumptions, and dividing by V' we first get

] N ] 1 N N N N
f(] + Z fZLL’Z -+ 5 Z O'Z-2f2.2 + Z (ai — Z bm‘l’j) fz — g(](t) — Zgz(t)xz =0.
=1 i=1 i=1 j=1 =1

Since 0; = ¢; and changing the order of the summations over one of the terms gives

‘ N LN N N /N N
fo+ Z fizi + 2 Z o’ ff+ Zaifi - Z (Z bijfi) z; — go(t) — Zgi(t)SCi =0.
i—1 1 i—1

i= i j=1 \i=1 i=1

Grouping the terms by each factor x; gives
X N
Jo+ 3 Z; ¢’ ff + Zl:aifi —go(t) =0

N
fi_Zbkifk_gi(t):O for i1=1,2,---,N.
k=1

The same equations as in the book.
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Chapter 36 (Empirical Behavior of
the Spot Interest Rate)

Additional Notes on the Text
Notes on the volatility structure: vr”

From the form for dr taken by many popular models of
dr = u(r)dt +vrfdX , (264)

we have

Eldr®] = O(dt*) + O(dt*”*) + v*r* E[dX?] = v*r*dt,

where we have dropped higher order terms in d¢t. Thus we have
log(E[dr?]) = log(v?) + log(dt) + 231log(r).

Next we take dr =~ dr and dt ~ dt, i.e. discretizing r and t by putting these variables into
buckets and with this data plot log(E((dr)?)) vs. log(r). By fitting a least square line to
that we can find values for the parameters v and 3. Using the figure given in the book as
an example, just to understand the procedure, we will attempt to estimate v. From the
given plot of log(E((67)?)) vs. log(r) assume we find that the empirical intercept on the
log(E((dr)?)) axis is given by fy. Thus from the above expression we have

log(v?) + log(8t) ~ .

Bo

201‘

Since we are considering daily data where, 0t = 1 so that log(dt) = 0 and log(v) =

_b
v=e 2.

Notes on the drift structure: u(r)

For the short rate dynamics
dr = u(r)dt + vrPdX = A(r,t)dt + B(r,t)dX
we have A(r,t) = u(r) and B(r,t) = vr® so the Fokker-Planck equation given by Equa-

tion 218 becomes 5 52,28 5
1 T u(r
o 2 or? or
As from the previous section we now “know” values for v and [ we want to determine the
functional form form wu(r). In steady-state the time derivative above vanishes and if we then
integrate Equation 265 once we have
1 ,d

5” ﬂ(rzﬁpoo(r)) —u(r)peo(r) = C.
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As discussed in Chapter 30 which begins on Page 90 we need to take the constant of inte-
gration C' equal to zero to have p.(r) represent a valid density. When we do that and solve
for u(r) we find

_ 1 } 2i 25 _ 1 2 28—1 V_z 2Bi
1) = o [P )] = s [ )+ S )
=12Br ¢ %1/27“26% log(peo(r)) -

This gives an expression for u(r) as a function of the steady-state density ps(r), which
hopefully is easier to estimate. Taking a lognormal distribution with location log(7) and

scale a for p(r) or
1 1 7\ 2
()= e oe] 5 (0 (7))}

we can evaluate what this means for u(r). Since

log(poo(r)) = —log(r) — 2—22 (1og (;))2 — %1og(27r) —log(a) so

%log(pm(r)) = —% —log (T> %) :

a2 C\7
Thus we get for u(r) the following

2 1
u(r) = 2 Brf=1 4 %7’25_1 {—1 = log (;)]

1 1 T
92 .928-1
=t oo = s (7))

The book then makes the following statement: “The real spot rate is mean-reverting to 8%”.
Which I don’t understand. I would assume that the value we mean revert to is given by the
value of r that u(r) = 0. From the above functional form we see that this value is given by

= e (26-1) ,

If we take the numbers given in the book for the US LIBOR rate given by a = 0.4, 7 = 0.08,
and 8 = 1.13 we get r = 0.097, which would make me think that the real spot rate is mean-
reverting to 9.7%. If anyone sees anything wrong with my argument above please contact
me.

Notes on the slope of the yield curve

The equations from this section are derived earlier in these notes, for example Equations 245
and 246.
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Notes on the properties of the forward rate curve on average

Since our short term interest rate dynamics is given by dr = u(r,t)dt + w(r,t)dX when we
consider the steady-state Fokker-Plank Equation 218 with A(r,t) = u(r) and B(r,t) = w(r)

we have

1P (w?ps) — O(upso)

2 o2 or
We can integrate each side, recalling as on Page 99 that the constant of integration when we
do so is zero, and then solve for u to get

1 d

= 5o (). (266)

Doing the same thing but for the risk neutral density p’_(r) we have the risk adjusted drift
u — Aw equal to the similar expression

1 d
2pk, dr

U— \w = —(w?p?) .

In this expression put in what we know for u from Equation 266 to get

1 d, , 1 d
— o) — A .
2P0 dr (wpoc) v 2ps, dr( w'po)
We next divide both sides by - ® to get
1 d,, 2y 1 d, 5,
W2Pso dr( Wpeo) w o w?pt, dr (wps)

Now integrating both sides we get

"A(
log(1?pac) — 2 / (=) s = log(up).

log( ) As) ds,
(s)

or solving for p% (r) in terms of p(r) we find

Pl = Doo XD {—2 / Als) ds} . (267)

w(s)

=}
Cn

or

We can also replace the risk adjusted drift term, u — Aw, in the bond pricing Equation 196
in terms of an expression that depends on the risk-neural density to get
o4 1 ,0*Z 1 d 0z

(w?pl, )5 =12 =0. (268)

ot + oz * 2p:, dr

Consider the middle two terms which we write as

1 2*02 o 02
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or using the product rule we have

- o

1 0[] 5,07
2pr, Or e )

With this Equation 268 becomes

07 107, .07
20r )

Pao(7) [5 —rZ pm(r)ﬁ

But we know p% (r) in terms of p.(r) via Equation 267. When we put that expression in
and then integrate from r = 0 to r = oo we get

/ poo(T)ﬁ’_”T ey s (8—2 — T’Z) dr=0.
0 ot

Assuming time homogeneous of the function Z i.e. that Z(¢;T) = Z(7) where 7 =T —t we

would then have %—f = —g—f and the above integral is given by
o0 r s) 82
/0 poo(r)e_zf woyds (E — TZ(T)) dr=0.

Note that this expression must hold for all values of 7.
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Chapter 37 (The Heath, Jarrow & Morton and
Brace, Gatarek & Musiela Models)

Additional Notes on the Text
Notes on the forward rate equation

In terms of the forward rate curve F(t;T) the price of a zero-coupon bond at time ¢ that
pays 1 $ at time 7T is given by

Z(t,T) = e~ I Flt)ds (269)
We then assume that the differential evolution of Z(¢;T) is given by
dZ(t;T) = u(t, T)Z(t; T)dt + o(t, T)Z(t; T)dX .

Here we are assuming that 7" > t is fixed and ¢ changes by increasing in the direction of 7'
When we take T' = ¢ we have Z(t;t) = 1 (a constant) so we expect dZ(t;t) = 0. In addition,
when T = t the increment dt must be 0 since there is no further increase in t possible. Thus
using those values in the above we get

0= o(t,t)Z(t; t)dX ,

which since dX # 0 means that
o(t,t)=0.
From Equation 269 we can solve for F'(¢;T) in terms of Z(¢;T) to get
~ 9 yogz(0:1)) (270)
T g ; .
From this we would evaluate that the differential of F'(¢;7T) as

Ft;T) =

AF(5T) =~ d(log(Z(1:T))). (271)

which shows that to evaluate dF'(¢; T') means that we need to evaluate d(log(Z(t;T)) or the
differential of the function of Z, log(Z(¢;T)). To evaluate this differential recall that when
the differential of a variable GG evolves according to

dG = A(G,t)dt + B(G,t)dX

the differential of a function of G, say f(G), is given by

af 1 d*f af
=(A — 4+ _B? — B ——dX .
af < (G,t)dG+2 (G’t)dGz)dt+ (G,t)de
Using this result with
dlog(Z) 1 “ d*log(Z) 1
z  Z dzz —  Z¥’
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we can compute d(log(Z(t;T))) as

d(log(Z(t:T))) = (uz (%) 4 %&Z? (-%)) d + (az (%)) e

= (u— %az) dt +odX .

Where in the above we recall that u and o are functions of (¢,7"). Then from Equation 271
by taking —% of this expression to get we have dF'(¢t;T) given by

AF(T) = a% (%az(t,T) _ u(t,T)) it — a%a(t,T)dX. (272)

Notes on the dynamics of the spot rate process

We now derive the dynamics for the short term interest rate r(¢). To do that we first note
that r(t) is related to the forward rate curve F'(¢t,T) by setting T' =t or r(t) = F(¢,t). Let
today be t* and ¢ a time in the future ¢t > ¢*, then we can write r(t) as

t
r(t) = F(t,t) = F(t*,t) +/ dF(s;t).

t

We use Equation 272 with ¢ — s and T" — ¢, so that we can obtain the needed expression
dF(s;t) as follows

dF(s;t) = % (%a2(s, t) — u(s,t)) ds — %O’(S,t)dX

_ (U(s’t)aa(s,t) B 8,u(s,t)) ds — 80(8’t>dX.

ot ot ot

Putting this into the expression above for r(t) we get

r(t) = F(t",t) + /t (0(8,15)802? H_ 8”;’ t)) ds — /t 80(8? ) dX(s).

Now we have written dX as dX(s) to be the component of randomness that takes place as
s moves towards ¢ from below. With this expression we can now compute dr and find

Jo(s,t)  Ouls,t) /fa Jo(s,t)  Ou(s,t)
I A G o )

OF .
dr = {E(t ,t) + <U(S,t) ot ot
do(s,t) P 9%0(s,t)
~ - [ SR (s) .

ot
Here the left round parenthesis before the second term in this expression matchs up with the
“evaluation” notation |s—; to its right expressing the fact that everything between these two

130



expressions should be evaluated at s = t. Since o(t,t) = 0, the second term above vanishes

and we get
_JoF ou(s,t) L 00(s, 1)\ DPo(s,t)  Ou(s,t)
dr = {E(t 1) < o | +/t* 5 +o(s,t) BTE 2 ds
do(s,t) L 9%0(s,t)
015 . /t; TCZX(S) dt.

Note that the term [, azgg )

dX (s) makes the process for r non Markov.

Notes on the market price of risk

When the portfolio suggested Z(t;T7) — AZ(t;T,) is perfectly hedged, then dIT must equal
rll or
dll = Z(t; Ty)p(t, Th) — Az(t; To)u(t, Ty) = r(6)I1,

or solving for all of the 77 variables in terms of the T; variables
Z(E T, Th) —r(t)Z(6Th) = A{ZG Ta)u(t 1) — r(0)Z(5T2)}
When we replace A with the optimal hedge value given by

o, T)Z(tT)

S D)D) (273)

and again solving for all of the 7T} variables in terms of the T, variables we get

pt; 1) —r() _ pt;13) —r(t)

O'(t;Tl) N O'(t;TQ)

Since the left-hand-side is a function of only 7} and the right-hand-side is a function of only
T to be equal we need to equate these expressions to something that is independent of T’
say A(t) and get

pu(t, T) =r(t)+ At)o(t,T).

The expression A(t) is the market price of risk.

Notes on real and risk neutral process for F

In this section we derive the risk neutral dynamics of the forward rate curve, using the known
risk neutral dynamics for the process for dZ(t;T). To begin, if we take the representation
for dF to be given by

dF(t;T) =m(t, T)dt + v(t,T)dX,
then by Equation 272 we must have

_00(t,T)

I/(t?T) = 0T

=o(t,T)=— /T v(t,s)ds, (274)

131



since o(t,t) = 0. In addition u(t,T') is given by

o (1, B do(t,T) Ou(t,T) /T ou(t,T)
3T (50 (t,T) ,u(t,T)) =o(t,T) 5T 5T = v(t,T) t v(t,s)ds 5T
In the risk-neutral world for dZ we have u(t,T) = r(t), so g—éf = 0 and we have
T
m(t, T) = v(t,T) / u(t, s)ds (275)
t
so putting everything together we get
T
dF(t;T) =v(t,T) (/ v(t, s)ds) dt +v(t, T)dX , (276)
t

for the risk neutral process for F.

Simple one factor example: Ho & Lee

Recall that in the Ho & Lee model we have forward rate dynamics given by dr = n(t)dt+cd X
with ¢ = /8. This model is discussed on Page 103 of these notes where we derive the
expression for Z(r,t;T). In the Ho & Lee model the function 7(t) is specified to fit the yield
curve at a given time t*. Mathematically this means that the function 7n(-) must satisfy

F(:T) = = log(Z(r,1':T))

—r (T =)+ [ T = s G - )

t*

=r(t") + /t n(s)ds — 302(T — )2, (277)

*

Thus solving for the integral of n we get

/t n(s)ds = F(t*;T) + %CQ(T — )2,

To extract the function n we take % of this expression and evaluate it at T' =t to get

n(t) = %F(t*; t)+ At —t7). (278)

Now that we know 7(-) as a function we can put it back into Equation 277 with t* — ¢ to
get F'(t;T) at any other time t. When we do that we have

dF = dr(t) —n(t)dt + (T — t)dt
= (T — t)dt + cdX ,

when we use the dynamics of the spot rate process dr = n(t)dt + cdX under the Ho & Lee
model.
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Notes on the non-infinitesimal short rate

Let j(t,7) be an interest rate that is accrued m times per annum. This is related to the

continuous rate F(t,7) via.
. t m B
(1 + M) = Ftm) (279)

m

We will want the j(t,7) rate to follow a lognormal model. This means that we take j(¢, 7)
to have the typical lognormal form

dj(t,7) = m;(t, 7)dt +~(t,7)j(t, 7)dX .

We now solve for F(t,7) in term of j(t,7) and j(t,7) in terms of F(t,7). First taking the
logarithm of Equation 279 and solving for F'(t,7) we get

_ i (1
F(t,7) = mlog <1 4 ‘M) . (280)
m
Second taking the mth root of Equation 279 and then solving for j(t,7) we get

(t B B
1+ ]( >T) _ eF(t,T)/m = j(t,T) —m (eF(t,T)/m . 1) ) (281)
m

We can take the differential of the expression Equation 280 via Ito’s rule since

_ dF 1 , ,d*F dF
dF(t, T) = (d—jTle(t, T) + 5’)/%72?) dt + (7]@) dx .

Since the needed derivatives are given by

dF 1 i
—_ = Y = (&
dj  1+j/m

2 m(l+j/m? m

we can compute the above differential of F to find
_ _ 1 _ _ _
dF = (e_F/mmj(t, T) — 2—7(1&, )25 (t, T)Qe_QF/m) dt + <7m(eF/m — 1)6_F/m> dx .
m
Simplifying the coefficient of dX we get

my(t, T) (1 — e_F/m) :

which is different than the book in that it has a minus sign in the exponential and a different
leading sign.
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Notes on the Brace, Gatarek, and Musiela Model

The dynamics of the forward rate and zero coupon bonds are given by

and -
dZ; = rZdt + Z; Y aydX; (283)
j=1

respectively. From Ito’s lemma applied to the one period discounting expression
Zi=(1+71F)Zi,

we have '
1

dZ; = 1+ 7F)dZiy1 + 172i1dF; + 10, F; Z; 4 (Z ai+1,jpij> dt .

j=1

Put the expressions for dF; via Equation 282 and dZ; via Equation 283 into this to get

i—1 i
T’ZZdt + ZZ Z CLijde = (1 + TE) (TZH_ldt + ZZ‘+1 Z ai+1,jde>

J=1 J=1

+ 70, FiZi1 <Z az’+17jﬂij) dt.
j=1

We will derive recursive relations for a;; by considering the above as three separate equations
by equating the coefficients for dX;, dX; (for j < i —1) and dt. Equating coefficients for
dX; on each side we get

0=1+7F)Zi10iv1; + 720, F;,

or solving for a1, we get

Qs = —ffi;,i . (284)
Equating coefficients of dX; on both sides when j =1,2,---¢ — 1 gives
Ziajj = (1 4+ 7F) Zis10i415 .
Since Z; = (1 + 7F;)Z; 11 we obtain
a;; = a;+1,; for j<i. (285)

Using Equation 285 as many times as needed we can write
Ait1j = Gij = Qi1 = Qi-2,5 = " = Gjy15 -
Then to evaluate a;j;1; we can use Equation 284 with 7 = j to conclude that

_ o F;T
1 + TFj

Aiy1,; = for j<1.
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Equating coefficients of dt on both sides we get

’/’ZZ' = (1 + TE)TZi+1 + TFi—i—l,uiE + TUiEZi+1 (Z ai—l-l,jpij) .
j=1

As 1+ 7F; = ZZ; we have rZ; = (1 4+ 7F;)rZ;41 and the terms involving r drop out. We

can solve for u; to get

i
My = —05 E Ait1,5Pij -
j=1
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Chapter 38 (Fixed Income Term Sheets)

Additional Notes on the Text

Notes on index amortizing rate swaps

We value the amortizing swap between reset dates using the standard one-factor interest rate
model where Equation 196 with K(r,t) = 0. On each reset date t; we have two affects. The
first is that the principal P changes and the second is that interest is paid. These together
give an internal boundary condition on V' (r, P, t) across t; of

V(r,Pit;)=(r—rp)P+V(r,g(r)PtF).
At the end of the contract ¢t = T there is a final payment
V(r,P,T)=(r—rs)P.

If we look for a similarity solution for V' of the form V(r, P,t) = PH(r,t), then as Equa-
tion 196 is linear and independent of P the differential equation for H is the same as that
for V i.e. Equation 196. The internal jump conditions on V' in terms of H are

PH(r,t;) = (r—rp)P+g(r)PH(r,t}),

or dividing by P
H(r7) = r — vy + g(r) H(r,t]). (286)

The final condition on V' in terms of H is PH(r,T) = (r —ry)P or
Hr,T)=r—ry. (287)

As in the book, we numerically solve for the function H(r,t) using the code IARS3D.m via
finite differences. We will assume an interest rate model given by

dr = udt + volrdX |

so the function w is w = volr, and vol is a constant. We also have u — A\w = a — fr with
a and B constants. Following the code presented in the book we define the variables 7
as fixedrate, T as expry, t;11 — t; the time between resets as period, NRS equal to the
number of discretizations of the interest rate r variable, NTS equal to number of discretization
of the time variable. To complete the finite difference formulation we need to discretize the
boundary conditions. We do that now. To evaluate 2Z(r = 0,t) we write the bond pricing

ot
differential equation (in H) as

OH 1 ,0°H OH

F A A G
1, ,0%H OH
= —§V01 T T (a+ﬁr)ﬁ —rH.
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The function H(r,t) for an index amortizing rate swap

0.6

0.5
0.4
” 0.3
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spot rate (r) 0 o
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Figure 4: A duplicate of the books figure 38.7.

When r = 0 the right-hand-side of this expression becomes —a 22 S H thus the boundary condi-

tion at r =0 is
o0H oH

S0 = —a5=(0.1).

When we define
H; . = H(iAr, kAt),

a finite difference approximation to this boundary condition becomes

Hoppr — Hok _ W (Hl,k - HO,k)

dt dr
or
dt
Hopr1=Hop — ad_(Hl,k — Hyy).
For the boundary condition when r — oo we take =0 to get

Hygsp+1 — 2HNrs—1k+1 + Hyrs—2k+1 = 0,

which can be solved for Hygsr41. The jump conditions are done in a similar way. We
implement a finite difference scheme for solving this PDE in the MATLAB function TAR3D.m.
This function calls the amortizing schedule given in the function amortizing schedule.m
and is driven with the driving code IAR3D_driver.m. When that script is run it produces
the plot given in Figure 4. This plot matches quite well the similar plot given in the book.
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Chapter 39 (Value of the Firm and the Risk of Default)

Additional Notes on the Text

Notes on Merton’s model of equity as a option

In this model we have D, to be the amount of debt that must be payed back at time T and
V' is the value of the debt now. Consider a portfolio of the current value of the debt V' minus
some fraction A of the share price or

M=V —-AS.

This is the portfolio that the bank or debt institution would need to hold to perfectly hedge
their risk that the underlying company will not be able to pay back its debts. We consider
V' as a function of time ¢ and the underlying assets A of the company so that V = V (¢, A).
Since V' is the value of the companies debt at time t and A are the current company assets
at the same time we have

S=A-V(tA), (288)
so in this model S is a function of ¢t and A also. Then since A evolves according to
dA = pAdt + cAdX , (289)
we have dII given by
dll =dV — AdS
OV 1, L0V oV s 1, ,0%S oS
OV 1, L0V s 1, , ,0°8 ov a8
To make the coefficient of the random term dA equal to zero we pick
v
0A
0A

To avoid arbitrage we set dIl = rIldt which gives
av 1 0*V oS 1 028

v 1 242 N _ M L 2027 Y
0t+20A—8A2 rV=A 0t+20A8A2 rS| . (290)
Using S = A —V we get
2 2
o5 _ oV 05, oV oS OV (201)
ot ot 0A 0A" 0A? 0A?
and A is given by
(14 (14
_9A _ _ 9A
A_E_l_a_‘/’
9A 9A



Using these expressions Equation 290 becomes

VN (V. 1, ,0%V V[ oV 1, ,0°V
<1—a—,4)<§ oA G T V) a—A[—E—é oA G ATV

Canceling terms we get
0?V ov

(9V 1 52 A2 B
(‘)t A8A2 TAa—A—TV—O,

with the final condition of V (A4, T) = min(D, A). If we replace V' with expressions in terms
of S using Equations 291, we get the same equation as above but with V' replaced by S.
That is 9 satisfies exactly the same partial differential equation that V' does.

Notes on Merton’s model with stochastic interest rates

In this model we introduce a stochastic interest rate r such that
dr = u(r,t)dt + w(r,t)dX; ,
and A still has the differential Equation 289. Now V is a function of A, r, and ¢t and S in
terms of V' is given by S = A — V. Consider the portfolio II given by
H=V(Art)—AS —AZ(rt),

where hedging is done with the stock with value S and a bond with value Z. The differential
of Il is
dll = dV — AdS — A'dZ .

Using dS = dA — dV and Ito’s lemma to evaluate dV and dZ we get for dIl
dll =dV — A(dA—dV) — A'dZ = (1 + A)dV — AdA — AN'dZ

2 2 2
:(1+A){8—th+8—vdA+a—Vd +1( 20V —I—praAaV 2A28v)dt}

0 0A 0 or? 0AOr 0A?
— AdA
(02, 1 282 L0z
v 1 a?v PV, LV (02 1,022
_{(1+A)[8t+ ( 82+2pw0A8A0 A@/Pﬂ A{@t 8r2]}dt
oV
{M)a_A_A}dA
0

ov 07

If we pick the hedge ratios A and A’ to make both the coefficients of dA and dr equal to
zero we must choose

oV o
(1+A)—-A=0=A= (292)
dA 1- 4%
oV 07 , A o
(1+A)ar Aar ozsA_%_f_(l_g_X)%_f (293)
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Once this is done to avoid arbitrage we set the deterministic portfolio change, dII, equal to
that from a interest bearing account which is rIldt. Doing this we get

oV 1( 0%V 02V a?vH ,{az 1 a?z]
+ A

1+4) {(‘% Gz T T A ot 072
= r[V-AS-AZ
— [V -AA-V) - AZ
— 1+ AV - AA-AZ].

When we put the terms that depend on V' on the left-hand-side and the terms that depend
on Z on the right-hand-side we have

oV 1 [ OV o2V, L0V
(1+A) {EjL_ (w el +2pwUA8A8r +o0°A A2 —r[(14+A)V —AA]
[0z 1 .07 ,

Dividing this by A gives
1 ov 1 , OV 82V 0’V 1
1 2pwo A o2 A? — —4+1)V-AA
<A+){0t+ ( oz TP e T amﬂ TKAJF)V }
_ i 8_Z + 1 82_2 —rZ
N %—f ot or? " '

To further simplify this first, recall that from Equation 196, with K (r,¢) = 0 that the right-
hand-side of the above equals —(u—Aw). Next from the definition of A given in Equation 292
that

Thus the above equation becomes

1 [oV 1 [ ,0°V 92V 2V v
OV | Tar T o 2 A 2422 _ ___A (o .
g—x {815 +2< or? +opwo 8A87’+0 8142)} r g_x (u — Aw)

Rearranging this expression some we finally get

2 2 2
v +% (wQa—V + 2pwo A oV +02A28—V) (u )\w)ﬁ_‘/ —rV =0.

ot or? 0AOr 0A? 0A

This partial differential equation formulation for V' is completed with a specification of the
final condition on V' of
V(A,T) =min(D, A).

Notes on Modeling with Measurable Parameters and Variables

We assume that F, the gross annualized earnings, evolves according to geometric Brownian
motion dF = pFEdt+ ocFEdX. Here dt is a differential time increment and dX is a stochastic
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increment. We denote C' by the cash in the bank when we immediately invest the profits
and is defined in terms of E as

C = /t((l — k)E(1) — E*)e" " dr .

If we assume that V' the value of the company debt is a function of E, ¢, and C' to derive a
partial differential equation for V' we need to know what is dC', the differential of C'. From
the above expression, by evaluating the integrand at 7 = ¢t and then taking the partial
derivative with respect to ¢ inside the integrand (which just brings down an r) we have

dC = ((1 —k)E — E*)dt +r </t((1 —k)E(T) — E*)e“t—ﬂdr) dt
= (1 —k)E — E*) +rC)dt.

Now that we know the dynamic behavior of £ and C' in that we know the stochastic differ-
ential equations that they satisfy i.e.

dE = pEdt + cEdX
dC = (1 — k)E — E* +rC)dt,

we can follow the discussion in the section “Can I Reverse Engineer a Partial Differential
Equation to get the Model and Contract” given in [4] to determine the partial differential
equation that V(F, C,t) must satisfy. Namely, we start with a term like

oV
ot
Because the stochastic differential equation for £ has random term oFEdX we will have a
second derivative term like ) 21
—(0F)* == .
2B GE
Because of the term pFEdt in dE we have the first derivative term

oV

Because of the term ((1 — k)E — E* + rC)dt in dC we have the first derivative term

. oV
(L= k)E ~ B +10) 5.

Finally due to the no arbitrage condition we have a —rV" term. Thus in total we get

av 1 , O*V oV i ov B
W—F?(UE) @—l—uEa—E—i—((l—k)E—E +7‘C’)%+—7’V—O,

the same as in the book.
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Chapter 40 (Credit Risk)

Additional Notes on the Text
Notes on stochastic risk of default

We start with the value of our risky bond denoted by V(r, p,t) where r is the spot interest
rate, p is the instantaneous risk of default (so that in a time of dt we have a probability of
default given by pdt) and t is time. We will assume that p and r are stochastic variable that
behave as

dr = wu(r,t)dt +w(r,t)dXs (294)
dp = V(Tapa t)dt + 5(Tap> t)Xm ) (295)
for two Brownian increments dX; and dXs and unspecified modeling functions v, 9, v and
w. Note that we would not expect the functions v and w to depend on the value of p. To

derive the risk neutral pricing equation for V(r,p,t) consider a portfolio of V' hedged with
some amount A of risk free bonds or

II=V(rp,t)—AZ(rt).

Consider the change in II in the case of no default (ND) which happens with probability
1 — pdt. Then using Ito’s calculus we have

ov. 1 ,0*V *vV 1_,0°V ov oV
dll — 4+ w4 s dt + —dr + —d
ND (8t+2w or? +pw8p8r+2 8p2) +87‘ T+8pp
0Z 1 ,0°Z 07
We pick the value of the hedge ratio, A, to eliminate the dr term thus take
v
or
or

In the case of default (with default or WD), which happens with probability pdt, we loose
the entire value of the risky bond and thus

dllwp = =V + O(dt*/?). (297)
Then the expected change in our portfolio IT over dt is given by

E[dII] = dllxp(1 — pdt) + dllyp pdt
= dHND — dHND pdt + dHWD pdt .

Now since by our choice of A the dr term in dlIxp has vanished so using Equation 296 the
product dlIxp pdt is

dlxp pdt = (stuff)pdt® + (stuff)dp dt
= (stuff)pdt® + (stuff)ydt® + (stuff)ddt>/?
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when we use Equation 295 for dp and the rule of thumb that E[dX] = dt'/2. These ex-
pressions are all subdominant to dt as dt — 0. Thus we have that to leading order in dt
that

a—v+1 iju 5wa2v+15282_v dt
ot arz P %par T2° 2
oV 07 1 ,0°Z
a_dt_A<E+_ arz)dt
—pVidt.

Warning: ['ve replaced the expression dp that multiplies the derivative %—‘; with ~dt but
I'm not sure why I can drop the ddX; term since dp is governed by Equation 295. If anyone
knows why this is an acceptable approximation please let me know.

To avoid arbitrage we set this expression equal to rlldt or
r(V—AZ)dt.
Once we do that we want to put all terms in Z on the left-hand-side and all terms in V' on
the right-hand-side as
ov

0z 1 ,0°Z
A(E—l—?w W—TZ) ——pV—rV—i-Va—p

_a_v+1 I G
~ ot arz P %apar T 2% 2

Recalling the definition of A and from the one factor bond pricing Equation 196 with K =0
we have that the left-hand-side of the above is given by

oV
or

Where X is the market price of interest rate risk. When we combine these two expressions
we get the stochastic risky bond pricing equation given by
8V+1 82V+6 82V+ 682V+( )\>8V+ oV
— 4+ —w— w = U— Aw)— —
ot arr P apar T 2° 2 or T ap
Note from this expression we can immediately get the non-stochastic risky bond pricing
equation by taking all a% = 0 in the above equation. As a check of our results, if p does not
change at all i.e. is a constant then v = § = 0 and Equation 298 becomes
oV 1 ,0*V
E+§w 5z +(u—Aw)=— —(r+p)V=0.
If we let V = e =Y Z(r,t) and put this into the above equation we see that it is satisfied
and thus when p is constant the solution for V is like a discounted zero risk bond. If we
consider the special case where p = 0 and v and § are independent of r then v = y(p,t) and
d = d§(p,t) then Equation 298 gives
oV 1,02V 1 , OV

ov oV
5 T3V W+§5(p’t) W%—(u—)\w) o +7(p,t)a—p—(r+p)\/—0.

—(u — Aw)—

—(r+pV=0. (298)
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In this equation we can look for a separable solution of the form V (r,p,t) = Z(r,t)H(p,t).
We find the needed derivatives of V' given by

ov 8ZH Z@H

o a T

oV oz 0%V 0%7
o = Hy wd 55 ‘H—arz
oV oOH 0%V 0*H
% = Yo ™ g gm

Then using these in the partial differential equation above we find that

YA oOH 1 ,0*Z PH A OH
H-— + 7" 4+ ~w?>=~=H + =§> — H+~v—7 — ZH=0.
8t+ T + 52 25 a0y (u— Aw )8 +78 (r+p) 0

Lets group the first, third, fifth, and part of the seventh term together on one side to get

07 1 P2 07 OH 282}[ o

The left-hand-side of this expression is zero via Equation 196 the pricing equation for a risk
less bond and we get that H must satisfy

OH 1,0°H  0H
ot 5532 1oy 2 T PH =0

In case we have a positive recovery meaning that if the risky bond defaults we get some
payment. We can model this by taking

dllyp = -V + Q.

Now this dllwp term enters as a dllwppdt the partial differential equation obtained in this
case will have a term p(@ in the equation.

Notes on hedging the default

In this section we study if we can use another risky bond V; to hedge the risk of default. To
study that consider the portfolio II long one risky bond, short A risk free bonds, and short
A risky bonds V; given by

MN=v-AZ-A\V;.

We assume that V' =V (r,p,t) and V; = Vi(r,p,t) and we assume that p is a constant then
when both bonds do not default we have that our portfolio changes as

oV 1 , O*V ov
dHND <E + = 87’2 ) dt + Wd?” (299)
8Z 1 82 aZ o, 1 821/1 8V1
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In case both bonds default (we are assuming that they are highly correlated) we have
dllyp = =V = A (=V)) = =V + A V.

We pick A; such that dIlwp = 0 or in other words to completely eliminate the default risk.

This means we take
AV
1= v
Next we compute the expected portfolio change in value as
E[dI] = dllxp(1 — pdt) + dllywp(pdt) = dlxp(1 — pdt) .

Since our choice for A; made the expression dIlwp vanish. As argued earlier the term
dIIxp(pdt) is subdominant to dlIxp we can drop its contribution to simply get

E[dII] = dllxp .
Pick A to eliminate dr term in Equation 299 to get
ov o4 oVy

S
o — A aV oV oV;
; o Vg, — VS
A= a — 19 — il (300)
‘or Vvlﬁ
Thus with these two choices we have
oV 1 ,0*V 0Z 1 ,0°Z ov, 1 ,0*°W
Eldll] =dllyp = | — + —w? = — A =+ -’ == | = A, | — + =u? dt .
1] = dilyp <8t+ o2 (at waz) 1(8t+2w W))
To avoid arbitrage we set this equal to rIldt = r(V — AZ — A, V;)dt and get
oV 1 ,0°V o4 1 , 07 oy 1 ,01
o e TV o A(at 2o T Z)—AI (W*iw " Vl) =0
Since Z(r, t) must satisfy the one factor bond pricing Equation 196 with K = 0 we have that
0z 1 ,0Z 0z
E—F—wE—TZ (u—)\w)ar
the expression multiplying A when we use the expression for A in Equation 300 becomes
v 1 ,0*V ov oV, oy 1 ,01
————V — —A —\w) — Ay | — + —w— — =0.
ot 2" o [87’ 107“}@ w) 1[8t+2w or Tvl} 0

or if we put terms with V' on one side of the equation and terms with 1 on the other side
of the equation then we have
oV 1 , OV oV oy 1 ,0W oVy
AP _ — A, |2 2 _
8t+ 52 rV + (u )\w)ar 1{8t+2w o rVi+ (u )\w)ar
If we multiply this equation by % then the left-hand-side is a function of V' while the right-
hand-side is a function of V;. The only way this is possible is if both sides equal a constant.
We denote this constant as A (7, p, t) to get
oV 1 ,0*V ov
o T3V th(u—)\w)ﬁ—(rjt)\l(r p, 1)V =0.
The book seems to then take the expression for the \; constant to be linear in p and writes
it as Ay (r, t)p.
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Notes on the forward equation

Since we have P(0,T) = €7@ if we diagonalize Q as Q = MDM~! then
P0,T) = M(e™PYM™".

This means that M also diagonalizes P(0,T"), thus to compute () we take the given P(0,T")
matrix and diagonalize it as
PO, T)=MD'M™*.

Then set D' = e, Since both sides are diagonal matrices we can compute the elements
of D by taking logarithms of the elements of D’. Once we have the matrices M and D as
above we can form () as

Q=MDM™".

Notes on the backwards equation

Consider the expression for P(t — dt, "), which represents a transition from the times ¢ — dt
to t'. Break this up into two transitions; one from ¢ — dt to t and the other from ¢ to t'.
Then keeping the order of the matrices consistent we have doing these two steps that

P(t—dt,t') = P(t — dt, t)P(t,t') = Py P(t,t') = (I + dtQ)P(t, 1),

or
P(t,t'") — P(t —dt,t
() =P =dit) __p
dt
In the limit that dt — 0 we get
oP(t,t

the backwards equation.
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Chapter 41 (Credit Derivatives)

Additional Notes on the Text

Notes on default only when payment is due

Here V' is the price/value of the credit derivative and is a function of p the instantaneous
probability of default p and time ¢ so V' =V (p,t). Consider a portfolio of V' hedged with A
amount of the risky bonds Z* or

n=v-Azr.

Here Z* is the market traded risky bond (that might default). Then consider dII we have
dll =dV — AdZ*.

log(Z/Z*

Then from the definition of p = =75 ) we have that

7% = Ze P(T—1)

If we assume that the riskless bond has a value Z = e "I~ then this becomes

TZF — o (rtp)(T—t)

We further assume that p satisfies the stochastic differential equation
dP = pdt + odX .

Then by Ito’s lemma dV is given by

ov .oV 1,0V
dV = —dt + —dp+ o> ——di
o TP

and dZ* is given by
0z o0z 10%Z*
dz* = dt dp + =
o T P g

1
=pZ*dt — (T —t)Z*dp + 5(T — )2 Z*o*dt .

dp2

So using the expressions for dV and dZ* we find dII given by

2
dll = (8‘/ + 1028—‘/) dt + a—Valp—i- A (pZ* + 1
p

i  \2r%x 2 - - *
o T37 o 5 2(T t) Za)dt A(T —t)Z*dp.

If we pick A to make the dp terms vanish we need to take

v v v

— Op o op . Op
A= (T — t)Z* B (T — t)Ze—p(T—t) - (T _ t)e_(r+p)(T_t) ) (302)
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when we take the risk free bond price Z to be Z = e "=, We then set dIl equal to
rlldt = r(V — AZ*)dt to avoid arbitrage and bring all terms to one side to get
oV 1 ,0°V 1
— =0 —— — V= ApZ + =0 (T - t)*Z" +rZ* ) =0.
8t+208p2 r (p +2a( )2+ )
From the fact that Z* = e~ "+P)T=t) and the form for A given by Equation 302 we have that
the product AZ* is given by

Ao LV
T—1tdp
and we get for the pricing equation for V' the following
oV 1 ,0°V  [p+r 1, %
— + —0“— —o“(T—t)| =— —rV =0. 303
TR i L Ukl b vkl (303)

Warning: In the above expression I have 2 rather than -2

sees anything wrong with this derivation please let me know.

as the book has. If anyone

148



Chapter 43 (CrashMetrics)

Additional Notes on the Text
Notes on CrashMetrics for one stock

We assume that we have a portfolio II of options on one stock with underlying price S. Then
the change in the portfolio 011 when the stock changes by §S is given by a function F(-) as

ST = F(5S) .

We assume that we can expand Il in a second order Taylor expansion and find
1
Sl = ASS + §r552 e (304)

since F'(0) = 0. We can then ask the question as to what is the worst change to our portfolio
over a fixed time frame. Under the assumption that the change in asset price S over this
fixed time frame is bounded as

—55~ < 58 < 85T, (305)

the value we want to find is

min  F(69).
—85—<65<85+

To minimize this we take the first derivative and set it equal to zero as

d(or) - A

Checking the second derivative of F'(§.S) of the given Taylor series approximation we find

2(511
d(55)?2

S8
S~—

=A>0,

showing that the 65 found above does indeed give a minimum of F'(0.5). Denoting this value
by 0Sworst We find the worst value for 011 in this case and when .55t satisfies Equation 305

is given by o a2 N
6HWOI‘St = _? + §F (ﬁ) = —ﬁ .

Notes on portfolio optimization and the platinum hedge

We now assume that we wish to hedge the risk to changes in the value of our portfolio by
buying some number (\) of a hedge instrument with assumed first derivative A* and second
derivative I'*. After the addition of these A of the hedge contracts the total portfolio has a
first order exposure to movements in S of

5S(A 4+ AAT)
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and a second order exposure to movements in .S of
1
5652(1“ + AI'™).

When we add in a fixed trading cost of |A|C' (here C'is in units of dollars and represents the
bid-offer spread) we have that §II becomes

ST = §S(A + AA*) + %552@ + M%) — [N C. (307)

It is this expression we now want to consider with respect to the possible values we could
select for . The book defines the Platinum Hedge as the selection of A that results in the
best possible hedge. To determine how this is computed, we imagine that we have already
selected a value for A\ and then consider the worst possible outcome that could happen to
our portfolio. The worst possible outcome is for the market to select a value of 4.5 such
that Equation 307 is as negative (small) as possible. We then desire to pick A such that the
minimum of Equation 307 is as large as possible. This is a bit similar to minmax problems
in game theory.

Thus given a value of A the from the equations derived earlier in this chapter the market
will pick the value of 4.5 such that our JII is as small as possible. From Equation 306 this
value would be

A+ AA*

[+ A
If this value for 6.5 is not within the bounds given by Equation 305 we will not actually suffer
such a loss and the minimum we suffer will come from one of the end points of the domain
(either —6S™ or +0S™). If this value of Sy is valid, when we put this into Equation 307
our portfolio suffers a loss of amount

5SW0rst =

(A + AA*)?
2(0 + AI'™)
The platinum hedge then picks A such that we mazimize the expression for dlly o, as a
function of A. For the greeks and boundary given in the book of

Myorst = — —|A|C. (308)

A =10

I' =400
A*=0.5
=5

C =0.002

—6S™ =—-0.05 and + ST = +0.05,

the function 0llyest(A) is plotted computed and plotted in the Matlab/Octave scripts
deltaPi_vs_lambda.m and plot_deltaPi.m and is shown as a function of A in Figure 5.

Notes on the multi-asset /single-index model

To verify our understanding of this section in the python code crash_coefficient_kappa.py
we estimate a given equities crash coefficient x. It has a parameter, num of _extreme moves,
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o 3 —— dP unhedged
dP hedged

08f /A

08 /

delta Pi (worst)
A
delta Pi

04
-5 optimal lambda=-17.4456

021

1 1 1 ~
-300 -250 -200 -150 -100 -50 0 -5 -4 -3 -2 -1 0 1 2 3 4 5
lambda delta S (percent)

Figure 5: Left: A plot of Equation 308 as a function of \. The A\ corresponding to the
maximum gives the optimal hedge. Right: A plot of the corresponding portfolio change J1I
as a function of 4.5 for an unhedged and a hedged portfolio.

that determines the number of extreme return points to use in estimating x. Taking the
value of this parameter to be a very large number results in using all of the return points
and the estimated k is an estimate of the CAPM’s 5. An example of the fits this routine
produces is shown in Figure 6, where we estimate the CAPM [ and the crash coefficient x
for Disney DIS against the SPX index.
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DIS vs. S&P500

o010l — kappa (crash)= 1.2436 i
— beta (CAPM)= 1.0986 .
0.05f ST e - . i
(%3] < - ° :.'°.-° ..
a B T =
5 ws {.:.. .
£ 0.00f R A 1
> e o, T
© ° . 02 ST oe
. s et
. . 2% "}'..‘:°.°; -
—o0.05} S T 1
_0.107 . ) L L L L 1
—0.05 0.00 0.05 0.10

return of SPX

Figure 6: Estimated linear fits y = kx and y = Sz where x for the returns of the stock DIS
vs is the returns of the SPX index. Here k is the crash index and 3 is the CAPM coefficient.
Note that the numerical estimate of k is larger than that of # as one would expect from their
definitions.

152



Chapter 50: Deterministic Volatility Surfaces

Notes on Backing Out the Local Volatility Surfaces

We find g—¥ given by using the expression for V(E,T)

g—‘; = —pre 7T / (S — E)p(S*,t*;8,T)dS
E

ey [ op
r(T—t*) — B\ =L
+oe /E (S - B)ghds

. e ap
- —r(T—t*) . Y
"V te /E(S B) s

Using the Fokker-Plank equation of

op 1 0?
T 5@(0252]9) — 75(rSp),

for the time derivative (and then integrating by parts) we have

or 5

o1
— —rv+e—’“<T-t>[§(S—E)

oo

— (S—E)rSply +/

E

rSpdS}

+/ rSpdS}
E E

1 o0
= V47Tt {502E2p(5*,t*;E,T)+r / SpdS} ,

X 1
— PV e T [—50252])

E
which is Equation 25.5. Now writing [ SpdS as

/SpdS = / (S—E)pdS+E/ pdS

E E E
* * aV
— VeT(T—t )El (_eT(T—t )a_E) ’
so that
oV 1 .
8—T = —’T’V + §€_T(T_t )U2E2p
. . w OV
+ T€_T(T_t ) (V r(T—t*) E r(T—t )a_E)
1 —r(T—t*) 22 r(T—t* 82‘/ 4
= 56 ( )O'Ee( )w—'f’Ea—E

or

8_V B 10 0?V . ov
or 2 OF? OE "
which is the equation in the book.
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Appendix A: Mathematical Notes

Elementary Methods for Solving Differential Equations

Given the inhomogeneous linear first-order differential equation

dy

o TPy =9(), (311)

In this section of these notes we review how to solve this differential equation. See [1], for
more details. The solution is given by

- [ [ wttrgterar + c] ,

o)

where C' is an arbitrary constant specified to fit the initial condition on y(¢) and the “inte-
grating factor” p(t) is defined as

y(t) =

u(t) = exp ( / p(t’)dt’) . (312)
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